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Discontinuous Boundary Value Problems of the 
First Kind for Poisson’s Equation." 


By GRIFFITH C. Evans. 


1, Introduction. Let &(e) be a completely additive function of point sets, 
representing thus a general mass distribution, defined in the open plane region 
T which, for simplicity, we take as bounded and simply connected. Let δ(ω) 
be the corresponding additive and bounded function of regular curves w in T, 
with regular discontinuities. We have 


(1) a(w)—= f aw, P) a9 (o9), 


where q(w, P) is the density function of the region e, bounded by w, with 
respect to P: 
j q(w,P)—1 , P inside w, 
=0 , P outside w, 
—y/2?r, Pow, 


V being the angle from the forward to the backward tangent at P.t 
‘The equation to be considered is what we shall call Poisson's equation: 


(4 f. Dyu ds = (w), 


althpugh what is commonly known as Poisson’s equation is the special case 
of this where Φ(ω) is absolutely continuous. In fact, if Φ(ο) or S(w) is 
the integral of some point function (Jf) and $(M) is suitably restricted, 
so as to imply the existence and integrability of the second derivatives, the 
equation (2) reduces to the usual form 


(8): V?u —— $(M). 


But we assume no specialization of this sort, since we allow Φ(ο) to represent, 


*"Preliminary report presented to the American Mathematical Society, September, 
1927. 

ΤΗ. E. Bray and G. C. Evans, “ A Class of Functions Harmonie in the Sphere,” 
American Journal of Mathematics, Vol. 49 (1927), pp. 153-180. See p. 169. For 
brevity in reference this memoir will be cited as I. 
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as we have said, the most general possible distribution of finite positive and 
negative mass on T. 

We shall obtain solutions of the first boundary value problem and its 
generalization, in the sense of our earlier memoirs on Laplace’s equation.* 
Somewhat analogous results may be obtained for three dimensions, but for a 
restricted class of regions. It may be remarked that the problems proposed 
for (2) are in general simpler to treat than the traditional ones for (2’), at. 
the same time that they are wider in scope. In this sense it may be said 
that the situation is “correctly stated.” 

We need assume that (2) is required to hold merely on some special 
class of curves, e. g., on almost all two-dimensional segments s in T, that is 
to say, on all the rectangles formed from lines z — a, y =b except possibly 
those which correspond to values of a or b respectively forming sets of linear 
measure zero. It will then follow that (2) will hold on more extended classes 
of curves. We shall be concerned especially with curves w of class T,[ that 
is, simple regular curves such that for each curve there is a constant T with 


the property 
| eos n, MP. | 8 
f, τρ dsp < T, 


holding irrespective of the position of M, n being the interior normal to the 
curve at P. And we shall say that a property holds for almost all curves 
of class T' if it holds for all curves of the class except those which, from some 
given set F of superficial measure zero, contain portions, on their arcs, which 
are of positive exterior measure. The two definitions of “almost all” juste 
given, for segments and curves respectively, are consistent. 

The quantity D,u is also used in the sense of our previous memoirs. 
It is not always the derivative of u in the direction n, as usually deffried, 
although for a fixed direction n it is identical with that derivative, if the 
latter is summable superficially, except on a set of measure zero. For the 
purposes of this paper, if the partial derivatives 0u/0x and 0u/dy exist almost 
everywhere and are summable superficially, Dau may be defined as the vector 
(3) Dau = (0u/0x) cos x, a + (0u/0y) cos y, a. ^ 
A more symmetrical definition is the following: 


ΞΟ, C. Evans, Logarithmic Potential—Generalized Dirichlet and Neumann Prob- 
lems, New York (1927); see Ch. V. This book will be cited as II. 
. γα. O. Evans, ^ Fundamental Points of Potential Theory," Rice Institute Pamphlet, 
Vol. 7 (1920), pp. 252-329, cited hereafter as III. See p. 261. 
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(3^) Dau — lim (1/o) f. u do’, 
w0 40 


where α΄ is the direction 7/2 in advance of α and o is the region interior to w, 
approaching zero as a regular family (see III, p. 274). For the functions 
used in this paper the two definitions would agree except possibly on a set 
of superficial measure zero. 


. 9. The Principal Solution. We take M, a point in T, and consider 
what we call the principal solution 


(4) U(M) = (1/2) f, gL P) dë (er), 


where g(M,P) is the Green's function for T with pole at P, and differs 
from log 1/MP by a function which is harmonic, and, for a fixed M, bounded 
in T. Moreover, the directional derivative or gradient of g(M,P) as a 
function of P satisfies a relation of the form 


faveat ϱ) as (^ ((69/θ9}'Ἴ- (20/0/)3) ἂν 


d(g, h) = 
σι dim y) VS 
for any region σι in T whieh does not contain a neighborhood of M, g, being 
the largest value of g(.M, P) for P in σι, and h — h (M, P) being the func- 
tion conjugate to g(M, P). It follows then that we have the inequality : 
- 


(4^) fea veanm | do <4, 


where A is some finite number depending on T. 

For the circle, the Green’s function may of course be expressed directly. 
If we let X be the region interior to the unit circumference C with center 0, 
a a point of X and M" its inverse with respect to C, we may write 


(5 ° G(M,P) =log (WP: OM/MP), M, P in X, M not at 0, 
J = 0, MorPonC, 
= log (1/0P), Mato. 


ο 


This is a function whose symmetry with respect to M and P as well as whose 
identity with the Green’s function follow at once from the similarity of 
triangles. 
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The integral (4) is to be interpreted as a generalized Stieltjes or Daniell 
integral, since the part 


LM) = f. log (1/MP) dë (ep) 


is so given (see III, p. 257). The quantities U, 0U /0z, 0U /0y, DaU are 
defined almost everywhere in 7', and although they need not remain bounded 
or even finite are summable over any region contained in T', and over 7' itself. 
The proof of these facts is, with the help of (4), the same as for the case of 
L(M) which is given in the memoir just cited. Finally, we have 


(6) f. D,U (M) dow = f. U(M) day’, 


where g’ is defined as before, valid for all rectangles, and in fact for all curves 
of class T for which log MP dsp is defined when M is on w.* 


If we let E, be the set of points, of superficial measure zero, where the 
relation 


9 


D.U = { 8g (A, P) dé(ep), α arbitrary, 
JT δαν 


may fail to have meaning, the identity 


{ DU (Bf) dsu— f. aele) f t2) ux 
" T w TM 


= { q(w, P) dà (ερ) 
T 


or 
(7) f D,U (AM) dsy — (w) 


can fail to be valid only on those segments or on those curves of class T which 
are made up in part of subsets of E, of positive exterior linear measure x 
III, p. 285, with correction II, p. 146). 

Equation (6) states that U(M) is a potential function for its vector 
derivative or gradient vector Ταζ in the sense of our previous memoirs;] 
and (7) that it satisfies (2). We have then the theorem: 


* Or in fact for all curves of class T if a principal value is taken, when necessary, 
for the improper integral over w; see III, p. 264. 

ΓΤ, p. 274. See also Evans, “ Note on a Theorem of Bócher," American Journal 
of Mathematics, Vol. 50 (1928), p. 123-126 at p. 124. This note will be cited as IV. 
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THEOREM 1. The principal solution (4) is a potential function for its 
vector derivative .D,U and satisfies the Poisson, equation (2) for almost all 
curves of class T n T; in particular for almost all rectangles and almost 


all circles. 


9.1. If (e) is a function of positive type, corresponding therefore to 
an arbitrary distribution of finite positive mass, the (10) given by (4) 
will obviously be = 0 or positively infinite. .\ characteristic property of the 
principal solution is described in the following theorem: 


THEOREM 2. Let M, be a point of T and Cp a circumference of center 
M, and radius p small enough to lie entirely in T; let M, = (ρι,θι) be a 
generic point of Ορ when p= p Then, if (e) is of positive type, 


(8) σα = (1/27) fT (Ab) ady + lim (1/2) f” Q/p) (09) de 


admitting + co as a possible value of U (Mo). 

Henge U(M) cannot have a strict minimum at any point of T. 

It is only the first part of the theorem which requires proof. If we form 
the quantity DpU (M), we have, for almost all p, 


" f. DpU (AL) dd = — 9(0,) 


wy Theorem 1. But if we form the integral of DpU(M) over the annular 
region pe < p < pı, we have for it the value (ITI, p. 282 and p. 288) : 


i UN dp f D,U(M)d6 = f, f Ορ} (M) dp 
2 Ορ ο 02 


- σ(πιγά6-- f U (M2) dd, 
Cpi Cpa 
and therefore 
. y 3 e 
8) f. σαιωαθ-- f Cada f (1/p)®(Cp) dp 
ο Ipa a7 Dy pa 


Ii remains merely to show that the limit of the left-hand member of (9) 
ee approaches zero is aU (My). 


ΠΠ 


f. COD α w f dé(ep) ή Js Ργήθα. 
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the change in the order of integration being justifiable (see the similar 
integrals, ITI, p. 264). But : 


g(M,P) —log (1/MP) + a(M,P)' 
where a(M, P) is harmonic for M, P in T. We have 


f. T a(M, P) d0y — ἃπ a(M,, P) 
9 


f 7" log (1/MP) d9u — 2x kp (Ms, P), 
where i 
kp (Mo P) — — log MP, MP 
= — log p, Μο <p 


and yields thus an increasing sequence of continuous functions whose limit 
as p tends to zero is — log M,P. Hence 


Í, σαθαο-- f b (Ms, P)d® (os) + ff a(Mo, P) d (ep) 


and 
lim Una f log (1/M,P)dé(ep) + f, a(Mo, P)d®(ep) 
p=0 Cp 1 . T 
= f, sat, Paso), 
by definition of the Daniell or generalized Stieltjes integral. - 


But the right-hand member is precisely 22U (Μο), and the point is 
proved. 

It will be noticed that equation (9) is valid whether or not ®(e) is of 
positive type, and if Φ(ο) is written, as it may be, as the difference of two 
functions of positive type the rest of the analysis may be carried through 
provided the integral in (4) is convergent. Equation (8) is valid for a 
general distribution of mass (e) for points M, where (4) is a convergent 


integral, and that is, almost everywhere in T. e 


2.2. Another characteristic property of the principal solution (4), when 
Φ(6) is of positive type, is that it is lower semi-continuous. 


THEOREM 3. If Φ(ο) is of positive type, and Ὁ (11), given by (4), is 
> N at some point M, of T, then there is a neighborhood about M, for which 
U(M) >N, M in this neighborhood. 


1 oa pucr oto. neto. pP ; m 
ή ας νο (err pur d Give 3 Lquitton. 8 


We admit the possible value U (71ο) == + œ, in which case N would 
be any positive number. The theorem requires provf only if Φ(Τ) > 0, since 
if @(T) = 0, U(M) vanishes identically. 

We consider the function 


V(M) = (1/22) f. log (1/MP) dà (ep), 


since U(M) — V(M) is continuous in T; if the property holds for V (AM) 
it will also hold for Ọ (M). Let us assume then that V (Mo) > N’ and show 
that V(al) > Ν΄ for a sutficienly small neighborhood; take « < V (Ma) — Ν’. 

With the same notation as for Theorem 3, we take p small enough so 
that, whether or not the integral V(2f,) converges to a finite value, we have 


f. kp(Mo, P) db (ep) > N’ + (e/2). 


We take then M within Ορι, pı < p, where pı is small enough to insure the 
validity of the inequality 
. log (1/MP) > ky (M,, P) —«/29 (T). 
This inequality will in fact be satisfied if p, is small enough so that 
(MP/M,P) <2, y= 6/20(T), 
when M is on Ορ, and P is on Cp. 
It follows then that 


f, Cog (1/MP) — kp (Bo, P)} d (ep) > —(¢/2@()) f, αοὦ, 
T T 


ΟΙ» o 


van» f b, (Mo, P) d&(ep) — (e/2). 


Hence, by means of the earlier inequality on the integral of the second 
member, 

. YOD >V, 

and the point is proved. 


8.3. We may draw an immediate corollary from Theorems 2 and 3 with 
' fen. in T τ hi ch ee tas DERI (notis Qr fem το αν aay ve 


notisi (2) for almesc ali sesmnenis (or alinost oul cheles, or onmes 
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all curves of class T) will be such a solution of (2), with ®(w)=0. But 
& theorem which the author has already established (IV, p. 123) states that 
such functions are, except for removable discontinuities on a set of at most 
superficial measure zero, continuous with all their derivatives and solutions 
of Laplace’s equation. We may state then the following proposition: 


COROLLARY. Let u(M) be a potential function for its vector derivative, 
and a solution of (2), with &(e) 2 0, for almost all segments (or almost all 
circles, or almost all curves of class T) in T. By changing the value of u(M) 
at most in the points of a set of superficial measure zero it may be made lower 
semi-continuous and to satisfy (8); 4t will not then have a strict minimum 
at any point of T. 


3. The class and boundary values of U(M) for the circle. As far as 
boundary values are concerned, it is perhaps easier to handle the problem 
first for the unit circle X, and obtain the results for other simply connected 
regions by conformal transformation. In this section, we show that U (df) 
for X is of the class (ii), and therefore of the class (i) of the author's treat- 
ment of Laplace’s equation (see II, Ch. III), and that it takes on zero 
boundary values for almost all points on the circumference C as M approaches 
C along a radius. 

Let M have polar coordinates r, 0 with respect to the center O of the 
circle, and form the integral 


f, 0e 026 — 1/35) f. f g(r,0; P) dé (ep) E 


= (1/2) f, dele) f° a6 Pdo, 


writing g(r.0; P) now for the Green's function (5) for C. The quantity 


0" 
f, g(r,0; P)d0 
8! 


is α continuous funetion of P, bounded independently of r, and the limit of Ἡ 
is zero as r tends to 1, for any P in X. Hence by a fundamental property of 
the generalized integral: 
0" 
(10) lim U(r, 0) dé = 0. 
oF 


rzi 


We need however a still stronger result. 
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Consider a finite number n of non-overlapping intervals (0;', 04/7) at 
values of r, r — τε, all > Το where r, is some value of r which will eventually 
be allowed to approach 1, and write 


^ 6x” n » gi 
an I= Si $ f U (rj, θ)άθ — x f d® (ep) { σίτῳ 0; P) dd. 
1 r4 v 


We shall prove that 
(11) lim 1 --- 0. 

Again, but temporarily, take Φ(ο) as of positive type so that U (r, 6)= 0. 
Let ro = 1 — z and draw a second circumference Ορ with center O and smaller 
radius, p = 1 — (x)*; denote by 3p the open circular region bounded by Ορ. 
Consider the integrals Ip and 7I, 9 extended respectively over X, and X — X, 
writing 

I= Ip + i. 
In Xp we have, by (5), 
g(r,0; P) —9(M,P) =log (OM: M'P)/MP 


qu? que qi? 


. = log zin cum 


for the upper bound of g(M, P) when OP < p and OM > r, will be the value 
of g(M, P) when P, M, M’ are collinear and P is on Ορ while M is on Cro. 
But this quantity tends to 0 with s. Hence, given e, we can take ro near 
enough to 1 so that 


T > 
- g(M, P) < πε OP <p 
Accordingly 
- Ip < εΦ(Σρ) Ξ εδ(Σ) 


and approaches zero as {ο approaches 1. 
On the other hand, if P lies in X — Xe, the integral 


904" 
J=5 f, g (AL, P) dbu 
K ο” 01* 


eis bounded, independently of τῳ, P as Το approaches 1. For 
g (M, P) = log?- -log MP = log 2— log MP, 
eO. ds the diuuucrical ἐομμιὰ of tue perpendicular to OH wom £^. In 


other words, M, is a projection of 17 along OM on the circumference of 
uiuneter OP, 
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Hence 


TS 2 log2+ f| log MP | dow, 
which quantity will be seen to be bounded. In fact 
M,P— OP |sinOM,OP| = OP |siny | 
where y is the angle OP, OM and dy = dé, and accordingly 


2v 
f | log M;P | doy < 2x | log OP | —2 f log sin y ay 
0 ς 
T/2 
<2 | log OP|—4 f log sin y dy 
0 


7/2 
< 2x | log OP | —4 { log (4/2) dy 


which is bounded as 7, approaches 1 for P in X — 3p. 
Hence there is a constant K, independent of Το as Το tends to 1 such that 


Lp SK d® 
Sef... κ 


< K (8(3) —(3,)). 


But this also approaches zero as Το approaches 1, since ἃ is an open set. 

Accordingly equation (11) is verified, if Φ(ο) is of positive type. But 
since any completely additive function of e is the difference of two functions e 
of positive type, equation (11) holds for any @(e). It holds, moreover, even 
if the number of intervals is infinite. 


3.1. We shall now use these results in order to show that lim U(r, 09) — 0 

r=1 
for almost all 6, restricting ourselves first to functions ®(e) of positive type.* 
Suppose that the statement is not true, and that there is therefore a set κ 


of values of 0 and positive numbers m and « such that 


meas κ» m0 . 


lim (1,6) 3 ε»θ,  ϐ 1 κ. 
r=1 . 


* This is approach to zero “in the narrow sense.” The reader may devise an 
example to show that approach to zero “in the wide sense” (see II, Ch. II) may be 
impossible at every point of €. Such an example has been constructed by C. H. Dix. 
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We shall show that this is impossible by slightly extending a result already 
proved for continuous functions (See III, p. 317). 


We take ro sufficiently near 1 so that the integral I of (11) is small, 
« em. Let Ero be the set of points (τ, θ), το < r < 1, for which U(r,0)» ε; 
the projection of Er, on C includes κ and is of measure > m. Moreover 
E, is an open set, by Theorem 3, and hence is the sum of a denumerable 
infinity of curvilinear rectangles, bounded by arcs and radii. On the bound- 
ary of each rectangle U(r, 0) > e, and accordingly, again by Theorem 3, each 
rectangle is contained in one whose projection on C is an open set, but for 
every point of which U(r,0)7 ε. The resulting rectangles constitute a 
family 6$, the members of which may, of course, overlap. 


On the other hand we can take a closed set κ’ in x whose measure is as 
near that of κ as we please, and thus so that meas. κ' > m. Each point of κ΄ 
wil be interior to some arc which is the projection of some one or more of 
the rectangles of ὅ. Since κ’ is a closed set there will be a finite number of 
these rectangles which have the same property, and thus whose projection on C 
will constitute a set of measure > m. 


We may now finally choose a finite number of arcs (6:’, θυ”) lying each 
one interior to one of these rectangles, thus corresponding to values r > το, 
but whose projections on C do not overlap and yet have a total measure > m. 
The integral J extended over these arcs will therefore be > «m. But this is 
8, contradiction. 


Hence if Φ(ο) is of positive type, lim U(r,0) — 0, for almost all 6. 
ral 


But the same result therefore holds if Φ(ο) is any completely additive func- 
tion of point sets in X. 


`? A further result may be obtained. If Φ(ο) is of positive type, so that 
Ὁ (τ, 09) = 0, we have the two equations 


8 
lim f. U(r, 6)d6 — 0 
T-1 9 


lim U(r.6) ==0, almost everywhere. 
rti 


ο 


τι follows then, from the well known theorem of de la Vallée Poussin, that 
: , 

"t desa (ontónnitv o [Γι - ἐλ“. os unpenn for pry Chae Ὁ ἔνα ο 

T. 
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is a potential functoin for its vector derivative we have, by integrating over 
the region τι <T < rs, 0' « 0 « 0", which we denote by σ(τι, το), 


g” e" 
f. (1/7) DU dom f U (r>, 0)d6 — f U (r, 0) d6, 
σίτι»τᾳ) 6’ θ’ 
so that if Φ(ο) is of positive type, 
0" g” 
f U(r,0)08 f^ U(r, 0)d6 + f (1/7) | D.U | do 
6’ a o(ry1) 


p" e" 1 
<f U (n, 0)30 4- f do f | DU | ἂν 
La g Γι 


since the double integral of the right-hand member may be written as an 
iterated integral. 

But both terms of the right-hand member now define absolutely continu- 
ous functions of 0 which are independent of ra Hence the absolute con- 


0 
tinuity of the function f. U(rs;,0)d0 is uniform for all rs, τι « v; « 1. 
0 
The same result holds accordingly even if Φ(6) is not of positive type. 


The results of this section may be expressed in the following. theorem: 


THEOREM 4. The principal solution U(r, 0), for the unit circle C, given 
by (4), satisfies the relations 


T 

(12) lim U(r, θ) ἆθ --- 0 

r=1 0 
(13) lim U(r,0) —0, for almost all 6, 

r=1 

0 "m 

(14) f. U (v, θ) d0 is absolutely continuous as a function of 6, uni- 

0 


formly in r, for Or, «r« 1, 


2 
(15) { "| U (r,6) | dé is bounded, 0< r, « r« 1. 
0 


Equation (14) is the condition (ii), already mentioned, and (15) is 
the condition (i), which of course is a consequence of (ii). 


4, Discontinuous first boundary value problems for the circle. If two 
solutions of (2) are taken as the same when they differ at most on sets of 
points of zero superficial measure, the following theorem may be stated. 


of the First Kind for Poisson’s Equation, 13 


TuzonEM 5. Consider the class of functions u(r, 0) which are potential 
functions of their vector derivatives and satisfy Poisson's equation (2), for 
almost all segments in the unit circle X (or almost all circles in X). Let F(@) 
be of limited variation, with regular discontinuities and such that F (0 + 27) 
= F(@) + F(2r) — F(0) ; and let f(0) be summable in the Lebesgue sense 
over the closed interval (0, ἔπ). 


There is one and only one u(r,0) which satisfies (1) [i. e., equation 
(15)] and the boundary condition 


(16) lim if u(r, 0)d0 = F(6) — F(0). 


This solution takes on the boundary values F'(0) almost everywhere, for 
approach along a radius. 


There is one and only one u(r, 0) which satisfies (ii) [i. e., equation 
(14) ] and takes on the boundary values f (0), almost everywhere, for approach 
along a radius. 


These functions in both cases will satisfy (2) for almost all curves of 
class T. 

In fact, as already remarked in § 2. 3, the difference u(r, 0) — U(r, 9) 
will be, except for removable discontinuities on at most a set of zero super- 
ficial measure, continuous with all its derivatives and a solution of Laplace’s 
equation in X. This difference will then be uniquely determined, if it is of 
the class (i), by the boundary values of its integral, and if it is of the class 
(ii), by its own boundary values taken on almost everywhere, approaching 
the boundary along radii, that is, in the narrow sense (see IT, Ch. IIT). But 
since U(r, 0) satisfies both (i) and (ii), u(r, 0) — U(r, 0) satisfies whichever 
of these conditions is satisfied by u(r,0); moreover the boundary condition 
on u(r, 0) — U(r,0) is the same as that on u(r, 0), by (12) and (18) of 
Theorem 4. 

The requirement that (2) be satisfied for almost all segments or almost 
“all circles in X may be modified by substituting for these other special classes 
of closed curves, e. g., almost all cells of a translatable regular net of curves 
of class P (see IV, p. 126). 


9. The general bounded simply connected plane region T. Let now 
9g(Q. 4) be again the Green's function for T with pole Q, and A(Q, M) its 


14 Evans: Discontinuous Boundary Value Problems 


conjugate. The conditions (i) and (ii) take a form which is invariant of a 
conformal transformation : 


(9 The integral 


f | «(M) |a Quan f |u (30) | HUS m 


extended over the closed curve g(Q, M) — v remains bounded as Ὁ tends 
to zero. 


(it) The integral 
: h 
f u(M)dh(Q, M), 
a 


extended along the curve g(Q, M) — x is absolutely continuous in h, uni- 
formly with respect to v, as x tends to zero. 


We consider a class (A) of functions u(M) which are potential functions 
of their vector derivatives and solutions of (2) for almost all segments (or 
almost all circles, or other special classes of curves, as already mentioned, or 
almost all curves of class T). We let F(P) —F(h) be of limited variation 
on ihe accessible boundary points of T (see II, p. 78), with regular discon- 
linuities and such that F(h -+ 2r) = F(h)-F-F(2x)— F(0), and we let 
f(P) —f(h) be summable in the Lebesgue sense on the boundary (see II, 
p. 78) with respect to h(Q, P). We state the theorem: 


Turongw 6. There is one and only one u(M) of class (A) which 
satisfies (1) and the boundary condition 


h 

(17) lim u(M)dh(Q, M) = F(P) — F (Po) 
a=0 ο 0 

for points of the boundary accessible along curves h = const. from Q, where 

E(P.) is the value of F(P) which corresponds to h = 0 and the integral is 

extended along curves g(Q, M) — s. a 


This solution takes on the boundary values dF/dh almost everywhere, 
in the narrow sense, that is, along curves h = const., and satisfies (2) for 
almost all curves of class T. 


There is one and only one u(M) of class (A) which satisfies (i) and 
the boundary condition 
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(18) lim w(M)-—f(P) ia the narrow sense, almost everywhere 
M=P 


on the boundary of T. 


This solution satisfies (2) for almost all curves of class Y. 


The meanings assigned to Ρ(Ρ) and f(P), almost all, ete., depend upon a 
definition of the order of boundary points (see II, Ch. V). The f(P) is 
independent of the pole Q, but the F(P) depends on Q, for the same function 
u(J), according to the equation 
^ dh(Q,T* 
Fo(P)—Fo(Po) = f πιο ϱ 


9 dh (Q', P') dFe (P^. 


Certain continuous boundary value problems oceur as special cases of Theorem 
6, precisely as in the case of Laplace’s equation (see II, Ch. V). A function 
u(M) which happens to remain bounded in the neighborhood of the boundary 
of T of course satisfies (ii). 


5.1. The theorem will follow immediately from the similar theorems on 
Laplace's'equation (see IL, Ch. V), by showing merely that the principal 
solution U (M) for T satisfies (1) and (ii) and takes on zero boundary values 
in the sense of (17) and (18); for the difference u( M) — U(M) will then, 
except for removable discontinuities, be a solution of Laplace's equation. The 
proof will be accomplished by means of a conformal transformation of T' into 
ihe interior 3 of the unit circle. In fact, considerably more of the general 
problem might have been handled by this method, since the quantity 


f. Du ds 


is invariant of a conformal transformation, provided the curves are such as to 
give the integral meaning both in T and Σ; but the treatment is briefer in 
the present fashion. 

Tt will evidently be sufficient to consider Φ(ο) of positive type. 
. Let us make then a transformation of T into ἃ by means of which Q 
passes into O and k= 0 into 0 — 0. the function — 0 being conjugate to 
τος l/r. We define a function ὦ (6) in 3 by writing 


E (re^) 3 &(e), 


Cr une sey m 4 Which Hasior» uno ε΄ i tne ouc-tu-une Cori spun 


pees The metion ἂν (ο) will then also he of positive type and bounded in Y, 
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Let {εὐ} denote a denumerable infinity of sets in 3, no two of them 
with eommon points, and let (e;) be the aggregate of corresponding sets in T. 
No two of the latter have common points. The set E = e, + e2 ++: : c will 
then correspond to the set E’ = οι’ + 6ο’ +: -> ; for if a point M’ is in E" 
it will be a member of one of the sets e;’ and its corresponding point M will 
lie in e; and therefore in Z; also, similarly, if M lies in # its transform M’ 
will lie in W’. It follows that Ψ(ο΄) is completely additive. In fact, with the 
notation just used, 


Σ Y(ej) = Σ Φ(οι) 
and 
lim X ¥(e/) = lim X Φ(οι) —9(£). 


51-00 
But, by definition, 
V(E^) —o9(E) 
and therefore 
V(E')-— lim € ve). 
n=0 1 
Moreover, if we denote by G(M’, P^) and g(M, P) the respective Green's 

functions in the two regions X and T, we shall have 


(19) f. G (J^, P^)dw (ey ) = f. g (M, P) d$ (ep). 


In order to prove this identity, we denote by Σο and Το respectively the open 
regions bounded by the curves G(7M', P^) =g and g(M, P) — x, and form 
for n > a the functions H,’(P’) and H,(P): 
H4(P) —g(M, P) » g5P) «n, .. 
, g(M,P) =n, 
Hx (P) =G(M’,P’) , σ(µ’, P) «n, 

=n » GM, P) =n. 
Then * 

H,/(P’) = Η.(Ῥ) . 


= n 


and 
f. HP?) di(e') = f. H,(P)d&(e) ° 


since both may be written as limits of the same Riemann sum. 
But if we let « approach zero, we have 


-- 


j x 2 i ; 
680 5g da fa tar Passes FEgqualtona, 


f. IL/ CP?) ἀν(ο) — ff i, (P) d&(e) 


since 
f I1,(P)d(c)— f. H,(P)do(e) = f 1,(P)d®(e) 
<20(T — T.), 


with a similar inequality for the left-hand member. If now we let n become 
infinite we have the result desired, from the definition of the general integral. 
Zquation (19) states that the fundamental solutions (110) in X and 
U(ÀM) in T are equal for corresponding points W and M. We accordingly 
conclude that, in T, U (M) satisfies (¢) and (ii), and also the equations 


h 
(17) lim f U(M)dh(Q, M) — 0. 
z-0 αι; 0 


where the integral is extended along the curve g(Q, M) = z, and 
(187) lim | U(M)—0, 
M=P 


almost everywhere, in the narrow sense. This completes the proof of 
Theorem 6. 

It is worthy of notice that if we transform the function of curves Φ(ιυ) 
as we transform the function of point sets (e), the regularity of the dis- 
continuities is preserved. That is, if we denote by w’ the curve in X which 
corresponds to the regular curve w in T, w” will be regular, and if we write 
Sr (00^) = (qw), the equation 
Ψίω’) = fac P^) ἀπ (e) 


will hold for € (w^) in X if the corresponding equation (1) holds in T. In 
fact, since the transformation is conformal the density function of w at P in T 
becomes the density function of w at P’ in X: 


g Qo, P) =g (w, P"), 


.3 
and hence, as may easily be proved, 


[ alul. οφ) - f alw, P) d(e). 


9 
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"Fhe problem far three dhweeosions, There is no essential difficulty 
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in generalizing the results of 88 1 and 2 to three dimensions; and §§ 3 and 4 
may evidently be followed in an analysis of the sphere. But we cannot say 
the same for § 5, since a transformation of the kind there used is not avail- 
able in three dimensions. Results similar to those here expounded for the 
general plane region may however be obtained for space regions bounded by 
surfaces which are sufficiently smooth, and the integration with respect to the 
conjugate of the Green’s function in the conditions (i) and (ii) may be 
replaced by integration with respect to the element of area over surfaces close 
to the boundary surface. Corresponding simplifications occur with sufficiently 
smooth boundaries in the plane. But further consideration of these situa- 
tions may well be postponed until corresponding treatments of the Dirichlet 
problem, now in preparation, are available. 


ΤΗΕ RICE INSTITUTE, 
Houston, TEXAS. 


On Irreducible Cross-cuts of Plane Simply 
Connected Regions.” 


By WALLACES ALVIN WILSON. 


1. It is a well-known theorem that, if E is a simply connected plane 
'egion whose frontier F is bounded and C is a simple arc lying in R save 
‘or the end-points, which are on F, then C cuts E into two simply connected 
'egions and the frontier of each of these contains C. Moreover, if m is a 
voint of one of these regions and n one of the other, no closed proper part of 
7 separates m from n in R. These properties are obviously not confined to 
simple arcs and it is the purpose of this paper to extend these results to a 
nore general class of continua. 

It is an easy guess that the generalization of the simple arc C will be a 
rounded continuum irreducible between two or more sets of points and at 
irst sight it seems that most properties obtainable would be obvious corol- 
aries of certain theorems already obtained by C. Kuratowskit and the 
ΙΠΊΠΟΣ f regarding regular frontiers (i. e, frontiers which are the common 
Tontiers of at least two components of their complements). However, there 
ire two complications: first, the frontier F may not be regular; and second, 
? may itself lie in different components of the complement of C. As a simple 
xample let F be the union of the segments ab and cd, where in terms of 


Jartesian co-ordinates a == (— 2,0), b = (8,0), c = (1,0), and d= (0, 1).* 


uet M and JV be circumferences of radius 1 and centers (— 2, 0) and (2,0), 
‘espectively, and let C be the union of M and N and an open curve approach- 
ng M and N asymptotically, but not meeting M + Ν + F. Then C is irre- 
lucible between the set b -+ c and the point (— 1, 0) and divides R, the com- 
lement of F, into five simply connected regions, two having C as a proper 
art of their frontiers. But F is not regular and lies in three components 
f Che complement of C. 

The work falls naturally into three parts: 88 2-7, containing definitions 


` Presented to the American Mathematica] Socicty, September, 1928. 
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(a. h pp. 1οῦ 145. 
NS (3) W. A. Wilson, “On Bounded Reeular Frontiers in the Plane,” Bulletin of 
he Amcrican Mathematical Society, Vol. 34, pp. 81-90. 
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and general properties; $8 8-10, containing some useful lemmas; and 88 11-14, 
containing the principal theorems. 


2. Definitions. In the following let R be a simply connected plane 
region whose frontier F is bounded. If C is a sub-set of È, m and n are two 
points of E not on C, and every continuum contained in E and joining m 
and n meets Ο, we say that C is a cross-cut of R between m and n and we 
write that Ο is an S (m,n, R). If C is closed and no closed proper part of C 
is an S(m,n, R), we say that C is an irreducible S(m, n, R); if C is an 
S (m, n, R), but is not itself an S(m, n), it will be called regular, It is easily 
seen that, if C is a bounded closed S(m,m, R), it contains an irreducible 
S (m, n, E). 


Examples. Wet R be the interior of a circumference F and let C be a 
circumference in & tangent to F at some point. If m lies within and m 
without C, C is a non-regular irreducible S (m, n, R). 

Let E be as before and let C be the union of F and a double spiral starting 
at the center of E and approaching F asymptotically. Then C cuts E into 
two regions and is a non-regular irreducible S(m,n, R). Here C DF. 

Let E be as before and let C be the union of a circumference in R and 
two segments joining this circumference to 1. Here C is a non-regular 
S (m, n, R), and is not irreducible. 


8. Notation. Aside from the ordinary notation of the aggregate theory, 
she following will be used. 

The whole plane will be denoted by Z. 

If F is a continum, a component of Z — F whose frontier is F is called 
a principal component of Z — F. 

The symbol Vs(a) denotes those points of the plane whose distances 
from the point a are less than ὃ. 

If every continuum in the plane which joins the points m and n meets 
C, we say that C is an S(m,n). 

The notation “A C B” signifies that the set A is a part of the 23 B 
and may be identical with it. 


4. THEOREM. Let E be a simply connected region whose frontier F 
is bounded and let C be a bounded regular irreducible S(m,n, R).* Then 
F -C is not connected. 


Proof. As neither F nor C is an S(m, n), F -- C is not an S(m, n) 


a 
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£ F-C is a continuum, by a theorem essentially due to 2. Janiszewski.” 
But F-LC is an S(m, n), since any arc mn not meeting I lies in Æ and 
lence meets C. 


9. THEOREM. Let R be a simply connected region whose frontier F 
s bounded. For the bounded closed set C to be an irreducible S(m, n, R) 
t is necessary and sufficient that m and n lie in components Rn and Ry of 
R—R-C whose frontiers both contain C and that C — R- C. 

This theorem and the following are easy generalizations of similar 
cheorems by C. Kuratowski [See reference (.X), pp. 133 and 136]. The proof 
Xt the above is as follows. 

Let C be an irreducible S(m, πι, κ). It is evident that R-C is an 
S (m, n, R) and that E: C is a closed S(m,n, R). Hence C = R-C. Clearly 
m and n lie in different components E, and Ry of R—R-C. Let II be 
che frontier of Rm and JI: C54 C. Any continuum in È joining m and n 
must cut H. It does not eut F and hence must cut H: C, since ας F +0. 
Thus ZZ: C is an S(m, n, R). Therefore ΠΠ: C — C. 

Conversely, suppose that C is a part of the frontiers of both Rm and E, 
ind that C = R: C. Obviously C is an S(m, n, E). Since it is bounded and 
slosed, there is a closed sub-set D which is an irreducible S(m, n, R). If 
DAC, there is a point x of C — D which lies in E. Then there is a 8 >0 
such that V(x) C E and Ῥο(σ) contains points of both Rm and R,, which 
:xontradicts the hypothesis regarding D. Hence C is an irreducible S (m, n, E). 








6. THEOREM. Let R be a simply connected region whose frontier F 
is bounded. Let C be a bounded irreducible S(m, n, R). Then C is a con- 
nnuum and C* --- Β' Ο is connected. 


**Proof. If O* is not connected, C* = 1 + N, where M: N =M- Ñ —0 
ind neither Jf nor N is void. Let Rm and R, be the components of R— R: O 
containing m and n, respectively. If z is a point of M, there is a Vs(z) 
:ontaining no point of N + F, but containing points of both Rm and Ra. 
Hence N +F is not an S(m, n), and the same thing is true of M + F. 
Bet both of these sets are closed and (N --- F)(M -F) —F. This is a 
jontradietion by reference (C). llence C* is connected. As C — C* by $5, 
C ds a continuum, 


o 
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7. lf for each pair of points {a:i}, t= 1, 2, - - η, C is a bounded 
irreducible (αι, aj, R), it is convenient to write that C is an irreducible 
S(ai;2). The previous theorems are of course valid in this case. In 
particular, it follows that there are n components of E — E: C such that 
C is α part of the frontier of each one. 

As an example of an irreducible S(a;; R), i— 1, 2, --, k, we need 
only to modify the construction of the continuum H described in reference 
(B), pp. 88-90. Let F be the segment ab. It is apparent from the discussion 
ihere given that the construction can be made so that there are & simply 
connected regions analogous to Κι + Ga +° -+ Qen- +° > and that the 
frontier of each of these is the union of H and a segment of ab. If we take 
0 = H, R = Z — F = Z — ab, and the points {αι} one in each of the k 
connected regions just described, it is evident by § 5 that C is an irreducible 
S ( Qis 19) * 


8. Before proceeding further it is desirable to consider some general 
properties of the union of two bounded continua whose divisor is not con- 
nected and of their complementary domains. Let M and K be the continua 
in question, F =H + K, H* —F-——K, K* =F —H, and let a be any 
component of U-K. If Z denotes the plane, the components of Z — HM and 
Z — K containing no points of K* and H*, respectively, fall into three 
classes: first, components {Ra} whose frontiers are parts of H but not of K; 
second, components {Rx} whose frontiers are parts of K but not of H; 
third, components (Ej) whose frontiers are parts of H: K. No component 
of one class has a point in common with one of another and each one is 
a component of Z — F. Also the frontier of each Ry is a part of some 
component of H: K. 

The components of Z — F fall into four classes: first, those having 
frontier points on both H* and K*, second, those having frontier points on 
H* but not on K*; third, those having frontier points on K* but not on 
I*; fourth, those having frontier points on neither Z* nor A“. It is easilv 
shown that the components of the second, third, and fourth classes are 
identical with the components {191}, {Rx}, and {Rix}, respectively, discussed 
above. Furthermore, by an extension of a theorem by S. Straszewioz * it 
can be shown that, if H-K has n components (or an infinity), there are at 
least n components of Z — F of the first class (or an infinity). 

If we set I, =H -- Xi Rit Σ E, and K, — Ιζ-|- 5) By + X. Bi, we 


* See reference (B), p. 83 and S. Straszewicz, “ Uber die Zerschneidung der Ebene,” 
Fundamenta Mathematicae, Vol. 7, p. 174. 
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obtain the following results. Each component of JJ,- K, is a component g 
of H: K together with such components {Ex} as have their frontiers a part 
of «. If I" is connected, so is H“, If Fi = H, + Κι, the components of 
Z — F, are identical with those of Z — F of the first class. 


9. Lemma. Let H and K be bounded continua. Let H* — H— H: K 
be connected and H* =H. Then all the points of K lying in any component 
RofZ- IL are ona component of Κ᾿ Β. 


Proof. Let us assume the existence of two points m and n in E: K such 
that any sub-continuum Jf of K irreducible between m and n contains points 
notin R. Let C be a simple arc in R whose ends are m and m. Then C -M 
is a closed set and C- M z^ C, Hence C — C - M is a finite or enumerable 
set of open ares whose end-points lie in M. There is at least one of them, 
with end-points m’ and n’, such that no sub-continuum M’ of M irreducible 
between m’ and w lies in È; let it together with its end-points be denoted 
by C’. This last statement holds, as otherwise the hypothesis regarding M 
would be false. 

As O”: M’ = πι +- π’, there are exactly two principal components S8 and 
T of Z — (C 4- M^), by reference (B), p. 86. As ος R, S- R0 and 
T-R~0. As M’ contains points not in È, S-(Z—R) 6:0 and 
T-(Z — R) 0. Thus both S and T contain points of H, as they connect 
points in R and points not in E. Since H*-(0'-L M’) —0 and H* is 
connected, H* lies in one component of Z — (C + M^). Suppose that 
S:H* —0. Then 8: H? — S-.H — 0, which is a contradiction. 

The theorem follows at once. A consequence is that a sub-continuum of 
K joining any point of KĒ not on the component containing R- K to this 
component must contain points not in E. 


10. By means of a device employed by R. L. Moore in his paper “ On 
the Separation of the Plane by a Continuum” (Bulletin of the American 
Mathematical Society, Vol. 35, pp. 303-307), there can be obtained certain 
separation properties embodied in the following lemma and corollaries. The 
teva “upper semi-continuous image ” used in the lemma signifies that there 
ig a one to one correspondence between the elements {X} of J and the points 


ry of a circumference, in which V- f(/) is upper semi-continuous. The 
Pranvpties of such relations are discussed in an article hy Moore (“ Coneernine 

woo or Ε εν εν ra emo 8 t i e -. 4 ei καν a (κ στα : 1 k 
(o8 Marne matical Society, Vol. 27, pp. 416-123), onc by L. 8. Hill (€ Prop- 


cate of Cortain Aggregate Functions,” this Journal, Vol. 49, pp. 419-132), 
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and one by C. Kuratowski (* Sur les decompositions semi-continues d'espaces 
metriques compacts,” Fundamenta Mathematicac, Vol. 11, pp. 170-185). 


Lemma. Lel If and K be bounded continua and HK be not connected. 
Let H* —H — H-K be connected. Let K* = K — II: K lie in one com- 
ponent of Z — H. Then there is a bounded continuum J having these prop- 
erties: J 2 Il- K; Z—J has two components, one containing 1 and the 
other K*; J is the upper semi-conlinuous image of a circumference; each 
element of J is a point not on H + K or a component α of H * K together with 
such components of Z — (H + K) as have their frontiers on α. 


Proof." At least one component of Z — (H -+ K) has frontier points 
on both //* and K*. By inversion there is no loss in generality in assuming 
this unbounded. 

Let M, and K, be as defined in 88. Then the continua M, and K, are 
bounded by the previous paragraph and neither cuts the plane by our hypo- 
theses regarding J7* and K*. Also H,* is connected. H,* D H*, and 
ΚΩ K*. 

If each component of H,-K, is regarded as an element and each point 
of Z — II, - K, as an element, this set of elements is a space S topologically 
equivalent to the plane, by Moore's paper in the Transactions referred to 
above. Let the images in S of sets in Z be denoted by the corresponding small 
letters. Then the set h,-k, is totally disconnected and so hı and k, satisfy 
the hypothesis of another theorem by Moore.} There is then a simple closed 
curve j in § such that j D Τη’ k, and h,” and k,* are in different components 
of S — j. Returning to the plane, we see that I7,* and K,*, and a fortiori 
H” and K*, lie in different components of Z — J. 

As j is a simple closed curve in S, J is the upper semi-continuous image 
of a circumference. Its construction insures that the elements of J are as 
described in the statement of the lemma. 


COROLLARY 1. The points of J — H,- K, are common frontier points of 


* Since this article was submitted to the editors, there has appeared an artitse 
by C. Kuratowski (Sur la separation d'ensembles situes sur le plan," Fundamente 
Mathematicae, Vol. 12, pp. 214-939) which contains an interesting discussion of the 
subject of separation of sets by continua of the nature of J. Dy virtue of $9 this 
lemma can be deduced as a corollary of Theorem V by Kuratowski. The proof here 
given has been retained as being perhaps of interest to those familiar with Moore's 
earlier work along the same line. 

+R. L. Moore, “ Concerning the Separation of Point Sets by Curves," Proceedings 
of the National Academy of Sciences, Vol. 11, p. 470. 
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the two components of Z —J and they all lie in the component of Z — I 
containing K*. 


For, if z is such a point, there is a 8 > 0 so small that all the points of J 
in Vs(z) lie on an are of J composed wholly of elements which are points. 
Since J is a simple closed curve of elements, the part of J not within this are 
does not separate Z. Hence «x is a frontier point of both components of 
Z —J. Now, if two points of J — H,- Κι are in different components of 
Z — I, there are two arcs L, and Le of J whose elements are points and 
which lie in different components of Z — JI. Then, if I is the component 
of Z — J containing H*, L, and Ls can be joined in the other component Æ 
of Z — J, without crossing H, a manifest contradiction. 


COROLLARY 2. If R is a component of Z—(H-+K) which has fron- 
tier. points on H* and K*, then J' =J: R is the homeomorphic image of a 
simple open arc and J’ — J’ consists of two continua lying on different com- 
ponents of H - K. 


Proof. If J’ is not connected, there is in R a simple are mn such that 
J^: (mn) =m +n and m and n lie on different components of J’. From 
the construction of J, m and n lie on simple arcs A; and As, respectively, 
of J, which lie in E, and J — (Αι + Αι) = Bı + Bo, where B, and B, are 
continua, B: B5-—— 0, and H- K C B, -+ B} Also both B, and B, contain 
points of H: K, for otherwise one of them, say Bı, does not meet H+ K. 
Then B, C E and m and n would be on the same component of J’. 

Let J and F be the components of Z — J and mn — (m+n) CE. 
Then mn divides Æ into two simply connected regions E, and Ε,, where the 
frontier of each contains points of one of the sets B, and B., but not the other. 
If "E > K*, we have a contradiction. For #,+ B, +A,+A. and 
E, -- B. + Αἱ + A, are continua both of which contain points of the con- 
tinuum K, their common part is mn + Ai + A», and K (mn +- A, + A;) — 0. 
Likewise, we have a contradiction if E  H*. Thus J’ is connected. 

Since J’ is connected and each of its elements is a point and since J is 
the upper semi-continuous image of a circumference, J^ is the homeomorphic 
"mage of a simple arc C. ‘This arc is open. To prove this set B =J — J’. 
Neither B nor J^ is an 5S(£, E). Hi C were closed, J^ would be a continuum 
ο P+ - 84, MA is SHOE Jf C were closed ot one end. R 7^ 


1? aT bs . E ἐν 
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the iwo continua tials up ye y lic on two elements M and N or 
mod. ΔΤ. N, we have the same contradiction as when J’---J’ is ο con- 
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tinuum. But J/— J' contains no inner points of M or N. Ience J” — J’ 
lies on two components of H - K. 


11. THEOREM. Let E be a simply connected region whose frontier K 
is bounded. Let H be a bounded regular irreducible S (ai; R), t= 1,2,---,n. 
Then H-K is the sum of n or more closed sets {αι} between each pair of 
which H is an irreducible continuum. 


Proof. Since H is regular, all the components {R;} of Z — (H+ XK) 
containing points {αι} lie in one component 8, of Z— H. By 89, if 
K,” == K+ Sı, there is a component K, of K- δι containing K,* and K,” = 
K,—H-K,. Now let M — K — K,* and set H, = H+ M. Since K is a 
continuum, so is H,. It is evident that Hı + K == H + K, δι is a com- 
ponent of Z — H,, and K,* — K — H,- K. If we set H,* = H,— Hi: K, 
H,*— H*. By 885 and 6, H* is connected and H* = H. Moreover, neither 
HM nor K is an S(ai,a;), while H+ K is. Hence, by reference (C), 
H: 15 not connected. Thus M, and K satisfy all hypotheses of the lemma 
of § 10 and there is a continuum J with the properties there given. 

By 8 10, Corollary 1, all the elements of J which are points of J — Hi: K 
lie in δι. Since each R: has frontier points on both H* and K*, as H is 
regular, and since E; C δι, E; has frontier points on both H* and K*,. 
Hence each E; contains an arc A; of J whose elements are points and we 


ean write J — ΒΑ, -- SN. where each N; is a continuum and N;:(J — N;) 
1 1 


consists of an end-point of A; and one of Αρ (p—2--1, mod. n). Now 
H:K CSN; and each N; contains points of H-K, as otherwise H+ Καὶ 
would not be an § (αι, ai). 
Now set B, = N, and B; — XAi-- SM. Let I and E be the com- 
8 2 


ponents of Z — J containing H* and Κ.”, respectively. Let 4,” and Aa” 
denote the ares A, and A, without their end-points. If H’ is a proper closed 
part of H, there is a point ὦ of H* not in H’. For some ὃ 7 0 there is a 
Va(z) in I such that H'- Vs(z) — 0. Let m be a point in E: Vs(z) and 
n one in Ra: Va(z). As n lies in I, 493 is an open arc, and K- I = 0, there 
is a simple are nz, such that z lies in As”, nz — 2 CC I, and (nz) - (B1 + as 
+B.+K)=0. Since n+2CR., H+K is not an S(m,z).  As' 
(H + K)-(B,+4,+B,.+K)=K, a continuum, H+K--B,-+A:+B, 
is not an S(n,z2). Then there is an arc nz not meeting any of these sets such 
that (n2): 4,* =z and nz — z C I. 

By $10, Corollary 1, Αα -+ Bı + B» is not an S(H*,K,*) and so m 
can be joined to K,” by a simple are not cutting A: + Bı -+ B, Starting 
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‘rom m, let u be the first point where this meets K,” and let w lie on mu 
ind be in some Υη(ω) so small that J‘ V4(u) —0. As w is in E, 
(πιω): Αι 250. Let mw meet A,” for the last time at m’. Then 
n’w—m CE and m^w C. Ry, since A, C E, and (mw): (H +E) =0. 
That is, w lies in 2, Thus A: + Bi-] B;-- K is not an S(m, w); nor is 
H+ K, since m+wCR, Hence 4.+8:+8,.+H-+K is not an 
S(m, w) and there is an aro mw not cutting any of these sets. Starting 
rom m, let y be the first point where it meets 4,*. Then my C I+ y and 
(my) - H’ — 0. 

Let mn be an are in Va(z). Then (mn): H= 0, and yz = my + mn 
+ πρ is a simple are in I+- y +z not meeting H’ and meeting J only in 
he points y and z of A,” and A,*, respectively. 

Let H” be a sub-continuum of H irreducible between B, and B,. If 
[2 is any simple are in I+ y -+ z, where y lies in 4,” and z in Ae”, it 
livides I into two simply connected regions such that the frontier of each 
‘contains points of one of the sets B, and Bs, but not the other. As H” 
s irreducible between B, and B, H".— H"-(Bi-|-B&,) is connected and 
contains points of both these regions. Hence it meets yz, as H” (A, + Az) 
— 0. This result in connection with the preceding paragraph is contra- 
lictory unless H” — H, i. e., unless H is irreducible between B, and Bo. 


Now let a, = (H- K) Ni; then o4: aj 0 if i Aj and HE = Sas. 
1 


(hus H is irreducible between αι and $ a; and, a fortiori, between «, and 
2 


ach of the remaining sets {αι). As B, was chosen as any one of the sets Νι, 
his gives the theorem. 


12. THEOREM. Let E be a simply connected region whose frontier K 
s bounded. Let H be a bounded regular irreducible δ(αι; R) where the set 
ai} is enumerably infinite. Then for every integer n, H-K is the sum of 
, closed sets between each pair of which H is am irreducible continuum. 
Liso H: K can be expressed as the sum of an infinity of closed sets between 


ach pair of which H is an irreducible continuum. 
9 


° 
, Proof. The first statement is a mere corollary of $11. To prove the 
econd proceed as follows. Let the component of Z — (H + K) containing 
: beg? Using the third paragraph of the proof of $11 divides M- K into 

τ οἴρτο] sets Bu and Bo. hetweer which // is irreducible, Tt we now use 
eos ola. cle, and Ag in a similar manuei, it is evident thal H: KE fall. 
nto three sets Bu, Bo, and Baa, of which one is identical with one of the 
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sets βιι and f» say βιι, and the sum of the other two is identical with fi, 
and that H is irreducible between each pair of these. This process may be 
continued indefinitely. It obviously generates a dyadic decomposition of 
H:K into an infinity of closed sets {«}, no two of which have common 
points. Each α is the divisor of a sequence {βικι]. If « and α΄ are any 
two of these sets and ὁ is sufficiently great, ας Bin, and a’ C Bin’, where 
"£n, Hence H is irreducible between « and α’. 


13. Τηποπεμ. Let P — H + K be the union of two bounded continua. 
Let H: K be the sum of a finite number n of closed sets {ai} between each 
pair of which H is irreducible. Then there are at least n components of 
Z ---- Ε! whose frontiers contain H as a proper part. 


Proof. Since K is bounded, it contains a sub-continuum K’ irreducible 


between αι and Σ αι. Then K’ —H- Κ΄ is connected and lies in some com- 
ponent S, of Z = H. By §9, if K* =K — H: K, K*- δι lies on a component 
K, of K-8, and K*-S, — K,— H-: K,. Then Κι contains points of m, 
sets {αι} where n zz 9. If ισπ, there is in like manner a component 
δε of Z — H such that K*- δ. lies on a component K, of K+ 8, K*-8, 
= K.— H: Κ., and Κα has points of two or more sets {αι) including 25,4. 
Continuing this process, we obtain b components {51} of Z — II such that 
for each j, Κ΄ 8; lies on a component K; of K-S;, K*:S; =K;— H.K; 
and X; contains points of n; sets {αι}, where n; = 9 and Sin; Èn. 

Now consider any one of these, say K,. Let K,^—K*-S8, Let 
a’, = Κι᾿ αι if this set is not void. There are n, sets {αι} and H` Κι--- $i. 
Let Ην = H—H-K, Then H and Κι satisfy the hypotheses of the lemma 
of 8 10 and there is a continuum J with the properties there described. 

To each component of an g’: corresponds an element of J made up of 
this component and those components of Z — (H + Κι) bounded by it. If 
B: denotes the set of elements of J corresponding to components of «';, it 
is easily seen that 8; is closed. Since J is the upper semi-continuous image 
of a circumference C, 8; corresponds to a closed set y; on O and C — Xyi 
is a set of open arcs. It is easily seen that of these at least m, ares (&). 
have their end-points on different sets γι. The image L: of Ιι is an open 
are of elements of J which are points and L: has improper limiting points 
on two different sets 8; and hence on two sets a; As Li: 28;—0, 
Lı: (H + Kı) =0 and L; lies in some component E; of Z — (H + Κι). 
This is also a component of Z — (H-4 K). As J — L4 does not separate 
H* from K,*, it is evident that E; has frontier points on both H* and Κι”, 
Now L: is a component of J— Σ1βι. I£ Jı =J; Ej LiG οι. But, by 
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810, Corollary 2, J; is connected and meets no βι. Hence J: = Li Thus 
the existence of πι such arcs (L;] proves the existence of n, distinct com- 
ponents {R:} of Z-- (H + Κι) which have frontier points on both J” 
and Μι”. 

Consider any one of these, as Γι. Let L, meet a’; and g's; then L, is 
irreducible between α΄; and α΄». So is H and H- Coe +a’. Then by 
reference (B), p. 84 there are at least two principal components M and V 
of Z — (H + Ey). Since K,“ lies in one component of Z — J and H* in 
the other, Δι lies in one component of Z — (H + J) and, a fortiori, in but 
one component of Z — (H + Lı). Suppose that M: K,*—0. Then 
M. (f+ έν) =0 and M C. R, as M has limiting points on Z4, which lies 
in E, As H- E, = 0 and Z is a part of the frontier of M, it is therefore a 
part of the frontier of R,. We have therefore shown that there are at least n, 
components of Z — (H + K) lying in S, and having H as a proper part of 
their respective frontiers. 

As this holds for every S;, there are at least 2j ^; = components of 


Z — (H -- K) whose frontiers contain H and points of K*. 


CoxoLLAny. Let F = H-LK be the union of two bounded continua. 
For every integer n let H- K be the sum of n closed sets between each pair 
of which H is irreducible. Then there is an enumerably infinite set of com- 
ponents of Z — F whose frontiers contain H as a proper part. 


Remarks. The conclusion of the above theorem may be stated as follows 
by using § 5: Then H is an irreducible S(a;; R) where R is the component 
of Z — K containing H — Η: K and the points {αι} lie in R and number 
at least n. To see that the converse of the above theorem is false, let IZ be 
a circumference and K a straight line segment joining a point within JI to 
one without. 


14. The actual existence of continua H and K satisfying the hypothesis 
of $8 11-13 can be readily established by modifying Ex. 2 on p. 88 of refer- 
ence (B), as indicated in $7. On the other hand, Ex. 1, just preceding this, 
shows that M- K may be the sum of an infinity of closed sets between cach 
pair of which # is irreducible and yet // need not be an irreducible S (m, n, R) 
for any two points in JJ. Finally, it should be noted that M may be a regular 
Irene SN(a Ry i—i. 2. στον 9) and be gn irreducible Sn: 2). 

"ue ο ρε on os ον Cal ος ο MS T eames ve 
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Vevtous theorems may be deduced som $$ 11-15 by πιο νέας, i+ u- 
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potheses. Two examples are given, of which the first is obtained from § 11, 
and the second from § 13. 


THEOREM. Let R be a simply connected region whose frontier K is 
bounded. Let H be a bounded continuum dividing R into two or more regions 
and be a part of the frontier of cach of these. Let --- H: ER and let H 
itself separate no two points of R. Then H is irreducible between any pair 
of components of ΠΚ. 





To prove this let m and n be any two points of R, lying in components 
Em and Ra, respectively, of R—R-H. Then H is a regular irreducible 
S(m,n,R). By 8811 and 12 we know that H- Κ᾿ is the sum of two closed 
sets between which JZ is irreducible. Let A and B be components of one of 
these and H be reducible between them. Then there is a sub-continuum A of 
H irreducible between A and B, and H—h is connected. But by $8 there 
are at least two components S and T of Z — (h -- K) whose frontiers con- 
tain points of both h — A: K and K — h: K; let S be the one containing 
points of R- H not inh. Then T is a component of E — R- H whose frontier 
does not contain H, contrary to hypothesis. 


THEOREM. Let F-—H--K be the union of two bounded continua. 
Let H: K have a finite number of components and II be irreducible between 
each pair of them. Let H not cut the plane. Then H is a part of the fron- 
tier of every component of Z — F whose frontier is not a part of K. 


For, if there were a component S of Z — P whose frontier contained 
points of H — H- K, but not the whole of H, there would be a proper sub-set 
h of H such that h -+ K separated a point m of S from a point n of some 
component of Z — F whose frontier contains H. But m and m lie in the 
same component of Z — K, since JI — H: K is connected. Then K is ‘not 
an S(m,n), nor is h, since H does not cut the plane. There is then a con- 
tradiction by reference (C) unless À contains a continuum joining two com- 
ponents of H: K, which in turn is impossible, since H is irreducible between 


these components. 


New Haven, Conn. 
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Number of Abelian Subgroups in Every Prime 
Power Group. 
Bx G. A. MILLER. 


It is well known that whenever a group of order p", p being a prime 
number, contains an abelian subgroup of order p? then the number of its 
abelian subgroups of this order is of the form 1 + bp.* This is obviously a 
special case of the following theorem: If the order of a group is divisible by 
po G70/2 then the number of its abelian subgroups of order p* is always of 
the form 1+ kp. This theorem results almost immediately from the fact 
that every invariant abelian subgroup whose order does not exceed p%-1 which 
appears in such a group must be contained in an invariant abelian subgroup 
of larger order. Hence it results that if we count every invariant abelian 
subgroup of order p° as many times as the number of its subgroups of order 
p" which are invariant under the entire group and note that each of the 
latter subgroups appears in a number of the former subgroups which is of 
the form 1-+ kp, and that this is also the form of the number of the latter 
subgroups which appear in one of the former, it results that if the number of 
the latter groups is of the form 1 + kp this must also be the form of the num- 
ber of the former subgroups. Hence the given theorem has been established 
since the number of the abelian subgroups of order p? is of the given form. 

From the preceding paragraph it results that when α is given we can 
always make m sufficiently large so that in every group whose order is divi- 
sible by p" the number of abelian subgroups of order p* is of the form 1 -+ kp. 
Moreover, it is well known that if à non-abelian group of order p" contains an 
abelian subgroup of index p then the number of its subgroups of this index 
is always exactly 1-- p. In this case, the number of the abelian subgroups 
of index p? must always be of the form 1 -+ kp since every abelian subgroup 
of this index must be contained in an abelian subgroup of index p. On the 
eóntrary, when a group of order p", m > Υ. does not involve an abelian sub- 
group of index p but involves abelian subgroups of index p? the number of 
the latter subgroups is not necessarily of the form 1 -L- kp. In fact, it is 
οἷν jot Te possible to construct such groups which contain evactly two abelian 

Sor αὐ HON FF giu Have a Gat OF ΕΠΟΝ pu JOR CVCTY varie Or P ond 
“ue οὐ m > 5. Το construct such a group we may start wiih on 
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abelian group of order p"-? and of type (1, 1, 1, - - +), and extend this group 
by an operator s, of order p which has p? conjugates under this extended 
group. The group thus obtained may be extended by an operator s, which 
is commutative with s, and gives rise to a commutator subgroup of order p* 
which is found in the central of the preceding group and has only the iden- 
tity in common with the commutator subgroup to which s, gives rise. The 
resulting group satisfies the given conditions. 

From the preceding paragraph it results that the number of the abelian 
subgroups of index p? which appear in a group of order p" is not necessarily 
either 0 or of the form 1 + bp. It is, however, easy to prove that whenever 
a group of order p" contains at least one abelian subgroup of index p? then 
it must contain an invariant abelian subgroup of this index. To prove this 
theorem we note that if H, is such an abelian subgroup which is non-invariant 
then it must have a conjugate H, such that each of the two subgroups H, and 
H, transforms the other into itself in view of the general theorem that every 
set of conjugate subgroups, or conjugate operators, of a prime power group 
involves at least p conjugates such that each of them transforms each of the 
remaining p — 1 into itself. If H, and H, would generate the entire group 
then each of these subgroups would be invariant. If they generate a non- 
abelian subgroup of index p then the number of its abelian subgroups of order 
p"-? must be of the form 1 -+ bp. As this subgroup of index p is invariant 
under the entire group we have established the following theorem: If a group 
of order p" contains at least one abelian subgroup of index p? then it must 
contain an invariant abelian subgroup of this index. 

It was noted above that whenever m > τ it is possible to construct a 
group of order p^ which contains exactly 2 abelian subgroups of index p’. 
In particular, it is possible in this case to construct a group in which the 
number of abeilan subgroups of index p? is not of the form 1 + kp.*' We 
proceed to prove that this is not possible whenever m Z5: 7. For this purpose 
we shall first prove that if a group G of order p* contains an abelian sub- 
group H, of order p? then the number of its abelian subgroups of this order 
is always of the form 1 -+ kp. It is evidently only necessary to prove that 
the number of its invariant abelian subgroups of order p? is of this form siwce 
the number of its non-invariant abelian subgroups of any order must be 
divisible by p. In view of the theorem at the end of the preceding paragraph 
it may be assumed that H, is an invariant subgroup of G. 

If all the other abelian subgroups of order p? contained in G are non- 
invariant our theorem requires no proof. Hence it may be assumed that G 
contains two invariant abelian subgroups H, and H. whose common order 
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is p*. These subgroups either generate G or they generate a subgroup of order 
p°. If, in the latter case, this subgroup is abelian but G is non-abelian then 
G contains either only one abelian subgroup of order pê and hence the number 
of its abelian subgroups of order př is of the form 1 -+ kp, or G contains 
exactly p + 1 abelian subgroups of order p? and hence has a central of order 
př. In this case the number of its abelian subgroups of order p? is clearly 
again of the form 1-]- kp. Hence we may assume for the purpose of proving 
the theorem under consideration that H, and H, generate a non-abelian sub- 
group of order p? which involves exactly p + 1 abelian subgroups of order pë. 
These p + 1 subgroups are invariant under G since at least two of them have 
this property. 

When G contains an abelian subgroup of order p? the number of its 
abelian subgroups of order p? is obviously of the form 1-+ kp. Hence we 
shall assume in what follows that no abelian subgroup of order p? appears 
in G but that it contains abelian subgroups of order p*. If G contains an 
invariant abelian subgroup of this order in addition to the p- 1 considered 
in the preceding paragraph, and if this involves the cross-cut of these p + 1 
subgroups then this cross-cut is the central of Οἱ and it appears in each of the 
abelian subgroups of order p> which appear in G. The number of these 
subgroups must therefore again be of the form 1 + kp. On the other hand, 
if this additional invariant abelian subgroup does not involve the given cross- 
cut there will be p+ 1 abelian subgroups of order pë which have for their 
cross-cut another subgroup of order pf, and p of these do not appear in the 
group generated by H, and H.. The central of G. in this case is of order p°. 
As similar remarks apply to the additional sets of p-+1 abelian invariant 
subgroups of order pë, in case such sets exist, it results that the number of 
the invariant abelian subgroups of order př contained in Œ is of the form 
1 "kp except possibly in the case when H, and H, generate G and there are 
no two invariant abelian subgroups of order př in G whose cross-cut is of 
order p*. 

It may also be assumed that G contains an invariant abelian subgroup 
of order p* which is not found in an invariant abelian subgroup of the order 
p**since the number of the former is of the form 1-+ kp according to the 
general theorem stated in the first paragraph of this article. Hence it results 
that the central of G is of order jp? and that every abelian subgroup of order 
p? wheeh is found in @ involves this central and that no two of these sub- 
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Moreover, the central 7 fé and its commutator subgroup must be identical. 
Fici ilu- it follows that G involves exactly p + 1 invariant abelian subgroups 
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and the-following theorem has been established: If a group of order p' con- 
tains an abelian subgroup of order p? then the number of tts abelian sub- 
groups of this order is of the form 1 ~- kp. 

We shall now prove that if a group of order p^ contains an abelian sub- 
group of order p* then the number of its abelian subgroups of this order is 
always of the form 1 -- kp. From the general theorem stated in the first 
paragraph it results that this theorem is true whenever m > 6. Hence it 
remains only to prove it when m — 6, since it is obviously true when m — 5. 
We may again confine our attention to the invariant abelian subgroups of 
order p*. Hence we assume that G is a non-abelian group of order p? which 
contains at least two invariant abelian subgroups Hi, Ha of order p*. If 
every abelian invariant subgroup of order pë contained in G were found in an 
invariant abelian subgroup of order p* our theorem would clearly be true 
since the number of the former is known to be of the form 1 -- kp. Hence 
we may assume in what follows that G contains an invariant abelian subgroup 
K of order p? which does not appear in Hi. 

If H, and K generate G their cross-cut is of order p and hence the com- 
mutator subgroup of G is of order p. This is impossible since it was assumed 
that K does not appear in an abelian invariant subgroup of order p*. Hence 
it results that H, and K generate a group of order p? whose central is of 
order p? and whose commutator subgroup coincides with this central. This 
group of order p? contains no abelian subgroup of order p* besides H,. The 
remaining operators of G. cannot be commutative with all the operators of the 
central of this subgroup since K is not contained in an invariant abelian sub- 
group of order p*. As every invariant subgroup of index p? in any group 
must involve the commutator subgroup of this group it results that G contains 
only one invariant abelian subgroup of order p*. Hence the following, the- 
orem has been established: If a group of order p" contains an abelian sub- 
group of order p* then the number of its abelian subgroups of this order is 
always of the form 1+ kp. 
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Finite Groups in which Conjugate Operations 
are Commutative. 
By C. HOPKINS. 


In an article entitled On Groups in which every two Conjugate Opera- 
tions are Permutable, Burnside " developed certain general properties of a 
group G which is subject to the sole restriction that its conjugate operations 
be commutative. In particular, he proved that if G is of finite order, it is 
the direct product of its Sylow subgroups,] and is either an abelian or a 
metabelian group if no Sylow subgroup is of order 3". In the same year 
Fite published his dissertation On Μεἰαδε]ίαπ Groups,{ in which he defined 
the class of a group G as the number of terms in the sequence G^, G’,---, 1, 
where G^ is the group of cogredient isomorphisms of G and each succeeding 
G1 is the group of cogredient isomorphism of the preceding one. From this 
definition it is evident that abelian and metabelian groups form the categories 
of groups of elass 1 and 2, respectively. Moreover, these two categories are 
included in the eategory of groups defined by the stipulation that every two 
conjugate operations be commutative. Hence it appears that a group in 
which conjugate operations are commutative may be conveniently classified 
and discussed according to its class. This procedure was adopted by Fite 
in a later article,|| in which he asserted that the class of a group of finite 
order in which every two conjugate operations are commutative can not 
exceed 5. 

In this paper we shall prove that the class of a finite group G in which 
every two conjugate operations are commutative can not exceed 3; we shall 
examine in some detail the case where G is of class 3 and has exactly three 
independent generating operations, and we shall exhibit a method of con- 
structing all groups of this sort. 

EE Burnside, Proccedings of the London Mathematical Society, Vol. 35 (1908). 
30. 28-37. 
᾽ * Pe C, p. 31, 
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Lt. Tethematische Annalen, Vol. 67 (1909), pp. 498-510. 
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1. General Results. In what follows the symbol G shall denote a 
group of order 3" in which every two conjugate operations are commutative. 
The assumption that Œ is of order 3" involves no loss of generality, since 
it has been demonstrated by Burnside that if G is of finite order it is the 
direct produet of its Sylow subgroups, and is of class 1 or 2 if no Sylow 
subgroup is of order 3". In what follows we are interested only in groups 
whose class exceeds 2. If G is of class kb it cannot have fewer than k inde- 
pendent generating operations. This follows from the fact that such a group 
must contain an invariant commutator νο... which is generated by the 
k independent operations Pa, Pa © © +, Px.* 

If a finite group G of order p" and of class & whose conjugate operations 
are commutative has more than & independent generating operations, it must 
contain a subgroup of class b which has exactly b independent generating 
operations. To prove this we note that the commutator P; s...» is generated 
by the & operations Pi, P», : - :, Pr, no one of which can be expressed in 
terms of the remaining b — 1. [Tf one of the P’s could be expressed as the 
product of powers of the remaining k — 1, then P;5,..; could be represented 
as a commutator whose & subscripts would involve only k — 1 distinct symbols. 
But such a commutator must be the identity].| Consequently the subgroup 
H=={P,, Pa, ` + +, Px} has exactly k independent generating operations and 
is of class b, since its kth, but not its (k — 1)st, commutator subgroup 1 is 
the identity. It is clear that H and G cannot coincide, since G was assumed 
to have more than k independent generating operations.§ 

lt is a well-known fact that there exist groups of class Æ whose conjugate 
operations are commutative for values of X ranging from 1 to 8.| We shall 
now show that no groups exist for k > 3 in which conjugate operations are 
commutative. To establish this result it will be sufficient to consider*’the 
case k — 4, since a group of class k must contain a subgroup of class b — 1. 
It was proved above that a group of class k with more than k independent 
generating operations must contain a subgroup of class b which has exactly 
k independent generating operations. Consequently we assume that the group 


* Burnside, loc. cit., p. 29; this follows also from the definition of class. . 

T Burnside, loc. cit., p. 90. 

t Transactions of the American Mathematical Society, Vol. 7 (1906), p. 61. 

§ Note that the number of independent generating operations of a group of order 
p" is an invariant of the group. Vide Miller, Transactions of the American Mathe- 
matical Society, Vol. 16 (1915), p. 21. 2 

|| For k — 1 and k —2 we have the categories of abelian and metabelian groups, 
respectively. For b —3 we have the example exhibited by Fite, loc. cit., p. 503. 


yy 


Conjugate Operations ere Commutative, 37 


Guy, whose conjugate operations are commutative, is of class 4 and has the 
four independent generating operations (δι, S2, Sa, δι). The operations 
Sij, Sis Sijui Will be defined by the equations * 

S,78;8; = 8,845 δι S548 = S iSi 

S18 ο. S iiS igna. 
Burnside + has proved that the operation Sa... is changed into its inverse 


or remains unchanged according as an odd or an even permutation is effected 
on its subscripts. Now 


-1 ~i 
Bas (34) ud S34812834815 


-1 
is the inverse of Sesan. To show that Siza) — Sis4 We proceed as 


follows: 
-i -1 -i -i -ι 
8348 (12) (84) ΞΞ S12 834815 = 81 δο 8185: Sa. S; δι 8281 
-1 -1 -1 -1 -1 -1 -1 ~1 
= δι δο Si’ 8345034" 81 8581 = δι S5 . S348 1848 234 1294 1 8,8, 
-1 -1 -. -l -L -l -l 
= δι r S. 2845 1349213492949 1234 t δι ms δι ᾽ SaN gaS 21849128451 


-1 -ι 2 -1 
= ΠΡ 1224 =, S348 1234 = SsaSr084- 


-1 
Consequently { S(12) a4) == S1231 In the same manner we may show that 


-L -1 -1 
Senan = Sgaree Since Sasan = Saa αο)» We must have 85455 = Sizs But 
S545» may be derived from Sızs4 by an even permutation on its subscripts; 


-1 . > . . . 
therefore S1og4 == 1234, which is impossible, since S123, is of order 3.8 From 


this contradiction we have the theorem: There exists no finite group G of 
clase greater than 3 in which conjugate operations are commutative. 


9. Groups of Class 3. In Art. 1 we proved that the group G of class 
k has exactly k independent generating operations or else contains a subgroup 
with this property. Consequently we shall investigate only those groups of 





Sa Burnside defines the symbol P,, by the equation P, PQ,PQ—P, Py dt is 
evident that this notation differs only superfieially from that given above. 

+ Loe, cit., p. 31. 

* In the reduction shove use was made of the following: 8,,-- 8? 8,7 S, δρ] 
^o εἶν rations Soyo. Nd Αἴ nre commutative if their subseripty have a letter 


ay S ag Fo* $ 43. dh τ Γι g 55 ens d 16 8 88 nd l2. 3 sue 
À ο . iui ` 


i5 ανα ο aecording as an even or an odd permutation is eifected on the ietera in 
ils subscript. The last three results are due to Burnside. 
ὃ Burnside, loc. cit, p. 31. 


38 Hopxrins: Finite Groups in which 


class b which have & independent generating operations. We are not inter- 
ested in groups of class 1 or 2, which are contained in the categories of abelian 
and metabelian groups, respectively, and we have proved that G cannot be of 
class greater than 3. We assume, therefore, that G is generated by δι, S2, 
and Ss of orders 3", 3%, 3”s, respectively.* In the way of notation let the 
symbols ο, cxi; be defined by the equations s;s;j$; = 501), Sk !CijSx 
== CijCkij- 

Now from the results of Burnside! we have the following relation: 
(a) s; is commutative with ci; and cxi; (b) the c’s are relatively commuta- 


tive; (ο) cji —1; (d) ciis = Crij = bus etc., that is, an even permutation 
on the symbols of the subseript of any c leaves it unchanged, while an odd 
permutation changes c into its inverse. 

These relations evidently form a set of necessary conditions that GŒ be of 
class 3. That they are also sufficient will be seen in the following paragraph. 
But we also obtain a set of sufficient conditions if we replace (c) by the 
weaker condition that cij» be invariant under the group (si, S2, δε). 

We assume that there exists a group T= (s, S2, 5ο) which has the 
following properties: (a) δι, Se, ss are of orders δ, 3%, 3%s, respectively ; 
(b) s; is commutative with every commutator of T whose subscript contains 4; 


(ο) the commutators of T are relatively commutative; (d) ci = Criz = Cini 
-1 -ι -1 
= Chik = Crji = Cie; (e) cis is invariant in T. The notation will be made 


clearer by reference to the following equations: 


8171858, = $2012 85 16538, = Cosk 
82718382 = S3023 837105189 = Cgil 
$3 18,85 = 51631 83 105583 = Οιοἷς 
where k = cies. . 


It is not difficult to see that any operation in T can be written in the form 
Tı Ta Z3 15 Yi H 
Sı Se S83 019 Cog Cgi k T 
Q3 dg αι ae by ba Ug Bs βι 
Let tae Sa δα Cia Cog C31 μ΄ and T = Sı Se Sg Cis Cos io 5 be any 
two operations of T and let STS — TC;; and T3ST = SC; If we cata 
show that S?0,,8 = Cs: and T3C,,T = Ost, then it must follow that any 


* Since Burnside proved that Œ is metabelian if its order is pm where p < 3, and, 
further, that G is always the direct product of its Sylow subjects, we shall consider 
only the case where the order of Œ is a power of 8. 

1 Loc. cit., pp. 29-31. 

t Burnside, loc. cit., p. 32. 
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two conjugate operations of T are commutative.” One may easily verify the 
equation 
SITS — Τοιογαιδιταιῦ; Cog labi tabs C35 Tira oA 


where A == — a,0, — agbs — agbs + 4181 + aobo + ass — αιᾶοζα — a205b, 

++ 30454 + a1@gb2 — α2ζιδα. 

Also, S320,,8 = Q515725055,*2,2,0,]572,2,5,*0,2,0, ᾖ; αραοῦι "αιαρῦο — μι. Therefore S is 
commutative with Osz. 

Moreover, T-18,,T = Cil αοριύντα.Ὀ.ὂς 1-αιδ.Ὀστα.Ὀ.), ᾖμ-αρδιορ αι babs — C... Accordingly 
T is commutative with Ost. 


From this result that conjugate operations of T are commutative it is easy 
to show that the order of any operation of T is a power of 3. Accordingly, 
if conditions (α),’ >, (e) are fulfilled, the group (5,, S2, Ss} is a group of 
order 8’: of class 3 whose conjugate operations are commutative. Thus the 
sufficiency of these conditions is demonstrated. From the necessary condi- 
tions obtained by Brunside for such groups it follows that the invariant 
operation k is of order 8. 


3. A Method of Constructing a Group of Class 3. That groups of 
order 3" and class 3 whose conjugate operations are commutative do not 
constitute a null-class was demonstrated by the example given by Fite.] We 
shall now develop a general method of constructing groups of this character 
which have three independent generating operations. 

Let sz be a substitution of order 3% on the letters αι, * * * , ass. Let cis 
be any substitution of order 3”, my. me, which is commutative with se. 
The group {s2, C12} admits an automorphism in which s; corresponds {0 $2012 
while Οι) corresponds to itself. We write {s2, ci2} as a regular group and 
denote by δι’ a substitution of order 3"s in the holomorph of {s2, c:2) which 
effects this automorphism. Let s," be any substitution of order 3%” on a 
set of letters distinct from the letters of (s; C12}. The substitution s,” is 
therefore commutative with δι’ and with every substitution of {δ., c). Now 
δι = δι’ $,” is a substitution of order 3%, where m, is equal to the larger of 
the two exponents m,, and m,". One readily sees that the group {8», Ciz; δι} 
=? (δι, 52} is a metabelian group whose order is a power of 8. 

* We can find a substitution Lk of order 3 which is commutative with 
every operation of the metabelian group {δι, 54). The group {δι, 82, k} admits 
on getomnorphism in which s œs: b~ ht tam ein: αὐ 9s. We write 


sve thot C στ C, αν hence the two cquations above involve the two addi- 
ote dations SUC, K- Cu and DUC T LC... 
tie. doe, cit, p. 903. 
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(5, So, k} as a regular group and denote by ca,” a substitution of order 3 in 
its holomorph which effects this automorphism. Let cs,” be any substitution 
of order οσα” on a set of letters distinct from the letters of {δι, 8», k}, where 
Tha," does not exceed m,. It is clear that c4," is commutative with Ca” and 
with every substitution of {δι, s», bj. The order of Cs, = C31 C5" is 8%, 
where ma, is the larger of the two exponents ma,” and 1. It is obvious that 
{δι, δα, 5, C31} == {δι, S2, C31} is a group whose order is a power of 8. 

The group {δι, $5, ¢3:} admits an automorphism which is defined by the 
following correspondences: 


$4 — δι 15 So — 89 5 Cig ~ C12 5 C31 ~ Car, E k. 


Let ca be a substitution of order 8 in the holomorph of the regular group 
(31, S2, C31} which brings about this automorphism. Let c23” be a substitution 
of order 3"«" on a set of letters distinct from the letters of the regular group 
{δι, S2, Cai}, where 3%” is not to exceed the order of sa Then Css = C23’ Cag”, 
of order 3”=, transforms the substitutions of {δι, S2, C31} according to C23, 
since c5," is commutative with every substitution of {δι, δ», Cs1} as well as 
with cs. It is clear that {δι, S2, ¢s:} and Cz, together generate a group 
whose order is a power of 3. 

One may easily verify the fact that the following correspondences define 
ar antomorphism of {δι, $5, σαι, Cos]: 


S1 ~ $1031 5 S2 — $3058 1 ; C12 ~ Ciok; C31 — Csi; Cog ~ Cog; b ~k. 


-1 κάν Sry sk -1 lx cb gp vn 
[δι 8281 = $5012; Cai δι S2C23 $1031 — Cai S201203 E Cgi == Sa CioCas k 


-1 
== S212023 k, since k= 1. This proves that the operation corresponding to 


Sy gee is the same as the operation corresponding to Satie. It is not difficult 
to show that this is true for the remaining conjugate operations. ] 

Let δε’ be any substitution of lowest order in the holomorph of the regular 
group {δι, Se, Cai, Ces} which transforms the substitutions of this group 
according to the automorphism above. The order of δε’, which we denote 
by 3"&, is evidently equal to the larger of the two numbers 3% and 3"5, 
where 3"a and 3?« are the orders of Cs, and ces, respectively. Let s," be 
any substitution of any order 3%” on a set of letters different from those 
of the regular group {81, δε, σαι, Cos}. Then s&— 5, 83 is of order 3s 
where mg is the larger of the two exponents m,' and m”. Now δὲ and 
($1, S25 C31, C23} generate a group of order 3? which has the three independent 
generating operations δι, 5», s.. From the mode of construction it is clear 
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that its operations satisfy the sufficient conditions which were developed in 
Art. 2. Consequently G = {δι, 5», Se} is a group of order 3” and class 3 
whose conjugate operations are commutative. 

We shall now give two examples of such groups, each of order 37. 


Example 1: In the notation of the preceding development we take 
M = l, m. = 1, δι = 1. Then (s, S2} is a metabelian group of order 3° 
whose operations are all of order 3. Next, we take cs,” = 1, and obtain the 
group (5, s» Æ, C31} of order 3°, whose operations are all of order 3. Then 
we take c5," = 1, from which it follows that the group (5, δ», k, cos} is of 
order 39 and contains only operations of order 3. Finally, we take s," = 1 
and obtain the group {δι, $2, ss} of order 3* whose operations are all of order 8. 
This is the group given by Fite.* 


Example 2: Let s, and 5) be two commutative operations of order 9 
which have no powers in common except the identity. There exists an 
antomorphism of {5», So} in which s, corresponds to itself while s; corresponds 
to 5280. Let δι be an operation of order 9 in the holomorph of {sz, So} which 
effects this automorphism. The group (ss s», δι} =={se, si} is a metabelian 
group of order 3° which admits an automorphism defined by the corre- 
spondences Sı ~ 818,73, S2 ~ 82° S278, So ~ So's% The holomorph of {διδο} 
contains an operation sg; of order 3 which brings about this automorphism. 
It is clear that δι, 6», and ss together generate a group of order 8" in which 
the sufficient conditions of Art. 2 are satisfied. This group is of a more 
special type than the preceding example, in view of the fact that certain of 
the commutators are powers of generating operations. In the notation of 
the preceding example, we have the relations 0ο: = 523, Cai = S19, k = c5. 


' Loe, cit, p. 503. 





Covariant Conditions for Multiple Roots of a 


Binary Form. 
By L. T. Moors Aw» J. I. TRACEY. 


If a binary form (αφ)Ώ — 0 has the roots αι, αν," * *, Gn, any symmetric 
function of the differences of the roots and the differences between v and one 
or more of the roots is a covariant, provided each root enters the same number 
of times into the expression. By the proper use of this method invariants 
aud covariants may be formed which will vanish on the hypothesis of any 
system of equalities between the roots. Cayley * has given a method of finding 
the conditions for the existence of any system of equalities among the roots 
of an equation, and has given the complete solution for the biquadratie and 
the quintie. For the general equation of order n the condition for a double 
root is well known, and the eovariants which vanish for two double roots or 
for a triple root have been found.t This paper gives a method whereby a 
covariant may be formed which vanishes when an n-ic has a p-fold root, a 
pr-fold root, a p,-fold root, > - -, a p;-fold root simultaneously. It also enables 
one to determine the other systems of equality among the roots for which the 
same covariant will vanish. 


1. The condition for the existence of a p-fold root. Let the order of 
the equation be m. The discriminant of the m-ie, which contains 44 m : m — 1 
factors of the type (αι --- αν)”, may be represented by means of a diagram 
consisting of m points and having each of the m points connected by lines 
with the remaining m — 1 points. Then each factor of the above type 
corresponds to one of the lines in the diagram. 

Next, divide the m points into two sets of g and m — q points each, where 
9g = m. Connect each of the m — q points with all the remaining points of 
that set, and each of the g points with the remaining q — 1 points, but no 
point of either set is to be connected with any point of the other set. The 
product of terms corresponding to all the lines in the diagram will involve 
each of the m — q roots to the degree 2(m — q — 1) and each of the q roots 
lo the degree 2(q — 1). If this expression is multiplied by q factors of the 
type (€ — αι) 21-30). where each αἱ corresponds to one of the q set of roots, 
the product is a typical term of a summation which is a covariant of degree 
2(m—q—1) and of order 2g(m — 2q) which will be designated in the 
usual form Cocm-g-1), 2qcm-29)- 


* Collected Mathematical Papers, Vol. 2, p. 465. 
1 Tracey, American Journal of Mathematics, Vol. 36, p. 31. 
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Obviously every term of this covariant will vanish if the m-ic has a triple 
root or root of greater multiplicity. It will not vanish for any number of 
double roots less than or equal to ᾳ, but will vanish if there are more than q 
double roots. Hence it cannot be made to vanish for any possible number 
of double roots provided m = 2q or m = 2q + 1. 

If the m points can be arranged into sets and connected in such a way 
that for any p points chosen at least two of them will be connected, and 
further, that some p — 1 of the m points may be chosen which are unconnected, 
then an invariant or covariant formed by the above method will vanish if the 
m-ic has a p-fold root but will not vanish if the multiplicity of the root is 
less than p. Divide the m points into p — 1 sets so that no two sets differ 
by more than one in the number of points which they contain; then connect 
each point of every set with the remaining points in that set but with no 
other point. The covariant or invariant which corresponds to this arrange- 
ment will vanish for a p-fold root or roots of greater multiplicity, but will 
not vanish for any combination of simultaneous multiple roots provided that 
each has a multiplicity of less than p. This statement is readily seen to be 
true, for if the multiplicity of the roots be δι, 85, : --:, S<p and 
δι + S2 + 83 ++ + +++ Sy = m these roots can be distributed among the p — 1 
sets so that no set contains two roots which belong to the same s;. 

If m is a multiple of p — 1 there will be the same number of roots in 
each set and the resulting form is an invariant of degree 2(r— 1) where 

== m/(p— 1). If m is not a multiple of p — 1 the form will be a covariant 
since factors (zs — αι) must be introduced to make each root occur to the 
same degree. Let (m-+k)/(p~—1) —r where k is an integer between 0 
and p— 2 inclusive, then in the diagram there will be p— k — 1 sets which 
eontgin r points and k sets which contain r— 1 points. The covariant 
obtained will be of degree 2(r — 1) and of order 2k(r—- 1). The following 
table gives the forms which vanish when the m-ic has the indicated multiple 
root:— 


Double root, Inm. 
9 
° m even Tala 
e Triple root, { ane 
m odd Com-1y,(m-1) 
( m= dr, Tecra). 
o ος root. uoc tee «δ 
ἰ JT 3r— 2, t ο. SETS 


posni τοοί, m = (p—1)r— b, Corn cri 
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There are p — 1 possible cases according to the integral value of & less than 
p— 1 which makes (m + k)/(p — 1) an integer τ. 

A. different distribution of the roots among the p — 1 sets will give rise 
to other covariants than those indicated in the table. All covariants, however, 
which are represented by such unequal distributions will vanish for some 
combination of simultaneous multiple roots even though none of the roots are 
of multiplieity equal to p. 


2. The condition that an n-ic have a p-fold and a p,-fold root. If 
fi = p, the covariant which vanishes when the n-ic has a p-fold and a p,-fold 
root may be represented in a similar manner by a diagram of n points. Divide 
these into p, sets so that p,—p-1 sets contain a single point each, and 
distribute the remaining n — p, + p — 1 points among the remaining p —1 
sets exactly as the m points were distributed among the p— 1 sets in the 
preceding section. It is evident from this arrangement that p, unconnected 
points can be selected, after which, not more than p — 1 points can then be 
selected which are unconnected. The corresponding covariant will vanish for 
a pı-fold and a p-fold root; it will vanish for a p, + 1-fold root alone, but 
will not vanish for any number of simultaneous multiple roots of multiplicity 
less than p. It will vanish, however, if the n-ic has g multiple roots of mul- 
tiplicity δι» δα," Sg, respectively, provided each s; satisfies the relation 
Pı > 8 > p and provided furthermore that δι -]-δο--δε - ^ + +s > 
(g—1)(p—1)-- p.. This statement readily follows from the fact that of 
any δι unconnected points chosen s;— (p— 1) must be chosen from the 
pı— p+ 1 set which contain single points. 

Let m==n—p,-+ p— 1, then the degree of the covariant desired is 
seen to be the same, in terms of m, as that of the covariant which vanishes 
when an m-ic has a p-fold root, and the order is the order of that covariant 
increased by 2(7: p + 1) (r— 1) where r is the greatest number of roots 
in any set. Thus if m/(p—1) is an integer r the required form is 
Cacr-1),2¢r-1)(n-my ; OF in general, if (m + k)/(p — 1) is an integer r where k 


is some integer between 0 and p — 2 inclusive then the covariant desired is a 
. . 


Ca cr-ry, 2 r-1)(n-mk)* : 


8. The condition for a p-fold, a p,-fold, and a p.-fold root. An exten- 
sion of the methods of the two previous sections leads to the following fesults. 
Let po > pı > p, the diagram consists of p: — pı sets which contain single 
points, of p, — p + 1 sets which contain two points, and p — 1 sets which 
contain the remaining m points of either r or r — 1 points in each set. The 
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covariant represented by this diagram will vanish for a pa + 1-fold root alone; 
for a g;-told root and a q.-fold root simultaneously provided σι + φ55»Ρι + p»; 
for a q-fold a qi-fold and a q.-fold root simultaneously provided g + q: + q2> 
pP -+ Pı + p2; and for g simultaneous roots of multiplicity δι, S2, * * ', Sp 
provided each s; > p, and provided also that s:-+s,+-s3-+-+: +s,> 
(g—2)(p—1) +p +p Τὺ will not vanish for any number of simul- 
taneous multiple roots of multiplicity less than p. 

If, as before, we call (m + k) /(p — 1) an integer r the covariant which 
vanishes for a p-fold, a p,-fold, and a p.-fold root is a 


(1) Cart), 210-1) a-pith)#2(7-2)(r-p41)]. 


Finally we can say that the covariant which vanishes when an n-ie has 
j--1 multiple roots of multiplicity p, pı, - + - p; respectively, where each 
Pin > Pi > pisa 


(2) C 26-1), 217-5; 3E) (71) 3(01-379)-3)(0-2)* . .. 
+(9-1)(pa-p1) (7-541) $(p1-p31)(r-7)1. 


(1) and (2) may be written in the alternate forms: 


(17) O 25-1), 2L60-1)-m«k)-2(91-p11)1. 

and 

(9^) C »(21), 2Er-1) (n-m«&k)-9(94- 5221-9 . . . SQ-1)pi- ig) (2-1) 
respectively. 


where m =n — (γι -]- p+: +p) +7(p—1), and k is the lowest 
integer which makes (m + k) /(p — 1) an integer τ. 


4. Another method of constructing Covariants. There is another method 

of forming a covariant which will vanish when an n-ic has a p,-fold, a p;-fold, 

*:, a p;iold root simultaneously, where pı + p: -+° -+ g;— m and 

whieh will not vanish for any other combination of multiple roots of multi- 

plicity qi, dz © ^, Qe respectively provided qi + qs +: “άν « m. A 

typical term of the summation which gives the covariant in terms of the roots 
of "the n-ic may be represented by a diagram as follows: 

Divide the πι points into two sets, the first containing m — 1 points and 

the *econd containing 2&—- m -j 1 points. Connect cach point of the first set 

' TE noint of the second vot. Cornect olo every point of the second 

"sway other point of thai sti, but no two ρολά of ihe fist set are 

to we conovcied, Calling the points in the first set 2; and in the second sot 
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Br there will be three types of factors in each term of the covariant, namely 
(αι ---β/), (Bi — Bx)? and (z— o)'-?. There will be m — 1 factors of the 
latter type in each term, and as each root enters to the degree 2n — m — 1 
the covariant obtained by this process is a 


Con-m-1, (908-1) (N-2)* 


We observe that the factors of the type (α---β) only need to enter 
linearly for the existence of this covariant. The particular advantage of this 
method over the former is when the number of simultaneous multiple roots 
is large and the multiplicity of each relatively small. Thus for example, if 
this covariant is formed for the maximum number of double roots, say k, then 
it will vanish only for some combination of multiple roots whose combined 
multiplicity is 2k. However, if the covariant which vanishes for k double 
roots is formed by the first method it will also vanish for a triple root. 


On Certain Finitely Solvable Equations Between 
Arithmetical Functions. 
By E. T. BELL. 


1. Introduction and Summary. One of the fascinations of arithmetic 
is that almost any one of its general theorems, no matter how old, will give 
something new and unexpected when properly treated. The origin of the 
present note is a conjecture by Descartes, put forth 290 years ago, and proved 
in 1911 by Dubouis. The connection between this and what follows will be 
pointed out in 84. For the moment we may remark that the number of 
equations between arithmetical functions for which we can prove either that 
they have no solution or only a finite number of solutions, and in the latter 
case state the solutions, is extremely small. In general it is difficult to say 
anything significant about such an equation; a classic instance is that of the 
equation defining the perfect numbers. If however an arithmetical problem 
containing at least one statement involving ‘all’ or ‘any’ can be solved in 
more than one way, a comparison of two distinct modes of solution will yield 
the complete theory of an equation of the type described. The functions to 
be considered are as follows: 

F(n),==the number of odd classes of binary quadratic (Gauss) forms 
for the negative determinant — n; F',(n),==the number of even classes; 
E(n),==F(n) —Fi(n). In these definitions all the usual conventions are 
to hold, as in H. J. S. Smith's Report, or as in the classnumber relations in 
Dickson’s History. 


e(n), zm 1 or 0 according as n is or is not the square of an integer > 0. 


N,(n),ssthe number of representations of n as a sum of r squares 
witk integer roots = 0, the order of the squares in a particular representation 


being relevant. 
Z,(n),s=the similarly defined function with the restriction that the 
roots of the squares are > 0. 
c(n), == the sum of all the divisors of n. 
«5 r(n), = the sum of the odd divisors of n. 
5 é(n),= the excess of the number of 1b -- 1 (X 20) divisors of n over 
the number of dé + 3 divisors. , 
( 0). -the coefficient of rë in (1 t-r)”. 


taut 31 al, 
ο rac à s 


(n) -9c(u). Nefa) -— tiln). NS (a) =E (a), 
Nela) = [2 + (—1)*®] r(x). 
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Among others we shall prove the following. Unity is not counted as a 
prime. 


I. If m==3 mod 8, the only solutions of 4F (m) = σ(ην) are m = 3, 11. 
II. If m==1 mod 4, the only solutions of 
6F(m) == (πι) + 36(m) —e(m) 
are m = 1, 5, 9, 17, 29, 41. 
III. The only odd squares m? such that 
6E (m?) = c(m?) + 38£(m?) —1 


are m? — 1,9. 
IV. The only numbers m — 1, mod 4, that are not squares, such that 
GF (m) = e(m) + 3£(m) 


are m= 5, 17, 29, 41. Hence the only primes p==1 mod 4 such that 
CF (p) — p -- T are p= 5, 17, 29, 41. 


V. The only primes q 28 mod 4 such that 4F(q) =q + 1 are q==3, 11. 
VI. The only m==3 mod 4 such that 2F(2m)==a(m) are m= 3,7. 


VIL The only primes q of the form 4k + 8 such that (29) =q --1 
are q = 8,7. 

VIII. The only m==1 mod 4 such that 2PF(2m)-c(m)--£(m) 
is m —1. 


IX. If p is a prime of the form &k-L-i, 2FP(2p)—]p-L-3 has no 
' solution. 


X. If m=1 mod 4, 6P(m)-—8c(m)-|-8é(m)-—e(m) has no 
solution. 


Some of these are of course immediate corollaries of others. Neverthe- 
less they are simple enough to merit separate statement. All follow from 
Descartes’ conjecture which was proved by Dubouis, combined with the theorem 

ral 

XI. Z (n) = 2, (— 1)’ (5, 1) Nri (n), 

j= 


which we shall prove. . 


9. An algebraic lemma. Let x be the umbra of the one-rowed matrix 
(zo, σι, Φα, © " *), and similarly for y and (yo, yi, js," °°). Then, as always 
in the symbolic or umbral calculus, z" == Za, and c — y means only Zan — Yn 
(170, 1, 2, - - -). Hach of z— y +1 and y — v— 1 implies the other. 
That is, 
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" 
z, = (y + 1)” ES (n, 3) yi (υ--0, 1,- ::) 
mplies and is implied by : 
μα» (— 1)! (n, 3) £ni (n == 0, I; : 9. 
If in particular yy = 0, we see that 
n-1 
2 (1,2 — jf) yns = 0 (η --- 1, 9, το, τὴ 
js 


mplies 
r-l 
—EC (6s 


Incidentally it may be noted that the last gives immediately the expan- 
sion of the determinant 





gr (r,r—1) (r, r—2) oe “ka (7.13 
Bra (r—À1,7—1) (r—1,7—2) . . . (r—11) 
Lr- 0 (r—2,r—2) . . . (r—3,1) 
Lrg 0 0 e. (r—8,1) 
Ly 0 0 i we CRD) 


8 the stated value for yp. 


8. Proof of 81, XI. Let w denote an arbitrary constant integer > 0. 
Write N for the umbra of (N,(1), N-(2),- - -, N,(n),- - ), and isa 


‘or Z and Z,(n) (n—1, 2, ). Then if [αἱ <1, and S= 2: q", 


he coefficient of q” in the expansion of S" is Z.(n), and that of q* i the 
ixpansion of (1 + 8)" is N,(n). Hence, from the identity. 


- δη (n1)8 + (52)8 4 E (n YS, 
ralid for all integers r= 0, we infer, upon comparing coefficients of q^, that 
Ve(n) = (τ, 1)Zi(n) + (2)Zs(n) --’ ' -+ (τ,τ)Ζε(ω). Now every in- 
eger is a sum of integer squares in at least one way. Hence Zo(n) = 
Vo(n) == 0, and therefore we may write the last as 
9 


: N,(n) -Σ (r, D) Za (n), 


vhich is valid for r= 0, 1. 2,- : +. Hence V=1-+ Z i whence, Z = N—1. 
yer $2 wo have 8 1, XT. 


1 rn wf , * M κ. 10 d * i "E "T 
Ed US σε po lea” Iu 1638 D. vartis Maud in letters iO Mua- 


IB Did Kson, Histor " of the Theory of Numbers, Vol. 2. p. 276; ibid., p. 302, 


Pa Pad 
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senne that he believed the only numbers n not a sum of 4 squares > 0 to be 
1, 8, 5, 9, 11, 17, 29, 41, 4" (λ--9, 6,14), hz 0. 
This conjecture was proved by Dubouis in 1911. 
From 81, XI, with r — 4, we get 

Z4(n) == N.(n) — 4N3(n) + 6N.(n) — 4N (n), 
the left of which vanishes only for the above values of n. Referring to 81 
for N;(n) (j—1,- : -, 4), we see that 

[2 + (—1)"] r(m) + 3&(n) = 6E (n) + e(n) 


is solvable only for the values of n stated by Descartes. 


Incidentally we note that 4"(8k-+1) is the sum of 4 squares with 
roots 2 0 in 8 or 24 times o(8k +7) ways, according as h —0 or h > 0. 


For, the stated number is not a square or a sum of 2 or 3 squares, and the 
theorem follows from Z,(m) = N,(n), n== 4 (8k + 7). 


5. Proofs of 81, I-X. From $4 we see that the only odd integers 

n > 0 satisfying 
a(n) -++ 8£(n) — 68 (η) + e(n) 

are n==1, 3, 5, 9, 11, 17, 29, 41. We recall that é(n) vanishes for 
n = 9^ (4k -+ 3) ; evidently e(n) = 0 for the same n. Again, E(8k + 7) — 0, 
8E(8E--3) — 2F (8k + 3). Hence 81, I follows; V is a corollary. Since 
E (41 + 1) =F (4% +1), 81, II is proved, and III, IV are corollaries. 

From the even values of n given as in § 4 by Descartes, we have the 
following: 

XII. If n= 25, h Z 0, k 0, and if p==8 mod 4, the only solu- 
tions of 

2B (20u) — σ(μ) 

are h 5 0, k = 1, p= 3 and h Z0, k= 1, --. 

XIII. With h, k as in XII, and p==1 mod 4, the only solutions of 


Bo (u) + 8έ(μ) = GE (224) + (2224) " 

are hZ 0, k—1, yu — 1. i s 
XIV. If p==1 mod 4 is prime, RE (9310138) — p +3 has no solution. 
Since E (4n) — E (n), it is sufficient to consider XII-XIV with h = 0. 
From XII we thus get 81, VI, and VII is a corollary. Similarly XIII 


gives 8 1, VIII, to which IX is a corollary. 
In the equation in XIII take £ — 2. Since c(2?&) — e(a), we get 8 1, X. 





On the Number of Representations of Integers 
by Certain Termary Quadratic Forms. 
By J. V. USPENSKY. 


In a recent paper * Professor L. E. Dickson has considered the possibility 
of representing integers by certain positive ternary quadratic forms. For the 
forms considered by Professor Dickson as well as for some other particular 
forms it is possible, however, to give the exaet number of representations. 
The number of cases when the exact number of representations can be given 
seems to be limited, wherefore the discussion of such cases may present certain 
interest. In the following we consider two groups of closely related forms. 
The first group includes the following forms: 


(I) α + 2y? + 32 (V) py 
(Il) 2? + 29? + 62? (VI) 2? + 3y? + 32? 
(IIl) 2a? + 34? + 627 (VII) r py -+ 62? 
(IV) a° 3y? + 62? (VIII) 2a? + Gy? + 62, 


whose coefficients do not contain other prime factors except 2 and 3. Simi- 
larly, the second group, consisting of 6 forms: 


(IX) ασ -- y? + 52? (XII) 2? + 5y? + 1023 
(X) a? + By? + δε (XIII) z? +p 94’ + 105 
(XI) a? + 2y? + δε (XIV) θα” + 5y? + 1027 


contains only forms whose coefficients involve prime factors 2 and 5. 


1. Forms (I), (II), (III), (IV). All these forms are closely related 
to the form z? + y? + z*. The number of representations of integers hy this 
form was first determined by Gauss in the fifth section of Disquisitiones as 
an applieation of his general theory of ternary quadratie forms. In a more 
elementary way the same result may be derived from Kronecker's classnumber 
relations as shown by Kronecker himself. Finally, there exists a very simple 
afd lucid deduction, based on the arithmetic of quaternions and due to Mr. 
\ cnkov. f 

νυν”: 
Tuas po νο μα απ ο σον CPY0373oo0v 3 370 
δν Μαη "On the Arithmetic or Quateinion-" Biletin of ihe Russie Vee 


Cot et Se rents, 1022. 
31 
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Gauss’ expression for the number of representations by the form z?-I-y?-]-2? 
involves two numerical functions (η) and F(n) defined as follows: G(n) 
is the number of all classes of positive binary quadratic forms corresponding 
to the determinant — n, this number being diminished by 15 when n is a 
perfect square, and by 24 when π is triple of a perfect square; similarly, F (7%) 
denotes the number of classes of all those forms, corresponding to the deter- 
minant — which can represent odd numbers with the exception that this 
number should be diminished by 14 when n is a square of an odd number. 
It is also customary to set 


QG(0)— —(1/12), | F(0) —0. 
This being so, we have in all cases 
(1) λα ---αἳ + f +2) = 12[2F(n) — G(n)]. 
Starting from this fundamental result it is not difficult to show that 
(2)  N(n—a +y? + 323) = 4 (2+ (—1)*) [P (9n) — G(2n)] 


and 
(3)  N(n—z + 2y? 4-82) —4(8— (— 1)072) [2F(n) — G(n)] 
for an odd n, while 
(4) N (n — a? + 2y? + 227) = 4(2 + (—1)¥?) [2F(n) — G(n)] 
for an even n. Now, making use of the relation 
(5) N (8k = a? + 2y?) + N(k/9 =a? + 2y?) = 2N (k = a? + 5) 
holding true for every ὦ * we find 
2N (n = a? + 945 + 623) = N (8n = a? + 2y? + 1803) . 
+ N (n/3 = x + 2y? + 227). 
Again, 
N (3n = a? + 23? + 1827). 
=h [N (8n = a? + 2g? + 227) — N (n/3 = e? + 2y? + 227) ], 
so that 
(6)  N(nea? + 2y* + 623) 
= YN (3n — a? + W + 213) + AN (n/8 =a? + 2y? + 22), ° 


for every n. This way the number of representations by the form z*--2?-1-62? 


*In the following to avoid separate consideration of different cases we suppose 
that all the numerical functions we have to consider vanish when their argument is a 
fractionary number. 
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may be determined by making use of (4), but it is hardly necessary to develop 
the final formulas. 
For any number » we obviously have 


AN (Xn = 2? + 2y? + 62) = N (n = 2 4- 24? + 32?) , 
whence and from (6) it follows that 
(7) N (n = x? + 2y? + 82?) 
= JAN (6n = az? + Qy? + 222) + YN (2n/8 — a? + 2y* -+ 22°), 


where the right hand member may be expressed by means of (1). 
The same relation (5) leads easily to the following equation: 


N (8n = a? + 2y? + 622) +N (n = 22? + 3y* + 623) 
i = 2N (n = z? + 2Y? + 227) 
which, combined with (6), gives 
N (n = 22? + 897 + 62) = — YAN (9n — a? + Ry? + 22?) 
-- (5/4) N (n = a? + 2y? + 22°). 
Now, taking into account (4) as well as the general formulas 
G (9m) = [4 + (m/3)] G(m) —3G.(m/9) 
F(9m) = [4 + (m/3)] F(m) —3F(m/9), 
we finally find: 


(8)  N(n= 2e? + By? + 622) = ([1— (n/3)]/4) N (n = 2 + 8y? + 22), 
provided, » is not divisible by 3. 


Finally, to determine the number of representations by the form 
9’ -+ 3y” -+ 62° we notice that 


N (2n = 2a? + 3y* + 62?) = N (n = 2? + By? + 623) 
and therefore, supposing  non-divisible by 3, 


9)  N(n—z + 3y? + 62°) 
: — ([1 + (n/3)]/4) N (2n — a? + y^ +22). 


2. Forms (V), (VI), (VII), (VIII). These four forms are again 
iutünalely related. With respect to forms 


- ay QU. 1 , 000000 03,0 
poco 4 DL λα s ed -- οὐ 


^» coude ourselves to imd ine number ol representations Οἱ iniegers 
vi Toy eat divisible by 3. To this end we resort to certain classnumber 
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relations established by elementary means in our paper “ On Gierster’s class- 
number relations.” 


Denoting by n any integer, we have in case of an odd n 

X F(8n — 9h?) — (1/9)Φ (90) — (nm) + (8/2) (n/8) 

Σ G(3n — 9h?) = p (3n) — (8/3) o(m) + 3Y (n/83) 
while for an even n 

Σ F(8n — 9h?) = Χ (τι) —39(n/12) + 3y(n/12) 

Σ G(3n — 9h?) — 26(n/2) — 66 (n/12 + y(n/12) 

X G(8n — 9h?) = 26 (n/2) — 6$ (n/12) + y (n/12). 
Here, as usual, $(n) represents the sum of all divisors of n, while X (m) 
and y(n) are defined by 


X(n) = Xd, n= dò, ὃ odd 
y(n) — X(&—d), n—dd, dca. 
At the same time 


X F[(n/3) — h°] = (1/2) $(n/3) + (1/2) y(n) 
Σ G[(n/3) — M] = (1/3)$(n/3) + v(n/3) 
for an odd n, and 
2 F[(n/3) — M] = X (n/3) — $(n/12) + 9(n/12) 
ZG[(n/3) — h°] = 26(n/2) —29(n/12) + W (2/12) 
for an even n. Putting 
o(n) = 3G(3n) —2F (3n) — 3[3G (n/3) —2F(n/3)], 
we derive from the preceding equations 
9 Xo(n—3h*) = (—1)" 4X ( — 1) 1, 
the righthand member sum being extended over all the divisors of n, which 


are not divisible by 3. 
On the other hand, we have F 


N (n — αἳ + y? 4-82 + 842) = (—1)" 4E( — 14d, 
so that, putting for brevity 
N (n 2? + y? + 82?) = X (n), 


we have for every n 
2S a(n — 3h?) = X X(n— 8A), 


Integers by Certain Ternary Quadratic Forms. 55 


and this necessitates 
X(n) = 2e(n), 
that is, 
N(n = 2? + y? + 827) = 2o(n). 
In case n is not divisible by 3 this reduces to 
(10) N(n= a? + y? + δα) = 2[8G(3n) — 2F(3n)]. 
Now, if we substitute 3n instead of πι and suppose n==1 (mod 8), we get 
readily 
(11) AN (n = a? + 89? + 822) = 4[3G (n) —2F(n)], 
while for n —2 (mod 3) we obviously have 
N (n = 2? +- By? + 827) — 0. 
To find the number of representations by the remaining forms 


2 +y + 627 and 2? -+ 6y? -+ 62? we make use of the general identity 
(VIII) of our above mentioned paper. We assume in it 


F(a,y,2) = 0 for an even z 
F(a, y, α) == (— 1) «V? for an odd α, 
and after a simple discussion we arrive at the following useful relations: 


a) — ZC-0*-ZC- 20:—IC-2/2]*? (Nisa 


= h? + 2k? + 97] — N [(n/8) =h? + 2k? + 9151} 
(13) 2 οι τι 9 Uy [8n 
= h? + 2h? + 915] --- N[(n/3) = h? + 2x? + 9121} 


holding true for even and odd n respectively, the extent of summations being 
as follows: 


(a) n= 32+ y+ 2; (b) (178) ---ᾱα + y+ 2. 


We first suppose n non divisible by 3; denoting by E and S respectively the 
nfimber of solutions of the equations 


n= 122° --3*-- 2 
n = 83s + y+ 2, x odd, 


peo De [στ ΙΑ ο wp Zi 4-20) Lor an even n 
P S--[(—1)/2] "7 2. (3a 9— B)? -L 257? QP) for an odd z. 
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Now the righthand member can be found from (3) and (4), while the sum 
R +8 is given by (10). We can, therefore, find R and S separately and 
the final expression for È is 

R = 2(— 1)" [3G(3u) — 4F(3n)] for an even n 

R -—2(—1)0-0/ [3G(3n) —4P(3n)] for an odd a. 

On the other hand, it is obvious that 
R(2n) = N (n = 2? + y? -+ 627) 

and, using the preceding expression for R, 
(14) N (n — 2? + 4? + 622) — 2(— 1)” [8G (6n) — 4F(6n)] 


for any number non-divisible by 3. 
In a similar way, denoting by P and Q respectively the number of solu- 
tions of the equations 


= 4g? + By? + 82? 
n = z? +. By? -+ 827, z odd, 


and replacing n by ὅτ, [n ==1 (mod 31) in (12) and (13)], we find 


Q = (—1)*) 4[4F (n) —3G(n)] 
for an odd n and 
P = (—1)"? A[8G (n) — 4F (n)] 


for an even n. But obviously 


Q =N (n =z? + 63? + 627), 
if n is odd and 
P = N (n = g? + 6y? + 622) 


if n is even. That is, finally, 


(15) NW (n= a? + 6y? + 62) = (—1) D2 4734 (n) — 4F (n)] 
(16) N (n= 2? + 6y? + 62) == (— 1)"? 4[3G (n) —4F(n)] 


for an odd and even n respectively. 2 

At the same time it is clear from the preceding analysis that the general 
expression for the number of representations by two forms 22? + 2y? + 32? 
and 2x7 -+ 3y? + 827 can be found, but it does not seem worth while to write 
down the final expressions. 


3. Forms (IX) and (X). Both these forms are closely related to the 
form 2?-++ g^ ]-z?. We start from the almost obvious relation 
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we 


et 


(17) N (ön = + y?) +N (0/5 = P 4-4?) = N (n= a + y’) 
and, replacing n by n — 52?, summing up all the equations thus obtained by 
making z assume all integral values so that n — 5z? remains = 0, we get 
2N (n = 2? + 4? + 522) = N (5n = 2) + y? + 2527) 
+N (n/8 =a? + y* e), 
whence it follows, 
(18) N(n == 2 + y? + 522) = (1/6) N (5n = a? + y? + 27) 
+ (5/6) N (n/8 — 2? + y* + 2°), 
which gives the number of representations by (IX). 
Suppose now nz + 1 (mod 5). From the same relation (17), denoting 
by Q the number of solutions of the equation 
η. --- ο) -}- y? + αἲ, 
where 
a? = + 1 (mod 5), 
Signs corresponding to those in n == + 1 (mod 5), we derive 
Q + N(n— az? + 25y? + 2522) = 2N (n = 2? + 5y? + 52°). 
But it is easy to see that 
Q +N (n= a? + 25y* + 252%) = (2/3)N (n =a? + g* + 2), 
whence it follows that 
N(n — ᾳ5 + by? + δε”) = (1/2) (n — & + y? + 23) 
for every n= + 1 (mod 5). 
4. Forms (XI), (XII), (XIII), (XIV). We are going to determine 
first the number of solutions of the equation 
δη = {5 + 27° + 5k? 


in odd numbers t, 1, k. For this purpose we take for our starting point the 
equations (20) and (21) established in our paper “ On Gierster's classnumber 
relations? already quoted. These equations may be written as follows: 


* X F(5n —25h?) = (1/4) N (2n = a? + 2y? + δα + 1013) 
+ (1/16) N (3a = ο + y? + 25 + 230) + (3/2)9(n/8) 
ior an odd n and 


VOSS SIE a ροκ Be. See AU 


-H (1/16). V (5n τς a? + a? -l-2 1 257) 
-r (ò, Ὀφία, 10) Ei (n, 90) 
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for an even n. These relations, being combined with the known expressions 
for the sum 
È F[n/5 — M, 
give 
Σ (F(5n — 25h?) — 5F[ (n — 5h?) /5]} 
== (1/4) Ν (2n = a? + 2y? + 52? + 1027) 
— (5/16) N (n/5 — a? +y++ t?) 
+ (1/16) N (5n = a? + y? + z? + 9513), 


and this holds true whether n be odd or even. 
On the other hand, we have found in the same paper (see equation (36)): 


(20) X (—1): = (8/4)N[n/5 = a? +y 427] 
— (/4)N (n at +g? +24), 
sum being extended over all solutions of the equation 


8n = x? + By? + 52?, 
whence we find easily 


I Q(n— 5h?) = N (2n = a? + 2y? + 52? + 1012) 
— (8/4) N (n/5 = a? + y? + 2 +) + (1/4) N (5n — αἲ + y? ἠ- 25 + 2519). 


Here Q(n) stands for the number of solutions of the equation 
8n = P -+ 2;* + 5k? 
with odd i, j, k. Comparing this result with one previously found, we have 
> Q(n — 5h?) = 4 5, {F (5n — 25h?) — BP [ (n — 5h?) /5]} 


for every n, and hence we conclude 


(21) Q(n) = 4[F (5n) — 5F (n/5)]. 
The value of Q(n) being thus determined, we find from the same equa- 
tion (20) 
(32) N (2n = x? + 2y? + 022) = 8G (5n) — 2P (ön) 
+ 10F (n/8) — 15G (n/5), 


and this holds true for every n. Now, supposing first n non divisible by 5, 
we can write down the preceding equation as follows 


N (n — 2? + 2y* + 52) = 3G (10n) — 4F (10n) 


for every even number n non divisible by 5. 
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To find the number of representations of an odd number z we observe 
that 
I (n = 2? + 213? + 522) == N (4n = 2? + 2y? + 52? 


The righthand member here is determined by the preceding equation, and, 
some obvious simplifications made, we get 


(23) N (n — a? + 2y? + 52?) = (— 1)" [δα (10n) —4F(10n) 1, 


provided n is not divisible by 5. 
Next, we replace n by 5n in (22) which gives 


N (2n == z? + 5y? + 1022) — 3G (25n) — 2F (25n) + 10F(n) — 154 (n). 
Here the righthand member can be simplified using the general relations 


F(25n) = [6 — (n/5)] F(n) — 5F(n/25) 
G(25n) = [6 — (n/5)] G(n) — 5G (n/25). 


Confining ourselves to the most interesting case 2n==+1 (mod 5), 
we find 
N (2n = a? + 5y? + 1023) = 2[83G (n) —2F (n)], 


or, which is the same, 
N (n = z* + 5y? + 1023) = 2[3G (2n) —4F (2n) ] 
for every even n== + 1 (mod 5). For an odd n we evidently have 
N (n == a? + By? + 102?) = N (4n = 2? + By? + 1023), 
whence and from the preceding we derive the following general expression 
N (n= z? + 5y* + 102?) = (—1)^2([3G (2n) —4F (Rn) ] 


provided n == + 1 (mod 5). 
In the same paper already quoted we established the following equations 
holding true for n = = 2 (mod δ): 


N (Qn = z? + 5y? + 1005) + 2(—1) 5-1/3 N (n = 2z* + 5y? + 102?) 
= (1/2)N (n — a? + y? + 2°) 
* N(2n—a? + By? + 1023) — 2(— 1)" N (n = 2a? + 5y? + 102?) 
= (1/2)N(n== 2? + y? + 2) 
Tor an odd and even n respectively. These equations may serve to obtain the 


soar reorcseatations by the Cori 24" -e fie + 10:2. We find 


te) A (i = 248 + by? + 1027) == (— 1)"2 2| 3G (2) — 4F (2) | 
eae NGC 267 2- Sy® 2-107) — ( - 1) n 22(3G6 (2) — 1F(«)] 
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for an even and odd n== + 2 (mod 5) respectively. 
It remains to consider the form ο -+ 24 y -- 1022. Supposing n even, 
we have the obvious relation 
N (n — a? + 23? + 1021) =N (n/9 = a? + 24? + 52’), 
whence and from (23) it follows, 
(2%) N (n = a? + 2y? + 1023) = (—1)*/? [3G (5n) —4F(5n)], 


provided n is not divisible by 5. 
To find the number of representations by the same form in case of an 
odd n we make use of the relation 


2 (— 1) =— ας 1)", 
where sums are extended over solutions of the equations 
Qn = z? + 2y? + 52? 
ön =P PLE 
respectively and n denotes any number non-divisible by 5. This relation 
follows immediately from one established in § 11 of our paper quoted above. 
Let us denote by P and Q respectively the number of solutions of the equation 
2n = ο” + 2y? + 52° 
with even and odd z. The preceding relation gives for n= 1 (mod 4) 
P—Q =2F (5n) — G (5r), 
while 
P+ Q= 83G (5n) —2F(5n), 


whence 
P = N (n = r° + 2y? + 1023) = G (5n). 


For n==3 (mod 4) it follows from the same equation, 


P — Q = 3G (5n) — 6F (ön) 
and 
P + Q = δα (5n) — 2F (5n), 
whence 
P = N (n = 2 + 2y? + 1023) = 3G (5n) — 4F (5n). 
Both expressions thus obtained may be summarized in a single equation : 
(28) | N(n— a? + 2y? + 102) = (— 1) "7? [3G (5n) — 4F(5n)], 


provided n is an odd number non-divisible by 5. 


* 


Representation of Integers in the Form. 
x" + ον" + 32° + 6w”. 
By L. W. GRIFFITHS. 


1. Introduction. Jacobi first proved that every positive integer JV is 
represented in the form 


(1) s? + ο’ + 327 + bw". 


Liouville + gave the number of representations when XN is even, a power of 
3, or a multiple of 7, as a linear function of the sum of the divisors prime to 6 
of jV; he gave upper and lower limits only for other odd N. The problem 
for N odd is recognized now as an extremely difficult and important one. In 
ihis paper the results of Liouville for N odd are proved, and better limits 
than his axe found. Secondly, although the methods of this paper seem to be 
ineffective in determining the number of representations when .V is an odd 
prime different from 3, the problem for N odd and composite is reduced to 
that for N odd and prime. 

In particular, the essential notations and results of this paper are as 
follows. Write N == 8'M where b 20 and M is prime to 6; define f(M) 
as the sum of the distinct positive divisors of M, and g(N) and B(N) by 
ϱ(Ν) = B(N)f(M) = (8%1— 2)f(M). It is easily shown that the number 
of representations of N by (1) is even, in notation 27(N). Then 
T(N)exsg(N) (mod 2), and T(N) satisfies Liouville’s inequality 
g(N)/3z T(N) Ξ g(N). Also T(N)  g(N) —2t(N), where (N) = 
E(N) + E(N), E(N) is the greatest integer in (2N/3)'*, and &(N) is 0 or 
1 according as (ΛΑ) is even or odd. Hence a better inequality than Liou- 
viles is g(N)/3z: T(N) z g(N) —21L(N). The problem is reduced to 
that-for P", where P is an odd prime and m is a positive integer, since D(N) 
defined to be 2T (IN) — g(N) is a factorable function, that is D(PQ) = 
D(P)D(Q) when P and Q are relatively prime. The problem is reduced 
to that of odd primes by T(P")— T(P"?)--K(P), where K(P) is a 
polynomial in f(P) and T(P). By this reduction of the problem to that 
fox P^, a third inequality, better than the second, is obtained for V composite 
but not a power of a prime. By the same reduction, 2T (N) — g(N) if N 
is divisible by 7. while for every .1 >> 0 there are infinitely many integers 
Sa thet P(N) = (ΧΜ m ud. 
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obtained the preceding results, of Jacobi and of Liouville for N even, in a 
discussion of generalized quaternion algebras. There the following notations 
and relations were established. The integral quantities of the algebra with 
parameters ( — 2, — 3) are the quantities g=«-+ Ai + pH + vL in which 
K, A, pv are integers; the conjugate of q is j— « +p—Ai— pH — vL and 
the norm φᾷ is the integer 


| (3) x? Lp + μὲ + 24? + 2Ay + ν᾽, 
that is the value of (1) with 
(3) qS—kd-a/A2, y= +v, 2/2, υ--ν/ῦ. 


Every integer M = 0 is represented by (1) since there is in the algebra a 
quantity q having p and v even and norm N. From 4—z?-J-2y! + 32° + 
6w? and (3), the units are +1, + H, + (1—H). Since the norm of a 
product is the product of the norms, all the quantities of norm N are 
associated in sets of six each, the quantities in any one set being the products 
qu where q is any specific one in the set and w is in turn each of the six 
units. q is proper (definition) if the greatest common divisor of x, À, uv 
is 1. Hence if g is a proper quantity having norm N = P,P, ... P, in 
which the P's are primes arbitrarily arranged, then there are quantities 
fi Ps 00, py Of norms δι, Ρα, Py respectively such that q = pipa s^ Pr; 
and each of the p's is successively unique up to a unit right factor if not 
more than one of the P’s is 83. If the norm of q is not divisible by 8 
then q is proper if and only if no factor p in the product is a right associate 
of the conjugate of its predecessor. Write N — 23M (a20, 050, M 
prime to 6). Then the number of distinct quantities of norm Ν is 6g (IN), 
that is the number of representations of V in (2) is 6g(N) and the number 
of sets of right associated quantities of norm V is g(N). According as 
& 2 1 or α-- 1 six or two of the six right associates in each set have μ. and 
v even. Hence, as stated by Liouville, the number of representations of N in 
(1) is 69(N) if a> 1,2g(N) if a—1. 

8. Number of Representations for N odd reduced to the case of N odd 
and prime. Since a? == (— z)? this number of representations is even, in 
notation 27(N). It is necessary to enumerate, for N = 2*3"M as above 
but with a = 0, those of the 6g(N) representations which have p and v even. 
Now N £21 (mod 2) implies that x and p are not both even. Mence x, A, p, v 
reduced modulo 2 determine one of the following quadruples 


the Form a-l- ΣΤ 01 327-1 Gu”. 63 


1000 0010 1010 
(4) 1100 0011 1111 
1101 0110 1011 
1001 0111 11190. 


Table (4) is basic in the sequel. It is easily verified that if q is in the first 
column then gif and q(1— JI) are in the second and third respectively of 
the same row; hence each of the 9 (JV) sets in 8 2 corresponds to a row of the 
table. If q is in the first column Hg is in the second column of the row 
determined by the permutation (1) (324), and (1— 11) 4 in the third column 
of the row determined by (1)(342). Define 2E(.V) and 2S(JV) as the 
numbers of representations of the first column, first and second rows 
respectively. Then 


(5) T=—R+S, g=R+38, D=R—S. 


The last equation defines D(N); the first holds since only the first and 
second rows of the table correspond to » and v both even. The second holds 
since (2) is symmetrical in κ and μ, for then a representation in the second 
row determines one in the third and this in turn one in the fourth. 


THEOREM d. If N= It Ma, where n is a positive integer and every two 
i 
of the My are relatively prime, then 
ΦΤ(Ν) = II g (Mx) + H [27 (M3) — g (Mr) ]. 

Case n= 2. The products pq are the distinct quantities of norm M, M 
if p runs through the distinct (proper and not proper) quantities of norm 
M, and q similarly for Mə. To determine how many of these products pq 
have μ. and v even, that is are in the first column, first or second row, of (4), 
it is sufficient to take p and g each in the first column of (4). Then the 


following table gives the row of pg in (4), the row of p in (4) being read 
off down the left and that of q across the top: 





12 3 4 
" 1/1234 
9191 4 3 
38,3 4 1 2 
4 1 3 2 1 
b s K ΠΟΣΟ ΠΝ Deeb cata the dao celui ut Ci) m DOM ’ 


wavs acom the first row (written 419) and in S, ways from each of the other 
threas rows: and similarly for ῃ. Hence by the diagonal of the tahle 
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(6) Ei m R(M,M;) = RR, + 5,8, + 8.8; T 8,8; T RE. + 38,82, 


and similarly 


(T) Siz = S (MMe) — R,8; + 8.Β, + 8,8. + 8.8, — R48. + 8.8. + 26,92. 


But by (5), (6) and (7) 
Dry = Rie — Si = D Do, 2712 δισ. + DiD2. 

Case n> 2. By the familiar properties of f(N), since the Ws are 
relatively prime, g (Ma: ` : Mn) — ga: * * gn. Furthermore, as for Dy, above, 
ΤΩΝ, - Μι) = Dz: ' Dn. 

Hence IT (M, ` -© Μι) --Φι' © © Qn + Diti Ds. 

THEOREM 2. 2T(3") = 8(3*) + (—1)?, 

R(3*) = [β(3») --3( —1)"]/4, 859) = [8(8*) — ( —1)*]/4. 

By the reference in § 2, the distinct quantities of norm 3" are known, 
and the non-proper among them are segregated and counted. Then (6) and 
(7) give E(3") = E(3*2) + (3* + 3+) /2, S(8*) = 8(3*?) + 2: 8*3, 
from which the theorem follows. 


Theorem 2 and theorem 1 with M, = 3? give Liouville's result, 
2D (N) — g(N) + C— 1) [27 (M) —f(M)], α--0, b» 90. 


THEOREM 8. If n ΞΞ 9 and P is a prime 2,3 then: T(P”) ——T(Pv2) 
+ K(P), where K(P) is a polynomial in f(P) and T(P); T(P") isa 
polynomial in f(P) and T(P). 

2T (55) is less than the value from theorem 1 of 27'(M,* - Μι) with 
M,=:-+:=M,=—P. Define 2T, as the latter; and 2c,, Bdn, en as the 
numbers respectively of non-proper, proper, and distinct non-proper quantities 
enumerated by 2T,'. Then 


F'n = ον + dn, 
(8) T(P”) — dn -+ €n = Tu! — Cn + θη, 
d,—1, d —T(P), o= a= ου π- δι --- 0, . 


t =f, £5 — 1, d; = T(P*) — 1. 


A quantity which is not proper is of the form ppq, where the norm of q is 
pr? (this includes quantities factored, when enumerated in Τα, as gppr 
having the norm of gr equal to P'-?). In c, there are fT",., products ppq 
of norm P" in which the first and second factors certainly make the product 
non-proper; for h= 1,2,- - :n — 2 there are di(f — 1) T^, ο non-proper 
products of norm P" in which pi^ : + pha is proper. Hence 
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Ca = fT na + (f—1) ST’ non, h—1,2,-::, n— 8, «zz. 
h 
Similarly 
6 = dn- + da "ΙΓ d T(P), k= [1—(—1)"]/2, n z 2. 
Hence by (8) ` 
T(P») — T(P) = T', — fT', , + (1—f) ΤΤ'ε. 
+ G-—f)xX[TUO) —T(Pr2)] T'as, 
x (h = 2, 8, -> + , n—?) (n = 2). 
Since T(P?) — T^, —f--1, T(P?) — T", 4-2(1—f)T, we have T(P”) 
= T(Pr?) + K(P), where K(P) is a polynomial in f and T. Hence T(P”) 
is a polynomial in f and T for every positive integer n. 


4. Conditions on T(N) for N odd. By (5), g — T — 28 and 
8T — g = 2R. Hence 


THEOREM 4. If N is odd, T(N) =g(N) (mod 2) and g(N)/3 
ST(N) Sg). 

Liouville stated this inequality for N odd and prime to 3. He instanced 
N = 1 as attaining the upper limit and N — 5 the lower. We prove next 
that if N > 1 the upper limit is lowered and that if N is not certain powers 
of certain primes the lower limit is raised. 

Turongw 5. If N is odd T(N) Sgo(N) —92[E(N) 4- k(N)], where 
E(N) is the greatest integer in (2N/3)% and k(N) —O0 or 1 according as 
E(N) is even or odd. 

This follows from T — g — 98 and Lemmas 1 and 2. 


Lemma 1. If N is odd S(N) 2 2h, where h is the number of odd 
solutions of W? < 2N /8. 


If W and N are odd and W° < 2N/3, then ΑΝ — 6W? > 0, ΑΝ — 6W* 
550 (mod 4), ΑΝ — 6W? 5410 (mod 16). Hence * there are integers X, Y, Z 
(at least two of which are different from 0) such that ΑΝ — 6 W? == X? 
TY + 32? and 4Ν = X? 4+ 2Y* + δ73 4+ 6W?. Hence X, Y, Z, W and 
— X, Y, — Z, W are different. Now X, Y, Z, W determines q = σ -+ & 
+ yf + £L having norm .N by (3), thus o = (X — Z) /2, é= (Y —W)/2, 


n= Z. t= Ws and — X. Y, —Z, W determines qı = — e + £ — 4H + £L. 
E o5 2 y (mod 2), q and qi cach coniribute 1 to S. Finally S 7.7 χ᾽, 
M ἐν ὃν TP N S add vad n ἵν (he number of odd. sulutions of 


(Diekson, Bulletin of the American Mathematical Society, Jan., 1927. 
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W? < 2N /8 then 2h = E(N) +k, where k =0 or 1 according as E(N) is 
even or odd. 

Let h’ be the number of all solutions different from 0 of W? < 2/8. 
Then 2h = M -+ k, where k is 0 or 1 according as h’ is even or odd. Also 
h^? <2N/3 < (K +1)% Hence Ι΄ — E(N). 


ÜTusongEw 6. If N = TĪ Ih, where n is a positive integer and every 

i 
two of the Mn are relatively prime, then g(N)/3 zz T(N) x g(N)/2 
+4 I Lg (Mn) — 2£(M3)] < g(N)— (N), where t(N) = E(N)H- E(N). 


The first two inequalities follow from theorems 1, 4 and 5. The last 
inequality is proved by induction. 


THEOREM 7. T(N) >g(N)/3 if N is odd and different from P”, 
where n is odd and P is a prime of the form 6m + 5 or n==2 (mod 3) and 
P is a prime of the form 6m + 1; but not conversely. 


If N is a power of 3, theorem 2 gives the result. If N is a power of a 
prime not excluded in the theorem, g(N) 50 (mod 3). Then T > g/8 by 
theorem 4 since T' is an integer. If N is not a power of a prime, write 
N = N,N, where N, > 1, N, > 1, and N, is relatively prime to Nz. The 
result follows by theorem 1 and the inequality — g,/3 S 2T'y — σι S gn for 
h —1,2 which is equivalent to that in theorem 4. The converse is not true 
since T'(11) == 8, g(11) = 12. 

Theorems 6 and 7 suggest that asymptotically there may be some simple 
function of φ(Ν) which gives the value of T(N). Since 2T(T) = 8 = (7), 
ST (N) = g(N) if N is divisible by 7. On the other hand, for every A = 0 
there are infinitely many integers N such that | 97 (N) — g(N) | > A., For 
if P is a prime of the form 4m + 1, g(P) — 4m + 2 and 2T'(P) 5 g(P) 
since T = g (mod 2). Let n be any positive integer such that 2" > A, and 
Pı, "το, Pa any n distinct primes of the form 4m +1. Then | 2T(P4) 
— g (Pa) | 1 for h= 1,’ * +, n, and by theorem 1 


|27(N) —g(N) | Se > Ait N = JI Ps. i 
1 


For positive odd integers N75, for N = δὲ, and for N = ὔδ, the 
solutions of N == a? -+- 2y? + 32 + 6w? have been found. The values of 
T(N) thus obtained check the preceding theorems. The upper and lower 
limits of theorems 4, 5 and 6 coincide if N — 5; the upper limit is attained 
for N = 1, 8, 7, 11, 17, the lower for N = 98. 
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Normal Ternary Continued Fraction Expansions 
for Cubic Irrationalities. 
By P. H. Davus. 


I. INTRODUCTION. 


1. Ternary Continued Fraction. In a previous article * the expression 
Normal Ternary Continued Fraction was defined and expansions for the 
cube roots of integers discussed. It is the purpose of this article to discuss 
expansions for cubic irrationalities defined by the equation z?--pz?-]-qx-|-r—0. 

It wil be convenient to collect here some of the definitions and results of 
the paper referred to above that will be needed later. 


DEFINITION. Jf uw, vi, wi be any three numbers, we define a ternary 
continued fraction expansion for them by the equations 


(1) Uns = Un — Dun Unas Wn — Qnn; Writ = Un. 


These equations may be written by combining them, 


Un = Was, 
(2) Un == Vna + Pn Una; 
Wn = Unai + Qn πη. 


The set of numbers (tn, Un, Wn) is called the nth complete quotient set, and 
(Pu Yn) is called the nth partial quotient set. The numbers (An, Br, Cnr), 
defined by the recursion formulas (3) below form the nth convergent set to 
the ternary continued fraction 


(v1/i, t; ) (Pu, 913 Pos 42} * 5 Po gazti). 
Ån = gnAn-1 + pnAn-2 + An-s, 
(3) B, = QnBn + PnrBn-2 + Bn-s, 


σι = Qun- + prCn-2 + Cus, 


with the initial conditions 








4ο Aa Áo 1 0 0 
B, B4 B, =n 0 1 0 9 
ο. Q4 C, 1001 

2 Εν ρης between Comnute Quat nt Sets, 


Ainervin Journal of Mathematics, Vol. 44 (1922), pp. 279-296. In equations 
(A) gad (3) of this paper. p and q should be interchanged. 
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THEOREM I. If ui, υι, wi, any three numbers, be expanded into a ternary 
continued fraction, then 


Uy = Ånn + Annet + Anna, 
(4) Vi = Baa + By Vna + Bassa; 
10, = (νι επι + Crna. + CnWnsty 
and 
Ὄπ = Cn-2W1 + Dn-2V1 + aos, 
(5) Unga — Cn-1W1 F δη-ιυι + nia, 
Was = Cn Wi F bn 1+ ds αι, 


where an, bar,’ * © are the cofactors of the corresponding elements of the 
determinant of (4). 


8. Regular Expansions. The defining equations (1) are independent 
of the choice of Pn, qa. In order to extend the continued fraction algorithm 
it is desirable to have the absolute values of the A's, B’s and C's each form an 
inereasing sequence of integers. Such an expansion will be called regular, 
and we will confine our attention to such expansions. 

If we call vn/tn = o1,» and t1£,/1, = 92,4, then the defining equations (1) 
may be written 


(6) σα = Pn + 1/924; Gon == Qn + 01,n41// 02,41 


Jacobi * chose p, and qa as the greatest integers in σι and σα, which led 
him into difficulties. We notice that the equation defining σι, is the defining 
equation for an ordinary continued fraction, but that for o», is not. Because 
of this, it was found desirable to remove this limitation on gn, and select dn 
as indieated below, the purpose in view being to make the expansion regular. 
If σι," is positive, we select p, equal to the greatest integer in σι. (If cin is 
an integer p, may be equal to or one less than σι.) Ifo,» is negative, then 
| Pa | is selected equal to or one more than the greatest integer in | oan |. 
The essential point of this selection is to make | Uns | < | Un]. In either 
case gn is selected arbitrarily, usually approximately equal to σεν, subject to 
the limitation that the expansion be regular. We give as an illustration two 
examples, showing the reduction and rebuilding of (An, Bn, Cn). 


* Jacobi, C. G. J. Gesammalte Werke, Vol. VI, pp. 385-426. 
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Example 1. 

A B ο 

1 0 0 

0 1 0 

u v w pq; 9 ο 1 

17 44 13 2,0; 1 2 0 

10 13 17 1,1; 1 8 1 

3 7 10 2,1; 3 7 2 

1 7 3 6,1; 10 27 8 

1 2 1 2,1; 17 44 18 
0 0 1 


It will be noted that gs and q, are less than the greatest integer in the corre- 
sponding o’s. The selection in this particular example was guided by the 
next theorem. 


Example 2. 

A B σ 
1 0 0 
0 1 0 
u v w P, q; 0 0 1 
9 —3 ---ὔδ 0,— 6; 1 0 —6 
—38 1 9 0,—3; —3 1 —18 
1 0 —8 0,— 3; 9 —3 — 58 

0 0 1 


This example illustrates a case when the o's are negative. 


4. Skew-palindromic Hxpansions. An important case of a regular 
expansion (illustrated by the examples above) is one which may be consid- 
ered as an extension of an ordinary continued fraction in which the partial 
quotients are palindromic, that is, read the same backward as forward. In 
our ease, however, we define a skew-palindromic expansion as one in which 
the q's are palindromie and the p's omitting the first, are also palindromic. 


ΤΉΕΟΒΕΜ Il. If πι, vi wi, three integral rational numbers, relatively 
prime, be expanded into a ternary continued fraction, then the necessary and 
^ujicient condition that the sequence uy, us, * +, Ua, be the sequence Az, 

anes - ὄν Gle- cg εν where C1. D.C. ds the last convergent st, 
borai «e omit the first parliul quoitent set, ihe bulunce o] lie €xpaunsiura 
he simi pePudromic, 
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For such an expansion, it is evident from the manner in which the p's are 
selected that | ws | form a decreasing sequence and consequently the | A's | 
an increasing sequence of integers. From the properties of convergents it 
will later be shown that for the type of expansion we are to discuss, that 
| B’s | and | Cs | also form an increasing sequence of integers. In the case 
the p's and q's are always positive, this is evident from the form of the recur- 
sion formulas (3). 


II. Norman Ternary Cusic Forms. 


5. Normal Cubic. The discussion of ternary continued fractions is 
closely allied to the problem of determining the units in a given domain, 
defined by a root 6, of the irreducible equation 
(7) zè + pa? + get r— 0. 

That is, we seek integers v, y, z such that the norm of (s + 80y + 6*2) will 

be unity. If we indicate the three roots of (7) by 6, 6’, 6”, then 

(8) ία -+ Oy + 6%) —=(a + by + 02) (2 + O'y + 02) (2 + θ΄ + 92). 
This expression, when multiplied out and simplified by means of the well- 


known relations between the roots, will be called the normal ternary cubic 
and denoted by N(x, y, z). It becomes 


(9)  N(z,y, 2)—2? —pa’y + gay? — ry? + (p? —29) 2 + (9? — 2pr) ae? 
+ pry*2 — qryz -- 1°25 4-(3r — pq) xyz. 


In the special case of the reduced cubic p — 0 and 


(9)  N(z,y,2)— a? + gary? — ry? — 2ga?z 4 g?vz? — qrye? + 1°28 -+ 8rayz. 


In the further special case p= 0, r — — D, so that αἳ --- D, we have.the 
form of the so-called, misnamed, Pellian cubic, 
(9) N(x, y, α)--- αὖ + Dy? + D?2* — 3Dayz. 


For convenience in computation, it is highly desirable to have equation (9) 
in determinant form. To that end, we consider the automorphs pf 
N (a, y, z).* 

Let z,y,z be a solution of N(z,y,2)— 1, and let (αι + Oy: + 0'z,) and 
(£a + θψα + Ozz) be two numbers, such that 


(10) 2 + OY2 + Pza — (x + Oy + θ”2) (σι + θη; + Pas). 


* See H, W. Tanner, “Notes on a Ternary Cubic,” Proceedings of the London 
Mathematical Society, Vol. 10 (1895), p. 187. 
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Multiplying out and equating coefficients of like irrationalities and reduc- 
ing by means of (7), we have 
Te == EL, —ray, + (— ry + rpz)z, 
(11) Yo = γαι + (x — q2)yi + (— r2 — qy + ϱ09)2:, 
Z = 22, + (y — pz)yi + (€ — q2 — py + ϱ72)5.. 
Now equation (10) is equivalent to 
(10°) N (22, Ya; 22) = N (a, y, 2) N (αι, Yis ει). 
Interpreting (11) as a transformation on the form N(x, y,z), we have 
x — rZ —r(y — pz) 
N(z, y, z) |: & — qz -r i nen 
2 y—pz s—qz— p(y — pz) 
where z, y, z is a solution of N(z,y,2)— 1. Applying this transformation to 
the right hand member of N (xv, y, 2) — 1 itself, we see 
x — rz — r(y — pz) 
(12) N(zy,2)—|y —4&  -—r2—9(y—) 
z y—pz %—ge—p(y— pz) 


The corresponding special cases become 


c — r£ — ry 
(12°) N(z, y2) = |y —4g -—"re—qy |, 
z y z — qz 
and 
sv Dz Dy 
(12) N(zy2)— |y æ Dal. 
2 y 9 


6. Normal Cubic Surface. Let us now consider some elementary geo- 
metrical properties of the surface NV (a, y,2)==m." Let us denote the ex- 
pression z + 6y + θα by U and the corresponding expressions in 6’ and 6” 
by U’ and U". Our surface is then 


(18) U U' U” — m. 


It is apparent that the surface has three hinodes in the plane at infinity in 
the direction given by the intersection of the asymptotic planes U = 0, U’= 0, 


C” :0. taken in pairs. There are two cases to consider. First, when equa- 
£28 s. uat one mal soot ne suas Nh a te hos des s T wants 


seo H. W. Tanner, loc. cit, For further details sea W, E, H. Berwick, Pracecdinas 
of the Loadon Mathematical Society, (2) Vol. 12 (1913), p. 393-429. 
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In the first case, only one of the asymptotic planes is real, say U = 0. 
The real line of intersection of the imaginary planes becomes an asymptotic 
line. If we cut the surface, N(c,y,z)-— m, by the plane U = k, we get a 
section given by U’ U"— m/k. We readily recognize that the section is am 
ellipse whieh decreases continuously in size as the cutting plane moves fur- 
ther away from the origin, gradually closing in on the line U'—— 0, U” — 0. 
The surface has a spur in the direction of this line, which grows larger as 
we progress from infinity towards the origin, and finally spreads out over the 
plane U = 0, the entire surface lying on one side of this plane. The surface 
may be visualized by a deformation of the canonical form (2? 4 y?) =m, 
where z== 0 plays the róle of U — 0, and the z-axis that of the asymptotic 
line. 

In the second case, when all the roots are real, the three asymptotic 
planes are real and divide space into eight regions. The surface consists of 
four sheets, no two of which lie in adjacent regions. Every section by a plane 
through an intersection corresponds to the canonical form zy? == c, while 
the section parallel to one of the planes is a hyperbola. This surface can be 
visualized by a deformation of the canonical form gyz = m. 


7. Direction Cosines of Asymplotic Line. The direction cosines of the 
line of intersection of the planes U’== 0, U^/— 0 are proportional to the deter- 
minants formed from the matrix 

160 θη 
1 6” 0"? 


This gives, where A, u, v are the direction cosines, 








(14) À tp ty om θ’ 9? — 0" 6/3 : — (9r? — gr?) :o"— e, 
A:ipiv—— N(0)/0:p--8:1—5«q-I- pd 4-0 :p-06:1. 


If we call the intersection of the planes an asymptotic line, we see that its 
direction cosines are given by (14) and the direction cosines X : μ΄ τν’ and 
X" τμ : v” of the other two asymptotic lines are given by replacing ϐ in (14) 
by 6 and 6", respectively. 

It is apparent that in the first case we should expect only one expansifn 
and in the second case three expansions. The results of this last paragraph 
suggest that we select as t, v, wi, the numbers 1, p + 6, q + pd -- 6. Tt is 
readily shown that under the conditions we have set for the selection of pa 
and gn, the partial quotients after μι, qi, p» are exactly the same as if we 
started with 1,6, 6”. This can be seen by comparing the following expan- 
sions. If the expansion for 1, 6, 6? is 


-» 
ον 
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(15) (Po {11 Par {22 Ps da3 7 7 7), 
then the expansion for 1, p + 6, q + pó + @ is 
(157) (Pit 2» 4 + PP: + t; P+ Preg; $ed c0); 


as may be readily verified by writing out the complete quotient sets. In fact, 
we might have started with 1, 1+ 6, m -+ n0 + 63, (l, m,n, integers) and 
obtained the same expansion except for pı, qı and pz ‘The selection of 
1, p 4-0, q+ p0 -+ 6 has the advantage that the convergents (An, Bn, Cn) 
provide us directly with the solution of Αα, y, z) — 1. 


III. PERIODIC EXPANSIONS. 


8. Periodic Expansions. After these preliminary considerations, we 
come to the following theorem, which is fundamental in the consideration of 
periodic expansions. 


Tuzonzx ΠῚ. Ifin a ternary continued fraction, the expansion becomes 
periodic after a finite number of terms, then σιι and σοι are roots of cubic 
equations with rational coefficients.* 

As explained in the last section, we will confine our attention to the case 
where oi, = p + 93 021 = q + 20 + θ᾽, 6 being a real root of the irreducible 
cubic 
(7) w+ pa? + qz -- r — 0. 

It will be convenient to use as well as the complete quotient set (tn, va, Wn), 
composed of linear functions of 6 and 63, the rationalized complete quotient 
set (Ün, Us, Wn), defined as follows. 


Ün = On = Norm of Un = UnUn'Un”, Un’ and Un” being the conjugates of tn. 


(16). Tn = Oy! + Bu/0 4 yn = vsus! Un”. 
Wn L3 απ΄ + Bx + ys 0? == ss Uy”. 


a, 0, w may have a common factor, which is not to be removed as in Jacobi’s 
work. Tn this connection compare the illustrative example below. 

We compute the rationalized quotient sets in order as follows. Suppose 
Ün, Un, Wn equal to tus "un^, vut us", μέν απ respectively have been found. 
Then before rationalization 


"H. 
T 


woo ΣΉ qid uu (rso pas )vsw n (os quu)usulti uuu" 


=U i, ^ ue p oM fis fh an Mi ^u ih 


fer pow, see D. N. Lehmer, Proceedings of the National Academy of Ncicercs. 
Yon t (ICIS , pp. 900-964, or my previous article. 
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Now to rationalize Un,Un’Un”, we multiply by the conjugates of each factor, 
namely the product w',;u^, usw" Unun’. This gives, since tn == ἄν, 


. . Ne ’ 7r 2. / "4 2. ’ "Ld 2 
Vni Ὁπει Uni == Ung nai πᾶ": Una na πια”: Una an naX. 


We notice that we obtain üns, ὅπ, Was, by dividing out «^. A numerical 
example will perhaps make this clear. 


9. Numerical Example. In the expansion of the real root of οὗ -|- 2 — 5 
— 0, we find that ἄ, --- 3, 9,— 1 +- 20 — 6*, d, — 2 -- 6 -+ 63, p — 0 and 
select qa — 1. Consequently us: v3: ws 1-+ 20— 0: — 1-- 0 - 0:3. The 
product of the conjugates of 1 + 20 — 6”, viz. (1 -+ 26’ — 6?) (1 + 20" —60"2), 
when reduced by means of the elementary symmetric functions of the roots is 
3(6 + 6 4- 96”), so that 


Ug i Va: W3 = ὃ (6 + 0 +- 6) (1 +. 26 — 63) :3(6 + 6 +26") (—1 + 80 + 67) 
:9(6 + 6-4 267) 
= 9-7: 9(3 + 46+ 0): 9(6 + 0 4- 26). 
So that 
tig = 7; Ta = 3 -+ 40+ 0*; w = 6 + 0 -+ 207. 
Below appears a convenient arrangement of the expansion, showing the 
convergents and the value of N(x, y,z) =m, using equation (12’) with 
g= On, Y = Bn, 2 = An. 


Expansion for z? + s — 5 = 0 


Α Β σ 

1 0 0 

0 1 0 
---α v w DQ 0 0 1 m 
1 6 1+ 06 1,8; 1 1 8 5 
8 1+20—@ 2+64+6 0,1; 1 2 3 9 
Y 8 -|- 46-62 6+6+26 1,1; 2 3 y 8 
9 6 + 36 3+ 36+36 1,1; 4 6 18 1 
1 9-6 2--260--20 3,4; 23 35 τ 9 
3 6 + 36 2+26+20 3,1; 37 56 122 "7 
9 84-46--6* 61-86-1580; 1,1; 64 97 211 8 
5 5 + 26— 6? 0--20 1,1; 124 188 409 1 
1 6 3--624-0 1,6; κά 
8 4+26—@ 2+6+6 41,1; 
Y 


846-50:  6--6-L- 26 
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It may be well to point out several characteristics of this expansion, 
which will be the subject of discussion in the following pages. The expan- 
sion is periodic, and has one non-recurring q and two non-recurring p's. If 
we omit the first partial quotient set and the last two sets of the period, the 
balance is skew-palindromic. The values of m form the same sequence as 
the values of a, in the reverse order. The convergent set, two before the close 
of the period gives us a unit, but in this case it is not a fundamental unit. 
Indeed it is easily verified that (409 + 1880 + 1246?) — (13 + 60 + 463)". 
There are certain other numerical relations which involve the last two partial 
quotient sets and the non-recurring elements, but these will be pointed out 
later. 


10. Periodicity of my. We will now establish a theorem which we need 
in the consideration of the values of the normal cubic obtained from the 
convergent sets. 


Turorem IV. If 1, p+ 6, ¢-+p0+ €, be expanded into a ternary 
continued fraction, which ultimately becomes periodic, and if my is the value 
of N (Cy, By, Ax), then the sequence my also becomes periodic. 


To prove this we will establish certain lemmas, which we also need in 
other connections. 


Lemma I. If 1, p-4-0, q-- p6+ θ᾽, be expanded into a ternary con- 

tinued fraction, then the value of mx is 
(B — Y) + p(B — pY Y + alB — mr 
(17) Ig ——— r r r Gra. 
(y B Y 

(The subscript for β΄, y, B", y" is k+ 1, but has been omitted for 
convenience). 

From the lemma it will follow, that if the expansion ultimately becomes 
periodic, then the values of mz also become periodic. 

We wil write instead of Az, «κιν c; δω cc A Αι,’ τν Bot 


and omit the subscript b +1 on α,β"... Using this notation, we may 
obtain by using Theorem I, equations (4), the following six equations * 
(Ca — qAo)2" - (Ci — qA) + (Cs — qA) — — rBoy" - *vBiy', 
(18) (P, = phox- (By --- px "(Bio c pdi)ac— rly” — Any’, 
A, αι A. 2 | dcs UTI. Gy 


Yer the method see the original paper, loc. cit., pp. 286-289. 
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Ag" + Aip’ = Boy” + Βιγ', 
(19) BoB” + Bip’ = (ζο-- 940 + pBo)y” + (C1— q4, + ϱβΒι)γ' 
CoB” + C,g' = (— rá. + plo)y” + (— r4; + 201) y. 


By eliminating a’, a" and by means of certain algebraic manipulations, 
we obtain the desired equation (17). 


11. Reciprocal Units. Equation (17) can be put into a simpler form 
due to Lemma II, which also gives us information concerning the reciprocal 
of a given unit. 


Lemma Il. If 1,p+6,¢-+ p6+ €, be expanded into a ternary con- 
tinued fraction, then α — B'y” — y'8" for all values of the subscript. 


Equation (17) takes the simpler form 
(17’) Cy Mz, = 855 + BO vy kar + (δι "ki + TY μμ, (8 a g nd py) ; 


The proof of the lemma follows. From equations (5), adopting the 
abbreviated notation, 


Urs = ας + ὅρ(Ῥ + 0) + es(q + po + 6”), 
(20) View = αι + bi(p + 0) + οι(ᾳ + ph + 63), 
Wiss = (o + bo(p + 9) + colg + po + 8). 


Let Vrat” rna = D+ M0 + N6, so that 
(21) 
— [ (a2 + pbs + φου) + (be + pes) + o£] (L + ΜΘ + NE), 


a 
α΄ + BO + yO — [(αι + pd. + φοι) + (bi + ροι)θ + οιθ:Ἴ (LH ΜΘ ἠ- Ne), 
a” + B0 - "6 — [ (do + pbo + φον) + (bo + Ρο)θ + cof] (L + Μ9 + NG). 


| 


Multiplying the last two of these equations out and comparing coefficients, 
we have 


(22) β’ = L(b, + por) + M {αι + pbi) — N (big + οι»), 
B" = (bo + peo) + M (ao + pbo) — N (bog + eor); 
y = Le, + Mb, + Ναι, ^ 


y" = Lo, + Mb, + Nao. 
Now form the product p’y”-— y'8". It can be written in the form 
BY” — y' B" = (bico — bots) (D? — gLN + rMN) 
+ (ase — ἄισο) ( — rN? — LM + pLN) 
+ (tbo — aob;) (113 — pMN — LN + qN?) 
= R (bico TOM boci) + B (aoc: ==> 4,69) + T (a,b, ad 0904) E 
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In determinant form 
R ST 
(28) B^y" — yp" = a by ο, o 
| Qo bo Co | 
The values of L, M, N can be found from the equation which defines them, 
and the elementary symmertic functions. They are 


(24) L = a? + gasbs + τοι + αὐτὴ, 
M = — (αοὖ» + pee, + του + qbece), 
N = b, — Ale. 


Now « may be expressed in determinant form by putting 


T == A, F Pba -+ geo, Y= bs F pes 2 — Co, 
in the general form of N (« + 6y + 675), equation (12). 


This gives 
αν + pba + gee — Tle — rhe 
(25) ἃ == ba + pes a, + pb, — TC — qb: |. 
6ο b. (s 


In this form, we observe that L, M, N are the cofactors of the elements of 
the first row of (25). If now we replace each element of (25) by its cofactor, 
expressed in terms of L, M, N, we get, using & well-known theorem on 
determinants, . 
L M N 
(06) a= — rN L—qN M — pN 
—r(M—pN) (pg—7)N —9M L+ (pP —4)N— pN 


Also, the cofactor of any element of (26) is « times the corresponding element 
of (25). Consequently, forming the cofactors of the elements of the third 
row of (26), we obtain 


(27) M? — pMN — LN + qN* = T = σα, 
. — rN? — LM + pLN =S = δια, 
I?—qNL--rMN = R = asa. 


Τι follows by substituting these values of R, S, T in (23), that 


" n " 
By’ — β΄ Ec dy b, à eG 9° lo x. 
“ay bo Ὁ 
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This completes the proof of the lemma, establishes equation (17^), and 
incidentally gives the following method for determining the reciprocal unit. 


Suppose now that Ní(z,y,2) —1, and 
(x + 80y + 2) (b -+ ΜΘ -- ΝΘ’) —1, so that 


N(L, M,N) is also 1, and L, M, N is the reciprocal solution corresponding 
to v, y, zo Write N(z,y,z) in determinant form. 


ΐ — T£ —r(y— pz) 
y ᾱ--ᾳ5 —rg—g(y—p) | —1 
z y—p (v — qz)— p(y — pz) 


Then L, M, N are the cofactors of the elements of the first row. This is a 
convenient device often used in numerical calculations. 


12. Convergence. The periodicity of the sequence mp, and the geo- 
metry of the surface N(z,9,2) =m afford a proof that B,/A, and Οκ/Αν 
actually converge towards p + θ and q + p0 -+ 6? respectively, if the expan- 
sion is regular. 

Consider the line which is the intersection of two of the asymptotic planes 
of the surface N(x, y, ο) — m. 


z/(g + 20 + €) =y/(p+ 0) = 2/1. 


Let (Cz, By, Ax) be any point on the surface V(x, y, z) — m, where m is one 
of the values assumed by mz. The distance dr, from this point to the line 18 
given by 

(Cw, + Bw, + Ax)? 
(Ci? -+ Bi? + Ax?) (wi? + 01° 45 1) 
where tw; =q + p8 4- 6 and v; — p --.0. This formula can be written in 
the form 


(29) (wi? + οι” +1)d? 
= (By — Arv)? + (Cx — Arw)” + (Cxv, — Βκωι)”. 





(28) dé = (0 + Be Ap) [ 1 


Now as (Cx, By, Ax) take on successive values which are one period apart and 
all solutions of N(z,y,2) — m, the value of |z| —| Αμ] continually in- 
creases by the assumption of a regular expansion. The points on the surface 
approach continually nearer to the asymptotic line, so that dy> 0. Since 
οι and w, are finite, it follows that the | B's | and | C's | each form an increas- 
ing sequence if the | A’s| do, such that Br — Arv, Cx — Ani, Cv, — Brwi, 
all approach zero as a limit. This result we state as 
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'EugongM V. If 1, p+ 0, qH p0 + θ᾽, be expanded into a regular con- 
tinued fraction, which ultimately becomes periodic, then 
lim Br/An—= p + 6, and lim CX/Ag =q + pO -+ 8. 
k-o00 k—00 
IV. NORMAL TERNARY CONTINUED FRACTIONS. 
18. Determination of Unit. We will use theorem IV and the cor- 


responding equation (17’) to prove the following theorem. 


TxrsonEM VI. If 1, p +6, ¢-+ 76+ 63, be expanded into a periodic 
continued fraction, such that the q’s after the first are periodic and the p’s 
after the second are periodic, and if the period contain n sets of partial quo- 
tients, then (Cs, Bu, An) is a solution of N(z,y,2) —1. 

Under the conditions of the hypothesis, 


(30) Ἴδα : Uk. © Whig == Maanaa + UÜkene2 + Whine, (k =1,2,: °°, co). 
However, in general 
(81) Wie = Une and Wrinse = Ue. 


By successive combinations of these two sets of equations we find 


Unke == Miva, (k =0,1, >>, o0), 
(32) Όμως == λόγο, (k = 1,2,* ++, 0), 
Writse == Mtas, (k = 1,2,” +, œ), 
where 
À = Un2/Ug. 


By referring to equations (4) of theorem I, and making the necessary changes 
in subscripts, we have 


A nis nas + ΑπιιΌπια + Anun = 1, 
or 


λ(4πιοῖθα + Anas + Ants) --1. 


Therefore A is a unit in the domain K(0), that is, N(A) —1. Furthermore, 
from (32), N (ws) = «x,» forms a periodic sequence beginning with k = 0, 
OF X^, ἄπ. * * * ls a periodic sequence of period n. 
Now let us impose the condition of the hypothesis gass == qs. From the 
cone gions 9) 
Wnse = ars F Qarz Unisys 
Wa — Vs +2 Ua 
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Since w= 1, and Unn — Wn and qs — κω, We find from (32) 


ma Ὅπα . Maced y 
Ur We Us + ti»; ^ 
or 
(33) N (Uns) = Ong = 1. 


Consequently the «’s form a purely periodic sequence. Equation (17^) now 
becomes, for the special case under consideration 


(34) Mn = (B’ns1 =A PY na) 5 + PCB nt Eu Py)? Y 
+ q(B'na — py na) Y na? F ry sai? 
By definition 
Une = πιο + Dni Unyi == Uns (us + fna); 


or 
(35) Uni / Mna == Dua + PP + 6, 
since 
Unie = AW, Uns = A, aNd Up = p— pi + 6. 
As 


Ana + β΄." -+ Ynah? = à N (tna), 
n+l 
it follows that 
(36) α πει = Pn — Pi F P; Bina = 15 ya τς 0. 
These last two values, when substituted in (34) give m, — 1, or 
N (On, Bn, An) == 1, 
proving the theorem. 


By a method similar to that used to find (36), we can find α πμ, B", 
γ΄ πμ and as we will need them later, we evaluate them now. 


AUns1 = υπια + θα πι == Unig F Prrolinie F Quatna- 
Wns / Uns = Us F Puesta + Qnai- 


Now 

Uz =— pid p +9, 

Us = (px — p) ps — di + 4 - (p — p3)0 + €", r 
and 

0", F β΄ nad + y n6 = uu N (uns): 
Hence "x 


à us = (ρι — p) (p2 πα Priz) -+ q= qı + πια; 
(37) Bua = p — po + gun 


tt 
Y na = 1. 
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14. Special Cases. It should be pointed out that the essential points 
of the hypothesis of theorem VI are that the g's are periodic after the first, 
and the p's are periodie after the second. No limitations are imposed upon 
δι, Pı and pz, and in special cases these might be such that the q’s are purely 
periodic, and the p's periodic after p, or even purely periodic. For example, 
it will be shown later, or may easily be verified directly, that if @ is a root 
of x? + qr — 1 = 0, then the expansion for (1, 6, g + 6°) is (0, 950,9; =) 
that is, purely periodic with m — 1. However, it may be interpreted as an 
expansion, which satisfies the hypothesis, so that m, — 1. Again, it is found 
that if 0 is the real root of 2? + 5z — 3 = 0, then 


(1, 6,5 + @) = (0, 4; 2, 1; 2, 1; 5, 15 2, 1;2,8; 2,1; 2,1; 5,1;-- -) 


This expansion has 5 terms in the period, and may be considered as one 
which is periodic after the first partial quotient set. However, for the puropose 
of the theorem, we may consider that the q’s after the first and the p’s after 
the first and second are periodic, and hence N(C;, Bs, As) — 1. 

Let us further consider the numerical example previously given, 
s? --α--- 5-0. It will be noticed that the part of the expansion obtained 
by deleting δι, q1; from the beginning and pua, Qasr} Pus; πως» from the end 
is skew-palindromic. Consequently (theorem II), if the unit is expanded 
into a finite continued fraction using the same set of partial quotients, the ws 
will be the same sequence as the A's in reverse order. This is the key to 
experimental attempts to find expansions, for having first found a unit (not 
necessarily the fundamental one), we seek a finite expansion corresponding 
to it, which, after pi, σι; is skew-palindromic. 

It should be noted that the period of partial quotient sets for the desired 
periodie expansion is 


Ba» Qs5 Pas 1. 7 ^ ^ Pay πο Pasis {πει} Dias, Q23 


while the N(C,, Ba, An) — 1. That is, the expansion of the unit does not 
depend upon Past, fu Qua. These numbers are involved in equations (36) 
and (37) and just what róle thev play in the expansion will be indicated 
inethe next definition and theorem. 


15. Normal Ternary Continued Fractions. The experimental deter- 
nunation of a large number of periodic expansions led to the following deri- 
mitten of p Normal eepnrasion. 

΄ ' v. or nV v. tap tates in oid N τε feet , "4. pt ‘ (ub i ttii Crater 
Van with n partial quoticul sets in the period, such that the qs 
oce pee tmi aflep the first and the ps after the second, and if thal pert of 
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the expansion indicated by ps, Q25 Pss 45; - - N 3 Pas Qn; 18 skew-palindromic, 
and further if Pos = Pame = pi + pPo—p and qua =(P — p)*-- 2d: — q, 
then the expansion is normal. 

This definition was suggested by the following important theorem of 
which the last is a special case. 


ΤΠΈΟΞΕΝ VIL Jf 1, p+6, q+ 76+ 6 be expanded into a normal 
ternary continued fraction, then (Ον μι, Ba xa, Αν νι) is a solution of the 
normal cubic N (a, y, 2) =ar, (b—1,2,- -- , n). 


The proof is long and we omit the details.* Under the assumptions that 
(38) Pere Pus, Ghat = (i (k—1,2,: ++, π), 
(39) Past Dua = Di + P2— Ps dua = (5 — p)! + 298 — 0, 
we first show by mathematical induction that 
(40) Ur = Maas (Onr + Buca + Αθ). 


To establish this for the special cases of k = 1, 2, 3, use is made of equations 
(18) and (19) and the special values of 8,4 = 1, Ynn = 0, Yan 5 1, 
anı = 1, and the values of α΄ κει, @’ni1» B^, given by (36) and (87). Since 
N (usa) = 1, the theorem readily follows. 


16. Fundamental Units. lt should be pointed out that n may be inter- 
preted as the number of terms in one period or any number of periods, for 
if the expansion is normal, it is normal whether we consider only one period 
or m periods, That means, that instead of (40) we may write 


(41) Ur == έπη (Cmts -+ Bintan ϐ + A ma-ka 63) > 


or in particular 
(42) Uy = 1 == Umnet (Cnn + Bub + Απαθ) . 


Now by successive applications of the first equation of (32) and the value 
of X = Uni, it readily follows that 

(43) Ummi = Wns. 
Hence we have the two equations 


Uy == Unis (Cn + B40 + A50?) = 1, 


(44) Qs = Una (Cmn + Brind + Amb?) — 1. 
Consequently, 
(45) (Omn + Έκιθ + Amn6®) = (Cn + Bnd + Ar)” 


* For the method see the original paper, loc. cit., pp. 292-294. 
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This proves that the unit obtained from the mih period of the expansion is 
the mth power of that obtained from the first period. If (Cn + 3.6 + A40?) 
is a fundamental unit, say e, and written e — (Cn, Bn, An), then all positive 
powers of e appear in the expansion as €" — (Omn, Bmn, Amn), and the re- 
ciprocal of €" namely e" is the mth power of the reciprocal of e. If e is 
not a fundamental unit, only some of the units may appear as convergents. 
We will now explain just what we mean by a fundamental unit. 

Let us consider the case first, when there is only ome real root and for 
convenience let it be positive. The units are essentially of two types, positive 
and reciprocal units. The positive units are such that their successive powers 
give points, which approach asymptotically the asymptotic line of the surface 
N(x, y, 2) = 1, that is, Cnn, Bus, Amn, form positive and increasing sets of 
numbers as m increases, such that Cinn/Amn and Bmn/Amn approach q-]-p6-]-0* 
and p + @ as limits. The smallest set of integers (Cn, Bn, An) which satisfy 
this condition defines the fundamental unit e = C, + 130 -- Αθ. From the 
very nature of our work Cn, Bn, An are integers and hence the fundamental 
unit in the field Κ(θ)᾽ and the fundamental unit as defined here, will be 
the same only if the minimal basis is 1, 6, 6”, and may or may not be the same 
if the basis is not 1, 0, 6°.+ The numbers we deal with here form a subset 
of the numbers in the field and hence it is desirable to call our fundamental 
unit, as defined here, the fundamental unit in the chain. The fundamental 
unit may or may nor appear as a convergent set in the expansion and in 
the table at the end of this paper, this will be indicated by calling the unit 
which is determined from the first period e (Cn, Bn, An) if «'s&«, and in- 
dieating the relation between «' and ε. 

If the cubic has three real roots, we will consider a fundamental unit 
corresponding to each root. Let e — C. + Babi + Απθι’ be a unit corre- 
sponding to one root θι of the given cubic, and let e” == (Omn + Bmn0ı 
+ Amb). If Cn, Bn, An are such that Οι, Br, An) — 1, and if their 
absolute values are the smallest integers which can be found, such that some 
power of ε, leads to a normal expansion, so that 


limit ae = p + b, and limit Cmr — g + pO, + 6,7, 


Tm Ὃ miu TIN 








Vor a discussion of this subject, «ee for example L. W. Reid, Tafel der Klassroa, 


the Fe Pike πλ: ες οσο XS Por 


ste outhoe has obtained periodic expansions corresponding to the ease when ihe 
nass i not $, 4, 67, but they are not normal and will not be discussed here. 
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then ει, is defined as the fundamental unit of the chain corresponding to θ.. 
Similarly e, and e, are defined as fundamental units corresponding to 6. 
and 63. These three units are not independent,” but are connected by a 
relation of the type 


E”: €972 €33 = + 1. 


where m4, Ma, Ma are positive or negative integers. Even if the fundamental 
units, ει, €», es, are obtained from the corresponding convergent sets (Cn, Bn, 
An), all the positive units are not given by convergent sets, because every 
number of the type, 


9 — ei" εὐ) 
is a unit and as it is not of a simple type it does not appear as a convergent set. 


17. Erpansions with Given Periods. It is possible to avoid some of the 
computation by determining the cubic, which has a given normal expansion. 
llowever, except in a few simple cases, the algebraic and numerical work 
involved is greater than the computation involved by other methods and not 
many of the resulting cubies are within the scope of the table given. We will 
consider two of the simple cases, which frequently occur, when p = 0, so that 
our cubic is of the type αὖ + gr+r=—0. 

If the normal expansion of (1, θ, q + 0?) has only one partial quotient 
in the period, so that 


(46) (1,6, q 3-6) — (p, 13 Po P? + 2g. — g; | 2ι + Pao P? + 941— 05); 
then the purely periodic part is such that 


(49) fis : V: W= 1: po tO: q + ϱιθ +e. 


This comes from using the conditions (36) and (37), and (39) with p = 0. 

If 1, po + 6, qi + p10 + θ᾽, be expanded into a continued fraction with 
the partial quotient set (pi + ps, 412), the next line of the expansion, giving 
U, Ό, wis 


—p 4-6 g—u—p+p.d+ 9, 1, 


and these numbers are also in the ratio of üs : Ts : ws By equatingethe 
values of 7,/i, and 3/4, we find 


(48)  — p? +q +q + po + € — — pipe + (py — 01) 6 + 6. 


(49) 1 =— p: r. 
From these equations, we find 


* See for example, L. W. Reid, loc. cit., p. 34. 
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(50) P=? qm bg; r p t gH. 
In conclusion then, if 6 is a root of αὖ + qz + r — 0, where 
r==— (p + 519 H- 1), $i and q being arbitrary, then 
(46) — (1, 6, g + €)—(p»» pi +93 2p, 8p? 1-4; ] Bpo 8p? + 95) 


and the fundamental unit in the chain is (p? + q, Pu 1). We will see later 
that this statement needs a slight modifieation. If, in partieular, p, — 0, 








we have p, = pe = Ps = 0; qi Qa = Qa = Q: r — — 1, so that if 6 is a root 
of z? -|- qz — 1 — 0, then 

(46") (1, 6, q + 6”) = (0, q3) 

If p = 1, r— — q — 2, and 


(1,6, q +6) —(,1--952,34-9;| 8, 84-95). 


If p, > 1, the equations obtained are beyond the scope of the table computed. 
When p; is negative, besides (46^), we must take into consideration, the 
following theorem due to Lehmer.* 


“If the characteristic cubic has one root pı, whose modulus is greater 
than the modulus of either of the other two, then the fractions Bn/An and 
Cn/An, approach, as v — co, limits which are cubic irrationalities---. If 
the characteristic cubic has two imaginary roots, whose common modulus is 
greater than the absolute value of the real root, then these fractions do not 
approach any limit.” 


In the ease under consideration, the characteristic cubic C(p) = 0 15 


(51) C(p) = e? ---(8ρι" + 9)? — 3pip — 1 = 0. 


When q is positive, it is readily seen that (51) has a real root greater than 1, 
since C(1) is negative and Ο(οο) positive. Hence C(p) — 0 satisfies the 
first condition of the theorem, and Cn/An and B,/A, actually converge 
toe? -+q and ϐ as limits. When q is negative and p, positive and if 
|g | <3p.2-+8p,, then C(1) is negative and Ο(οο) positive, so that the 
first condition is satisfied. If | 9 1 > 3p? + 3p,, the diseriminant of (51) 
it found to be positive, and hence (51) has three real roots and the first 


e 0t the tos saan satisfied, 


1 \ amer, Proceedings of the National Academy of Scicnees, Vol. 4 (1918), 
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The remaining case, q and p, both negative, sometimes leads to the first 
and sometimes to the second condition and under the second condition we do 
not have an expansion of cubic irrationalities. A numerical illustration will 
make this clear. "Take p, — — 1, so that equation under consideration is 


(52) οὗ -- qz --g-—90, (q negative). 
The apparent expansion is 

(53) (1,6, 44-9) = (—1,14+ 4; —3, 3 +g; | —8,3-F 45), 

and the fundamental unit is (1--g, — 1, 1). The characteristic cubic is 
(54) Ole) = — (g + 3)? + 8p —1— 0. 


Its discriminant is 
A = q*(— 4q — 27). 


It is readily seen that C (0) = — 1; C(1) =— q = positive number, and 
C (p) has a root between 0 and 1. Also if —q 6, A is negative, while 
if —q È 7, A is positive. In the former case (— q 6), the second con- 
dition is satisfied and Cn/An and Bn/An do not approach limits and (53) 
does not represent an expansion in this case. It is worthy of note that 
(1--ᾳ, — 1, 1) is the reciprocal of the fundamental unit, and hence the 
fundamental unit ean be found. In the other case (—q = 7), the first 
condition of the theorem is satisfied, and it is found that (53) is the ex- 
pansion corresponding to one of the negative roots of (52). In conclusion 
then, the statement of equation (46/) must be modified by adding the state- 
ment: providing An, Bn, C, are actual convergents. 

A second type of normal expansion which occurs frequently in the table 
is one with three sets of partial quotients in the period. We again consider 
the equation z? -+- qz + r= 0, such that the given expansion is 


(55) (1, 6, q + 67) (Pi σι; Pos {32 | Pas G23 Pu + Pos {1} δι + Ῥω» d25)- 


Let us consider the special ease of p; = 0 so that | ϐ | is less than 1. Then 
the greatest integer in q + 0? is q, and we select qı = q, and this also makes 
q,— q. The resulting expansion is periodic from the beginning. If we 
form the expansion, we have 


1 06 qr? 090,0 
9 6 1 0, q2; 


e l— 016 0 f»; 95; 
1— 926 — Ρε” 0— qe θ᾽ ΠΡΌΣ 
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From the relations v,/u. -— 0 and w,/u. = (q + 6^), we readily find, by 
equating corresponding coefficients of like irrationalities, that 





(56) p= 0; q= — rg; = mqs (m = — r). 
In conclusion, if 0 is a root of z? + mqs — m = 0, then 
(57) (1, 6, q + 63) — (0, mgz; 0, q2; 0, q2;), 


provided An, Bn, Cn are actual convergents. It is possible to find other 
special cases for (55), but they do not occur frequently and it will not be 
done here. 


18. Negative Continued Fractions. It was found convenient in certain 
cases to use what is called a negative continued fraction. This is defined 
by the relations 


(58) Une == Dati — Un 5. Vni == Qnin — Wn; Wns == η. 


The p's and q's are selected so the | ws| form a decreasing sequence of 
numbers. If the numbers are positive, this makes p, the integer next above 
the greatest integer in Un/tn. 

The corresponding recursion formulas are 


An = QnÁn-3 — PrAn-2 + An-ay 
(59) By = QnBn— = PnBn-2 + Bass, 
On = (σαι m PnCn-2 + κε, 


with the initial conditions 


Aes cube, A 1 ο ο 
(60) Ba. ER Hd debe 0 
Os ὃν 6 0 0 1 


The main theorems concerning normal expansions hold without modification 
and other results involve a change in sign, since the determinant of three 
suctessive convergent sets is now —-1. For example, if @ is a root of 
2? + qx — (pi? + p1q — 1) = 0, then the negative expansion for 1, 6, q + 6”. 
is of the form (46^). No proofs of these facts will he given as they are 
wadily derived by merely changing certain signs in the original proofs. Tf 


eT ny shawn dhot οσο pean TA hs A. ΑΝ τὰ 
he ibd ** ox J a ον AM € > 


wen à positive expansion for (1, - -0, ¢+6) is diuned T changing i 


n ‘ ihs d 


t “ats o Dp 5. 
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V. CONSTRUCTION AND EXPLANATION OF TABLE. 
19. In making an extensive table of expansions, it may be pointed 
out that 
(7) a? + pa? + qz + r — 0, 
need only be considered for values of p == Q, 1, 2. 
Let ϐ be α root of (7), and let 


(61) (1, p --- 6, q pc 63) ο (Pr qı; ρα; q2; fs ds; sat ὁ ). 
Decrease the roots of (7) by £, obtaining 

(0) g? + px? + yx + ο, --0, 

where 


p=p+3t, Y= q + 2pt + 3C. 
Let 6’ be the corresponding root of (7^) and let 
(615 (Lp'-F0,q' + p'8 4-07) = (Po 15 0’ 02577). 
Then by actually constructing the expansion, it is found p’; — p, + 2t; and 
if we select g1 = {5 + pit + qi; then p's = p> + t, and the balance of the 
expansion (61^) is identical with (61). Hence we need consider the values 
of p in (7) which are less than 3, namely 0, 1, 2, although — 1, 0, 1 would 
do just as well. 


20. Table for z? + qa +r=0. Because of the information already 
available in the paper by Reid, which we have previously mentioned, the 
author considered the case p==0. The table at the end of this paper gives 
the units and the normal expansions corresponding to οὔ -+ qo +r — 0 for 
q between — 9 and +9, and — r between 1 and 9. The order and num- 
bering of Reid's table is retained for reference. However, in this table the 
sign of the root is changed in order to make it positive, when there is only 
one real root. If there are three roots, they are called 6;, 62, 0, in order of 
magnitude, 6: being the largest. The fundamental unit of the chain is 
designated by e (z, y, z), and the relation between the unit which is determined 
by the first period (Cn, Bn, An) and e is given. If there are three mal 
roots, the relation between ει, es, es, is also given. The period of the expan- 
sion is separated from the non-recurring sets by a vertical bar |, and a com- 
plete period is given or indicated. For example the entry corresponding to 
the numerical example given before zë -+ z — 5 = 0, would be 


34. æ? +a2—5=—0 (13,6, 4) g = e 
(1,3;0,1;|1,1;1,1;3,4;3,1;1,1;1,1;1, 6; 1, 1;). 
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In case the period is long, only part of the expansion is written, and the 
balance can be supplied from the palindromic relations and the conditions 
for a normal expansion (38, 39). The middle elements of the skew-palin- 
dromic part are enclosed in parentheses. If n is even, two p’s and one q 
will be in parentheses, and if n is odd one p and two q's. For example the 
entry just written could also be written 
(1, 3; 0, 1; | 1, 1; 1, 1; (3), (4); (3, 1). 

If the expansion is purely periodie no vertical bar is used. A negative 
expansion is indicated by NE before the expansion, which means that formulas 
(58), (59), (60) must be used. 

21. Computation. There are several methods of determining the ex- 
pansion corresponding to a given equation. If the equation is not of a form, 
whose ‘expansion is of a known type, and if a unit is known, we attempt to 
expand the unit into a finite fraction, which after pi, qi; is skew-palin- 
dromic. We do not usually use the fundamental unit, but some power of it, 
so that z, y, z are large enough to make z/z and y/z fair approximations to 
q--0* and 0. We also do not use the fundamental unit, because at times 
it does not occur in the expansion. The expansion can then be checked for 
the conditions of a normal expansion, by considering higher powers of the 
unit, or forming the rationalized complete quotient sets or other devices. 
The rationalization process is long and is avoided when possible: 

As a numerical example, consider z? — 8r — 6 = 0. It is found that 
e — (79, 78, 31), € — (33397, 30878, 13110). The expansion is below 


A B -Q 
0 0 
0 1 0 
u v w 2,6) 0 0 1 
18110 30878 33397 2,2; 1 2 2 
4658 Y177 13110 1,2; 9 5 5 
2519 3794 4658 1;1; 3 7 8 
` 1275 2139 2519 1,1; 6 14 15 
864 1244 1915 1,15 11 26 28 
380 411 864 1.2: 31 78 79 ε 

31 104 380 8,11: 380 

11 39 ot 3.3; sot 

h 9 11 Τ.Ε 1255 

3 8 6 Ls 3519 

2 1,1 4638 


f 3 
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The only place we did not take g as the greatest integer in w/u was for 
gz — 11 and this is done to make the expansion normal. 

If a unit is not known, we take as ur: vi: w,, numbers which are 
approximations to 1: 6: q + 6°, and expand them, trying for a normal ex- 
pansion, and computing the values of m as we proceed. Thus for z? + ὅς 
— 2 — 0, we have 0 = .3883; 6? — .1508. The expansion is below 


1 0 0 
0 1 0 
0 0 1 m 
10000 3883 51508 0,5; 1 0 5 4 
3883 1508 10000 0, 2; 2 1 10 4, 
1508 2284 3888 1,2; 5 9 26 3 * 
726 867 1508 1,2; 19 ὄ 67 1 
141 56 726 0,5; 
56 21 141 0,2; 
91 29 56 1,2; 
8 14 21 1,2; 


We readily recognize that the expansion is normal and purely periodic. This 
may be checked by considering the expansion for some power of ε. 

If the expansion is not obtained by this last method, we usually obtain 
values, which satisfy N(x, y, 2) = m, for small values of m. By combining 
them according to various methods, we are able to find a unit and check 
to see whether it is a power of a unit.* Having a unit we expand it by 
the first method. In many cases the numerical calculations are long and 
tedious, and in the few cases where a blank appears in the table, the author 
feels that there is a normal expansion but that the effort necessary to find it, 
is probably not worth while. 


* For a discussion of these methods with reference to xz? — D == 0, see Meissel, 
E., Beitrag zur Pell’schen Gleichung hóherer Grade, or Wolfe, Ο., * On the Indeterminate 
Cubic Equation," University of California Publications in Mathematics, Vol. 1 (1923), 
pp. 359-369. 
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TABLE oF UNITS AND NORMAL EXPANSIONS. 


1. 29—31 = 0 

2. z?-F-x—1 = 0 

8. c—2—1-—0 

4, o—2 = 0 

b. a8 ta—2 = 0 

6. 2°—a2-—2 = 0 

7. αὐ |-βα-- = 0 

8. z9)—22—92 = 0 

9. αξ-|-θω---] = 0 
10. 2?—22—1 = 0 
11. 2—3 = 0 
12. 29--z—3 = 0 
18. £9—2-——8 = 0 
14. z?--22—8 = 0 
15. z9—2z—8 = 0 
16. 2°-+32-—3 = 0 
17. 23—327—8 = 0 
18. z?--8z—1 = 0 
19. z—32—1 — 0 


ει ευ eg == 1. 


. B+13a—2 = 0 
ᾱ----δα;----ᾱ = Ὁ 
q—4 = 0 

-φῦηα--ᾱ--0 
q3—dg-——4 = 0 
47-p34-—4 == 0 
dior t= 0) 

UB. d 0 

T te U 

αλα χι 1-20 
ci—4r—4 == 


e(z, y, 2) Expansion. 
reducible. 
(1,0,1) (0, 15) 
(0, 1, 1) (1, 0; 2, 2; | 8, 93) 
(1, 1,1) (1, 152, 83 | 3, 33) 
reducible. 
(1,1,1) é—e«* (1,1; 0,1; | 1,1;1,1; 2; 8, 15 1, 15 
1, 1; 1, 4; 1, 2 
(3, 1, 1) (0, 2; 0, 1; 0, 13) 
(1,1,0) =e (11;01;|15;1 1;) 
(2, 0, 1) (0, 23) 
reducible. 
(4, 8, 2) (1, 2; 0, 2; | 1, 5; 1, 23) 
(2, 1, 1) (1, 2; 2, 4; | 3, 45) 
(2, 2,1) (1,1; 1,1; | 2, 4; 2, 15) 
reducible. 
(2,2,1) ε--ε (1,1; 0,1; | 0,1; 2, 8; 2,130, 1; 1, 5; 
1, 13) 
or ε--ε NE (2,2; 4, 10; | 6, 10;) 
(4,1, 1) (0, 3; 0, 1; 0, 12) 
(1, 1, 0) d= εὖ (2,1; 4,93 | 6, 95) 
(3, 0, 1) (0, 35) 
ει(1, 1, 0) &/— ει’ (1, 0; 0, 1; | 0,1;2,2;2,1;0,1; 1, 4; 
» 15) 
or ειπε NE (2,1; 4,9; | 6, 95) 
€; (—8, 0, 1) (0, —3 ;) 
e; (—1, —8, 2) (—1, —1; 0, —1; | 1, —1; —1, 2; 
=le; 


(17,3,5) ε--ε (0,2; 2,1; | 2, 23 3,1; 9,1; 8, 2; 9, 1; 


2 2 2 2 


reducible. 
(5, 3, 2) (1/1;2, 1; | 1,158, 8,9, 15) 
(61, 29, 21) (1,2;2,9:11,1; 9, 13 1, 29:8, 4; 8,2 5) 
(11,9,5) =e (1,2;0.1;|0,3;0,1; 0,1; 8, 2; 3, 1; 
0,1;0,3; 0,1; 1,6; 1, 1;) 
(3, 1,1) (1, 3; 8, 5; | 3, 33) 
reducible. 
reducible. 
(9, 11,5) (trea 1, 1l; 1,ò;) 
(5,1,1) (0, 4; 0, 1; 0, 12) 
1.10} f=  (2,1;1,1;|2, 1; 8, 10; 8, 13) 
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31. w-+4¢—L=0 (4,0,1) 
89. φ)--4ᾱ------0 ει(0, 9, 1) 
ο &(—450,1) 
€,€5€5 = 1. e; (0, —2, 1) 
38. z5--4z—2 — 0 (17, 2, 4) 
34. z—4z—929 = 0  «(17,42,19) 
ea (—15, —2, 4) 
Eez eg? = 1 e (1, 2, —1) 
35. z?-|-4z—8 — 0 (40,6, 9) 
96. a®°§—4a2-—3 = 0 redueible. 
37. αἳ- -ὃ = 0 (41, 24, 14) 
38. 29--z—5 — 0 (18,6,4) é=¢ 
or ε--ε 
39. £—2—b5-0 (8,2,1) b= 2 
or ε--ε 
40. o+2¢—5 — 0 (34,12,9) ε--- εὖ 
41. 29—22—5 — 0 (2,2,1) 
49. z*-F83g—5 — 0 (4,1,1) 
48. a39?—82—5 —0 (2,2,1) d= eè 
44. z9--4y—5 == 0 reducible. 
45. 8—4e—5==0 (4, 5,2) 
46. a9--5z—5 — 0 (6,1, 1) 
4T. g—bz—5-0 (1,1,0) ε-- 
or d= εὖ 
48. a?--bv —1-- 0 (5,0,1) 
49. P—5a—-1 = 0 ει(4, 21,9) 
e (—5,0,1) 
ειεο ει” == 1, ea (—1, —2, 1) 
50. z3--5z—2 — 0 (67, b, 19) 
51. 23—5z—92 == 0 reducible. 
52. a3--51—3 — 0 (85,9, 16) 
58. aà?—57—8 — 0 ει(δ, 10, 4) εἰ΄--- ει) 
£z (—4, —1,1) 
€1€o?es = 1. e (—1, —2, 1) 
$4. z9--5z—4 — (801, 105, 145) 
55. q35—baz—4 = 0 reducible. 
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(0, 4;) 

(2, 0; 4, 8; | 6, 85) 

(0, —4;) 

(—2, 0; —4, 8; | —6, 85) 
(0, 4; 0, 2; 0, 95) 

(2, 0; 4, 4; | 8, 4; 6, 8; 6, 42) 
(0, —4; 0, --8: 0, —2;) 
(—L —i; 0, —1; | —, 8; 
(ο ο νο 1:0, 1; 


2 3 


; | 1, 233, Mr 
|1, 1;1 1; 3,4; 3,1;1,1; 
1; 1, 6; 2 E 
,4;9,2;10,2; 5 11; 4, 91) 

- 2, 4; 9 1; 0, 1; 


νίαν 


(0, 55)" . 
(2, 0; 1,3; | 0, 3; 3, 9; 3, 35) 
(0, —5;) 

NE(—2, —1; —4, 1; | —6, 1;) 
(0, 5; 0, 2; 1, 2; 1, 25) 


(0, 4; | 2, 132, 1; 5,1; 2, 1; 2, 35) 
(2, 1; 0, 2; | 0, 25 4, 95 4, 2; 0, 2; 


NE(—1, —À4 -ᾱ —2; | —3, —2;) 

(ο, --1;--4, 15] —6, 75) 

(0, 5; 0,1; 0,1; 0,1; 1, 1; 1,1; 5, 1; 
1, 1; 1, 1; 0, 15 0, 1;) 
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56. z% 6 —— 0 (109, 60, 33) (1,3;0,1;|[0,1:2,1;0,1; 0,1;0.1; 
2,1;0, 1; 1, 7; 1, 12) 
57. g3--2—6 —0 (11, 5, 3) (1, 2; 9, 1;]0,1;0,1;0,1;3, 4; 2 13) 
or NE(2, 4; 1, 3: | 3, 11; 8, 33) 


58. 2-—r—6 = 0 reducible. 


59. ᾳ)--θω--θ-θ (1129, 399, 274) (1,4,;0,2;|0,2;2,1,;0,1;1,1;0, 1; 
2,2; 0, 2; 1, 11; 1, 2; 
60. z—22—6 —0 (77, 61,28) (2, 2; 4,5; | 3, 5: 6,105 6, 55) 
61. 29--34—6 — 0 (11521. 3185.2473) (1,4; 2, 3; | 1, 1; 8, 1; 0, 1;0, 1; (1), 
(2); 0*9 
62. 55—82—6 — 0 (79,73,31) (2,2:1, 2: | 1.1; 1, 1; 1, 1; 3; 
3, 11; δ, 2; 
68. αἲ --4σ-- 6-- 0 (5,1,1) (1,5; 2,7; 8, 7;) 
64. 2§—4a—-6 = 0 (95,101, 40) (22°50, 45 [1,111,1;: ο 1:3, 15 1, 1; 
2,12; 2, 13) 
65. 2§-+-52—6 = 0 reducible. 
66. οἳ---ὅσ---6-- 0 (99, 35,13) (2, 2; 0,1; | 1, 2; 2, 1, 1; 2, 18; 
2 > 
67. a3--62—6 — 0 (7,1,1) (0, 6; 0, 1; 0, 1;) 
or NE (1, 7; 2,9; | 8, 9;) 
68. £—62—6 = 0 (1,1,0) d= εὖ (2,1; 5 1101; 8,1 ;0,1;0,1; 
; 0, 1; 3, 12; 4s 
69. z?--6z—1 — 0 (6,0, 1) (0, d 


70. a35—62—1 —0 ει(2914, 19020, 7521) (2, 0; 0, 1; | 1, 1; 1,4; 1,1; 0, 1; 
1, 1; (8), (2); (3), η 
€2(—6, 0, 1) (0, —6;) 
€,€2%€3" = 1. ces (—14, —78, 83) (—2, 0: 1, —2; | —4, 4; —4, —2; —1, 
10; —1, —2;) 


71. a?--6z—9 — 0 (55, 3,9) (0,6; 0, 3; 0, 8;) 
79. a9—65—9 — 0 ει(18, 44, 17) (2,0; 1;1:19,1:61:2;1:3,10:5,15) 
Ν ez (—53, —3, 9) (0, —6; 0, —3; 0, —3;) 
Eiez es = 1. €3(—7, —18. 8) (—2, —1; 0, —2; | 4, —2; —2, 8; 
78. 2*--627—98 — 0 (25, 2,4) (0, 6; 0, 2; 0, 92) 
74. 23—6:—3 —0 ει(10, 24,9) ($,0:1,1;|[0,1:0,1;0,1;0, 150. 1; 
0, 1; 3, 10; 8, 11) 
. ee (—23, —2. 4) (0. —6; 0, —2; 0, —2:) 
aee? — 1. e(—2,—?, 1) NE(—2, —2; —4, 6; | —6, 61) 
15. +6r7—4—=0 (51. δ. 8) (0.5:12.1:2,3:2,1:2,4:) 
16. an— (G4 — 0 reducible, 
; "roy Ὁ (BITR 935. Db OC GeO ο υπνο hih ii. 
be ag ἂν 1. A. tha Us. La V. τ. 
1> th- > U reduehble, 
Wwe dec odi (5,9 1) V. X^ C OS CELO DUET ος δὲ d 
f nho 
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| 80. 2°§-+a—? = 0 
81. φ5--ᾱ--ῃ = 0 
82. z*---29y—7 = 0 
88. q23—9x—T == 0 
84. 23--82—' = 0 
85. 2°—3a2—7 = 0 
86. z3--4z—7 == 0 
87. a3 —42—"7 = 0 
88. οἳ ---δᾳ---Ἱ = 0 
89. α5---δᾱ--.ἳ = 0 
90. a°+-62—? = 0 
91. 23—6z—' == 0 
92. 2+%a—T = 0 
98. «®§—a—? == 0 

€,€0€g --- 1. 

94. 2-+Ya—I1 == 0 
95. e—Va—1 = 0 
ειε)ὖεα) = 1. 

96. z3?--72—9 = 0 
97. «2°®—Va—2 = 0 
€j€5€3 == 1. 

98. z3--72—3 = 0 
99. z9—"7—8 == 0 


€1€2 Eg E 1 


(16, 7,4) d= εἲ (1,3;1,1;]0,2; 0,1; x δ, 4; 3,15 
O; 1; 0, 2; 0, 1; 8, 63 2, 13) 
Or ετςε NE(2, 4; 0, 4; | 2, 11; 2, em 
(8,3, 1) (2, 3; 4, 11; | 6 11; 
(290, 102, 95) E (1,4,;0,1,;|[0,1;0,1;,0 0,3,;83,83;0,1; 
0, 15 0, 131,734, 13) 
(872, 271, 190) ε--- e (2, 8; 0, 3; | 2, 2; 2, δ; δ, 8; (6), 
(10); (6), --) 
(25, ?, 5) ud > 23 8, 6; δ, 25) 
(6,5, 2) (2, 2; 2, 2; | 4 115 4 23) 
(1026, 231,184) ε--- è 
(1, 4; 6, 3; | 5, 5; 2, 2; 2, 8; —5, 11; 
—5, ὃ; 2, ὃ; 2, 5; 5,3; 7, 5; 7, 8;) 
(46, 44, 17) ε΄ = ez ο. 1; | y 33,1; 1,1; (6), (8); 
6 j . 
or =e ο arc ae Di bets 
1, 4; 1, 
(6, 1, 1) (1,6; 9, 8 T 
(8,3,1 (2,129, 1 3 | 4 11; 4, 11) 
reducible. 
(5, 6, 2) (2, 2; 0, 2; | —2, 9; 2, 14; 9, 25) 
(8, 1,1) (0, 7; 0, 1; 0, 15) 
«1 (2, 3, 1) (8, 2; 6, 20; | 9, 20;) 
e; (—6, -—L 1) (, —6; —2, e | —3, —4;) 
€: (—8, —2,1) (—2, —3 ; —, —5; | ---θ, 55) 
(7,0,1) (0, 73) 
€,(18, 188, 49) (2,0; 0,1;|0,1;0,1; 1, 4; 1, 1;1,1; 
0, 1; 2, 11; 2, 12) 
e; (—7, 0, 1) (0, —7;) 


€3(—2, —13, 5) (—2, 0; 1, —3; | —4, —3; —1, 11; 


ο ---ϱ - c 


2 2 


(187865, 5501, 19473) 
M. 7,8; | 1,25 L 1; ο ας 
0, (25 (9), (D; ^) 
e (18, 50, 18) (2,0; 0, 15:1 0,15 0/8; 0, 850, 150, 15 
» Al; 91; 
e (97, 4, —14) (0,—8; | —3, —3; 1, —1; 1, —3; —3, —9;) 
€ (—3,—10,4) eg = e? 
(—2, —1; 0, —92; | 0, --ᾱ; --ᾱ, 7; 
—2; 0, —29; —2, 9; —2, —23) 


(86, 5, 12) (0, 7; 0, 2; 0, 1; 1, 1; 0, 25) 

ει(1, 3, 1) *$2,150,15| 2, 13; 2, 1;) 

e» (14, 1, —12) (0, —6; | 2, —23 2, -—5;) 
«,(25,48,—20) . (—2, —1; 1, —3; | --1, —3; —1, 


—8; —1,9; 1 —98;). 


d 


100. 


101. 


102. 


108. 


αἲ Γῆσ--4---0 


οἱ --ἵα--ᾱ- = 0 


ειεο ες = Í 


αἳ--Ύᾳ---ὃ = 0 


αἲ- -ἵᾳ- -ὂ = 0 


€1€5€5 —= 1 

104. z3--72—6 = 0 
105. z3——T13—06 ε--- 0 
106. αἳ- -ὃ--- 0 

107. z3--z—8 — 0 
108. 23—2—8 — 0 
109. 2°+22—8 = 0 
110. 23—24—8 = 0 
111. 2°+32—8 = 0 
118, 2°+4¢—8 = 0 
114. 28—42—8 = 0 
115. a*--52—8 = 0 
116. z—5z—8 — 0 
117. 2°+6r--8 — 0 
lis. 5? Gr 5—0 
119. -t-r 8.40 
APPIO zu 
Jii 2004-5 c 


qs ane 


se 8 0 
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(42115, 3161, 5769) (0, 6; | 3, 1; 2, 23 3, 4» 3, 2; 7, 3; 
3, 45 3, 25 2, 15 2, 55) 
1;0,1;]0,2; 1, 3; 2,3; 1, 2; 
0, 1; 


e (105, 220, 76) (2, 1; 5 
; 2, 13; 2, 12) 

ea (33, 3, —5) e, — e? (0, —7; | --1, —8; 

3, 3; 1, —2; —1, 7; 


e (5, 7, —3) (—2, —2 ; —1, —3 ; | —3, 7; ccs) 
(67, 6, 9) (0, 75.0, 13.0, 1; 0, 150, 10, 1; 0, 1; 
3 3 
€,(2, 8, 1) (2,03 1, 1;1 0,1; 3, 11; 8313) 
or NE(8, 2; 6, 20; | 9, 20;) 
e (—6, —1, 1) NE(—1, —6; —2, —4; | —3, —4;) 
€3(—3, —2, 1) NE(—2, —3; —4, 5; | —6, δ) 
(2719205, 280985, 356851) 
(0, 7; 0,130,130, 231,131, 8; 4, 1; 
0, 1; 0, 1; 1, 2; (3), (5); (3), ) 
reducible. 
reducible. 
(157, 66, 36) (1, 3; 1, 1; | 0, 13 1, 3; 0, 1; 0, 3; 
1, 1; 0, 1; 2, 6; 2, 13) 
(198, 18, 36) € — € (9, 3; 4, 6; | 0, 6; 0, 18; 0, 6; 6, 11; 
6, 65) 
(43, 15, 9) (1, 4; 1, 1; | 2, 4; 2, 1; 2, 7; 9, 15) 
(31, 21, 9) (2, 3; 1, 3; | 0, 8; , 12; 8, 35) 
(21, 6, 4) d =e ( 2 ae 1; | 1,1; 1, 1; (3), (6); 
2 
(19,10,4) f= (2, 3; 0, 2; | 0, 23 4, 11; 4, 25 0, 2; 
2 


v 


1 52 23) 
8 


(129, 30, 22) (1, δ; 2, 8; | se 3; se, 3; 3, 7; 
3, 52) 
or pus ; |2, dr 1; 0, 1; 0, 1; 
2,1; 11, 1; 11, 1;) 
(9, 8, 8) (2, 2; 1, 15 | 0, 1; 0, 1; 0, 15 9; 125 
3, 1;) 
(30949, 5842, 4154) ε’--- εὖ 
(L 65 2 45 | 1,8; 2,132, 331,130, 1; 
0,15 3, 25 1, 4; (8), (8), (9), 7) 
(3, 3, 1) (2, 2; 1, 1; | 3, 135 8, 12) 
(7,1,1) (1, 75 2, 9; | 3, 95) 
(3, 3, 1) (2.1: 1, 1: 1 0,15 3, 19; 8, 11) 
reducible, 
eee) eee eed v I. ον Oe SU, ὃν ὃς XU S 2) 
(9, 1, 1) (0, 8: 0, 1; 0, 15) 


reducible. 


96 


123. 
124. 


125. 
126. 


127. 


128. 
129. 
130. 


181. 


132. 


183. 


184. 


135. 


136. 
187. 


Davus: 


a3--8z—1 == 0 
q9—8z—1 == 0 


€; €2 ες = 1 " 


23-P82—2 = 0 
z9—8z—32 == 0 
ειδεο ες = 1. 
q3--82—3 == 0 
q3—8y—3 == 0 
w+ 8a—4 == 0 
q9— 8xz—A4 = 0 
€1€5€5 == 1. 
a+87—5 == 0 
Z3—8z—5 = 0 
23--81—6 == 0 
v9—845—6 == 0 
€1€5°€3 --- 1 
φϑ-|-8ά---ἳ == 0 
q3— 8z— "7 == 0 
q3—9 == 0 
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(8, 0, 1) (0, 85) 

€, (81, 676, 234) (2, 0; 0, 1; | 0, 2; 1, 2; 1, 1; 0, 2; 
0,1; 1, 25 1, 2; 0, 1; 2, 12; 2, 15) 

€; (—8, 0, 1) (0, —8;) 

es (—26, —199, 72) (—3, 0; —2,4; | 0, 2; 0, 2; 0, 4; —5, 
17; —5,4 

(129, 4, 16) (0, 8; 0, 4; 0, 45) 

ει(1, 3,1) ει πει” (2, 0; 0,1; | 0, 1; 4, 8; 4, 1; 0, 1; 
2, 12; 2, 1;) 


ee(—127, —4,16) — (0, —8; 0, 4; 0, —4;) 
ea (—951, —3451, 1281) 


(—3, —1; 0, 2; | 1,1;0,1; 2,1; 2,1; 
0, 1; 0, 1; 0, 1; 2, 1; 2, 1; 0, 1; 
1, 2; —8, 15; —3, 2;) 
(2764324, 195288, 339766) 
NE (0, 8; 0, m —1,—2;0,1; 0, —1; 
| Z8, 1038, (5); (5); (3) 3...) 
reducible. 
(33, 2, 4) (0, 8; 0, 2; 0, 23) 
ει(1, 8, 1) (3, 1; 6, 19; | 9, 19») 
e: (31, —2, 4) (0, —8; 0, —2; 0, —8;) 
ea (—8, —5, 2) (—2, —2; 0, —1; | 1, —1; —2, 8; 


(4164, 841, 610) =e > 
(0, 7; 2,1; | 2, 3; 1,1; 2,2; 0,25; 1,1; 
; 2, (2) ; (3), (2); val ) 
e, (176874, 1493568, 481729) 


(3, 2; —4, 9; | 6, 6; 1, 1; 1, 2; 2, 9; 
» 1; 1, 1; 1, 9; 9, 9; (9), (19); 
(9399s) 
6» (--68, —6, 9) (0, —8; | —1, —2; 2, 4; 2, —2; —1, —8 3) 


es (4, 5, —2) 
(289, 24, 34) d= ê 


(—2, —2; 0, —2; | —2, 8; —2, —2;) 

(0, 7; | 2, 1; 3, 7; R, 2; 0, 1; 0, 1; 
(4), (2) ; (4), es ) 

(4, 2; 0, —2; | 7, 9; 0, 250, 9; 7, —2; 
4, 28; 4, —2;) 

NE(—1, —7; —2, —5; | —8, —5;) 

(—2, —A4; ος --ᾱ; | 3, —2; —6, 4; 


e (427, 705, 224) 


e( 
es (—19, —16, 7) 





(0, 8; 0,1; 0, 1; 0, 3; 0, 1; 0,2; —1,2; 
0, 1; 0, 3; 0, 1; 0, 1; 


(1177, 110, 136) 


reducible. 


(4, 2, 1) (2, 4; 4, 12; | 6, 125) 


140. αἳ--ρρ--9 = 0 
141. z9—22—9 = 0 
143. z?--82—9 = 0 
148, z49—82z—9 = 0 
144. z?--4z—9 = 0 
145. 29—42—9 = 0 
146. z9--5y—9 = 0 
147. a7-—5z—9 = 0 
148. z*--6:—9 = 0 
149. 2°—62—9 = 0 
150. z?--72—9 = 0 
151. z3——72—9 = 0 
159. z9--8z—9 = 0 
158. z35—8z—9 = 0 
154. 29--93—9 = 0 
155. z*—92—9 = 0 
ειεο ερ c 1 
156. z*--9z2—1 = 0 
157. 29—9z—1 = 0 
158. z9-L-9:—2 = 0 


. &+r—9 = 0 


«ᾳ--ᾳ-9--0 


Expousions for Cubic Irrutionalities. ΟὟ 
(52,1) c= (1,4:0,1;|0,123,6;3,170,1}1,8; 
1, 1; 


=e NE(2, 5; 4, 13; | 6, 197) 


(16, 9, 4) (2, 4; 0, 4; | 2, 13; 2, 43) 

(817, 282, 160) (1, 4:155 ] 0,2; 0,1; A, 2; 2, 1; 
1, 1: 0; 1; 0, 2; 0, 1; ὁ, 1; (3), 
Q0; 3) 


(9550, 6104, 2545) (2, 3; 1, 2; | 0, 1; 0, 1; 3, 4; 1, 2; 
1,231, 4; 3,1;0,1;0,15 3, 1533, 23) 


(28, 8, 5) (1, 6; —1, ae 2;1,1;0, 10; 0, 11) 
(7, 5, 9) (2, 3; 0, 1; | 0,1; 0, 15 2, 13; 2, 15) 
(172, 41, 28) (1, 6; ^s | 0, 23 2, 2; 0, 2; 1, 9; 
» 9) 
(118, 92, 34) (2, 3; 0, 1; 10,1; 1,1; 0, 3; 0, 1? 
> 1; 0, 1; 2, 14; 2, 1;) 
(61, 12,9)  — e ΠΡΊΝ 10; 0, 3; 0, 8; 
8, 8; 3, 33) 
(22, 20, 7) (2, 2; 1, 1; | 0, 2; 1, 2; 0, 1; 3, 18; 
3, 1») 
(866, 140, 116) d= ê (1, 7; 2, 8; | 8, 4; 0, M 0, 1; 0, 4; 
(19), (5); (2), « 
reducible. 
(8, 1, 1) (1, 8; 2, 10; | 3, 10;) 
(20, 22, 7) (3, 3; —1, 7; | 2, 225 2, 73) 
reducible, 
(2,1,0) ε-- εὔ (3,2; 2, 2; | 2, 1; 1, 2; 2, 2; 1, 1; 
2, 2; 5, 21; 5, ὃν) 
(10, 1, 1) (0, 9; 0, 1; 0, 1;) 


ει(18, 13, 5) =e? (8, 2; 1, | 0, 1; 1, 1; (6), (20); 
( ), Se ο 


or ei =e (3,3; —2, 2; | 0, 15 0, 25 1, 24; 1, 25) 





εο(--8, e 1) (—1, 85 —2, —ő; | —3, —6 2) 

es (16, 9, —4) (—2, —4; 0, —4; | —2, 5; —2, —4;) 
(9, 0, 1) (0, 9;) 

« (0,3, 1) (3, 05 6, 18; | 9, 18;) 

€; (—9, 0, 1) (0, —9;) 

«s (0, ed; 1) (—3, 0; —6, 18; | —9, 18;) 


(1475017, 36028, 163006) 
(0, 939, 1; b ts dy 23 οι. 
0,1; (o). (1); (9). ) 
a (12479008. CUTTS, 1931 18281 
ο εδ ήν τν δν EUM T ME CC 
ο ο 
κο o9,- 215,553) ( 3. 1, 2.65: 4.13 4. 63- L 16: 
1 6 


98 


100. 
161. 


162. 


163. 


164. 


165. 


166. 


167. 


168. 
169. 


170. 


171. 
119. 


Davus: 
αἳ-Γ-9ᾳ--ὃ = 0 
p— Ir—3 == 0 
ειες εξ = 1. 
23--9z—4 = 0 
q3—0z— 4 = 0 
q5-L-92—5 = 0 
z9—943—— b == 0 


€,€5€3 == 1: 


ᾳδ-|-θα---6 = 0 


29—95—86 == 0 


ει ερερ = 1. 


23-L92—1 — 0 
q9—9z—1 == 0 
E1€2 Eg — 

v?+9r—8 = 0 


q£35—92-——8 = 0 
q3—10 == 0 
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(82, 3, 9) (0, 9; 0, 3; 0, 8) 

e (37, 123, 39) (3, 0; 6, 6; | as 18; 9, 6;) 
εο(---80, —3, 9) (0, —9; 0, --ᾱ; 0, —3) 

es (1, 8,—1) (—2, 1; 0, —1; 2 | —2, 11; —2, —1;) 


(57387437, 2718291, 6244913) 
(0,8; | 2, 2; 0, 1: 0, 23 0, 1; 0, 1; 4, 4; 
1,23 1,1; 0, 2; 8, (3); (0), (8 ;* ^) 
ει (25, 64, 20) (8,1; 1, 4; | 4, 45 4, 20; 4, 41) 
€2(—4291, —222, 488) (—1, —9;0,1;|2,2;3, 4; 5,458, 2; 
e(115,217,—79) | NE(—3, —1; —2, —4; | 0, —5; 0, 
—4; —5, 16; 5, —4;) 
(6317, 366,680) (0, 9; 0, 15 1, 13 1, 1; 1, 2; 0, 1; (1), 


(1); (1*9 
e (31, 65, 20) (8, 1; 2, 5; | —5, 5; 5, 90; 5, 5;) 
e (—43, —3, 5) (—1, —8; —, 2; | 1, 2; —3, 6: 


es (—17, —24, 9) d= e? 
(—3, —2; 0, 3; | 0, 3; —6, 16; —6, ὃ; 
. 8; —3, 14; —8, 8; 
(8489013, 236574, 370902) 
(0, 9; 0, 1; 0,1; 0, 1; 0, 1; 2, 4; 1, 1; 
0,953,252, 1:0, (1); (0, (1)5^*) 
ει(1, 3,1) 


x (289, 24, —B4) d= e 
—1, —8; —1, 8; | —1, —2; 1, 2; 
1, ὃς 0, —8; 0, 3; 1, 2; 1, —2; 
1, 3; —2, —6; —$, 3;) 
e (469, 522, —202) care 
NE(—2, —2;1, 2; | 1,2;0,2; —1, 2; 
1, 8; 1, —2; 1, —2; (1), (9); 
(179 
(143, 11, 15) (0, 8; | 2, 15 3, 8; 8, 15 2, 75) 
ει(19, 80,9) ε΄--- εὖ (8, 2; 0, 3; | 0, 3; 6, 20; 6,3; 0, 8; 
3, 22; 3, 35) 
eg ( —17, —15, 6) (—3,—3;0,3; | 3, 8; —8, 12; 8, δ») 
(308121, 26292, 31822) 
(0, 9; 0, 1; 0,1; 0, 3; 1, 1; 1, 85 0, 1; 
(2), (5); (2), EN 
reducible. 


(181, 84, 39) (2, 4; 4.6; | 8, 6; 6, 12; 6, 6;) 
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Triads of Plame Curves." 
By A. R. Jervert. 


1. Introduction. Papers have recently appeared by Professor E. P. 
Lane and A. F. Carpenter on ruled surfaces with generators in correspond- 
ence.] The following paper considers a somewhat similar problem, namely 
that of three plane curves with points in correspondence. 

If the correspondence is such that the corresponding points are not 
collinear, we find that a projective theory of the configuration can be based 
upon a system of three ordinary linear first order differential equations. 

In investigating the correspondence between the given curves it proves 
advantageous to introduce two associated triads of curves. They are the 
curves enveloped by the sides of the triangle formed by joining correspond- 
ing points of the given curves and the curves generated by the points in 
which the tangents to the given curves meet the opposite sides of this same 
triangle. We have called these curves the contact curves and tangential 
curves respectively. 

A special case consists in showing that if the coefficients in the defining 
system of differential equations are constants the curves defined by the system, 
together with the associated contact and tangential curves, constitute a set 
of nine equiangular, logarithmic spirals. 


9. The Differential Equations. Let the three homogeneous coórdinates 
of an arbitrary point Ῥο on a curve Cz be given as analytic functions of an 
independent variable ¢ And in like manner let the three coórdinates of each 
of two other points Py and P; be given as functions of the same variable t. 
Then, as £ varies, the points Pz, Py, Pz, describe three plane curves whose 
points are in correspondence. The object of this paper is to discover some 
of the implications of this correspondence. 

We shall suppose that the points Ps, Py, Pz, are not collinear. Then the 
determinant 


" Presented. to the Society, San Franeiseo Section, June 18, 1927. 


PF paps ἐν Padad &Resifess s ith (svn afara in mo £^ na Clem Me a Y 


a "3 
ano o vn) Of the Ameraun odaifemataus socuty, Vol. 20 (1023) ; A. F. Carpenter, 
"Cfiieds of Ruled Surfaces," Transactions of the American Mathematical Society, 
Vol. 29 (April 1927). 


an 
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Vi Yı 7 
(D) A = Be Yo Ze 
Ts Ya Zz 


is different from zero, and it is possible to determine the coefficients in the 
system of differential equations 


α΄ — ae t+ biy + οια, 
(1) Y = a + bay + Cok, 

a — aat + bay + C92, 
so that (οι, Yı, zi) (1— 1, 2, 3) will be three sets of solutions. For example, 
we may substitute each of these three sets in turn in the first of system (1) 
and then solve the resulting three equations for the coefficients of the first 
of equations (1). Similarly we may determine the coefficients of each of 
the other three equations. 


8. A Canonical System. If we have constructed a defining system (1) 
based on three points (α)---(σι, σε, σε), (yY)—=(Yss Yor ys), (4) — (Ary Zo 23); 
the question arises—what will be the effect on the coefficients in (1) if we 
multiply the 28 by an arbitrary function A(f£) the y’s by w(t), and the 28 
by v(t)? The factors A, u, v, will not affect the points (x), (y), (z), since 
we are dealing with homogeneous coérdinates, but they will affect the co- 
efficients in the resulting system (1). 

Accordingly, in (1) we shall put 
(2) = Að, Y= p, Z= vš. 

System (1) is transformed by (2) into 

&' — (αι — M/A)& + (διμ/λ) 9 + (οιν/λ)ξ, 
(3) F = (α:λ/μ)ᾶ + (bs — w/w) I + (Cov/p)zZ, 
z — (agdA/v)é + (ὅ-μ/ν)ῦ + (es --- ν΄ /ν)Σ. 
If we place 
à = ki exp f adi, p= kz exp f bedt, v — kz exp f csdt, 
then system (3) takes the canonical form 
(4) ᾱ'--ζιῦ -}- ξιβ, J =i- ez, 2'-- ἂνξ -- δεῦ 
where ] 
b, = (ka/k1) b, exp f (65 — a) dt, & = (Ίο/Έιλοι exp f (ος — αι) dt, 


(5) = (Ek/ks) αν exp f (a—b.) dl, & — (3/2) ο) exp f (6 — bz) dt, 
äs = (kh/ks)as exp f (a, — οὐ) dt, bs =(kz/kı)ba exp f (b; — ος) dt, 


à ott ee ek κ PEG gr d Ndeosresited UABE (Qa) (9 Ubij CAC i iUa Lic 


poA ud. at h 1 
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* F um eU). Ur ds TEN Sha dum We Ae ορ a Aot 
" eolneos fo zoro tA vent. 

! can meg or the cane pol farm (1). Ρο” 

νὰ polis COLICS Du] gao εἶμ» veritas or the irme (sg. (0 


ση ae nisSpectively in the opposite siess (Quz). (zr). (ng). 

Hos to be noted that m tee wicanen'ead form (1). the derivative roys 
Cr). Ca’). (5) were devoid of geometrical significance aside froin the fact 
that they, together with the points (e). (y), and (τ). respectively deter- 
mined the tangent Lines to the curves ἐς (5, and C. In the canonical 
svstem (1) the derivative points are unique points on the tangents, nameiv. 
they are the points where the tangents to C , Cy, and C. meet the opposite 
sides of the triangle (ο), (y), (2). 

Tn the uncanonieal system (1) these points are given by the expressions 


(6) bry Ae eat, αμ. ος, gt + bay. 


The covariant character of the points given by (6) may readily he 
verified by means of equations (2) and (3). We shall call them the tan- 
gential points, and the curves generated by them, the tangential curves. 


1, Complete System of Invariants, The complete system of invariants 
for the defining system (1) is readily computed by the well known Lie 
method of continuous transformations. The transformations. in this case, are 
the A, μ. v, transformations already mentioned and utilized in obtaining the 
Caivnicdl ioiin (4). 

The transformation on the parameter + is oí no interest in this con- 
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The difference and the sum of the last two will prove to be of some im- 
portance. They are 
(8) A, = H — G = αιλεοι — asb105, 

Δὲ = H+ G = übt + αοὖιο». 


If we consider invariants involving derivatives we find that there are 10 
which are independent. Eight of these are accounted for by the original four 
together with the derivatives of these four. There remain two invariants 
to be found. For the latter we can take any two of the following three, 


Dı — a; — 05 + (62/6 Y (61/02); 
(9) Dz = bz — cs + (43/02) (@2/4a), 
Dg == (19 — lı + (b1/bs)’(b3/b1). 


Between the invariants (9) and those given in (7), there exists the follow- 
ing relation, 


G/H = exp f (Οι + D; + Dz) dt. 


At this stage our system of invariants is complete in the sense that all 
other invariants of whatever order in the derivatives, may be obtained from 
the ones already gotten, by algebraic processes and by differentiation. 

With respect to the covariants the discussion is simplified by the fact 
ihat there is no occasion to search for covariants involving derivatives of 
the variables, the latter being expressible in terms of the variables themselves 
by virtue of the defining system of differential equations. 

A complete system of covarianis is obtained by adjoining to the in- 
variants already noted, any two of the following six, 


Ant /Y, byy/a, ast /2, 2/2, day 2, Coz /Y. 


It is to be noted that the coefficients in the defining system (1) are 
relative invariants whose vanishing, in each case, has an obvious geometrical 
significance, 


5. Dual Considerations. In proceeding with the Geometry of the triple 
of curves, we shall first find the adjoint system corresponding to the system 
(4). To this end, denote the line y, 2 as (u). The line codrdinates of (u) 
i. e. (Wi, Us, Us), can be taken as any three numbers proportional to the 
cofactors of the z^s in the determinant A (equation D). We shall take the 
cofactors themselves, thus making a choice of proportionality factor. In 
similar fashion the lines z, æ and α, y are denoted by (v) and (w) respec- 
tively with the (vi, v2, vs) and the (wi, We, ws) given by the cofactors of 
the 1/8 and 2’s respectively, in A. 
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We find by direct computation that the adjoint system is 


w --- ---αοῦ ----αϕὺ, 


(10) v — —bu — gw, 
wW = —(4u — ev 

The adjoint system corresponding to the uncanonical defining system 
(1) is the same as (10) with the diagonal terms involving αι, ba, Cs, restored. 

In interpreting the adjoint system (10) it is important to keep in 
mind the fact that just as the join of x and 2’ is the tangent at (2), to 
the curve C, traced by the point (2), so the intersection of (u) and (w) 
is the contact point on (u) i. e. the point where (u) touches its envelope 
curve. In the same manner (v^) = (vi, Va, v/4), is a line through the 
contact point on (v) while (w’) is a line through the contact point on (w). 
From the form of system (27) we see that the lines (u’), (v), (w^) pass 
respectively through the opposite vertices (x), (y), and (z). We shall refer 
to (u^), (v^), (w^), as the * contact lines." 

Incidentally, by finding the intersections of (u), (w^; (v), (v); (w), 
(w^) ; we learn that the contact points are given by the expressions 


To = Qy — Q2, 
(11) ga baz + biz, 
Tz == 000 — ey 


6. Theorems involving Tangentials and Contact Points. We shall 
denote by ata the harmonie conjugate of the contact point το with respect 
to the points (y) and (z). In the same manner rry and 4r, denote the 
harmonie conjugates of the other two contact points with respect to z, æ 
and z, y respectively. 

We obtain the expression for aty from the expression for τα in (11) 
by changing the sign of the coefficient of z. A similar change of sign con- 
veris ry and tz into xry and ats respectively. We find accordingly, 


iTo = azy + Qo, 
e 9) ATy == bac + biz, 
nT = Coe + ay 


In a similar manner we indicate the harmonic conjugates of the tan- 


gentials v/, y’, and 2’ with respect to y, 23 5, r; and z, y respectively, by 
vow and -7 and find 


-ρ᾽ z how " 
4 wa 


(13) 1Y ----- od - oes. 
1’ == hg — buy 
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If we designate by Az the determinant of the tangentials v’, y’, α΄, and 
by A, the determinant of the harmonie conjugates of the contact points, we 
find from (6) and (12) 


As =A As, 


(9) Ar =A As 


where A is the determinant of the points x, y, z (equation D), and A; is the 
determinant defined by (8). 
Since the vanishing of A is precluded, we have from (14) 


Turorem 1. 7} the tangentials are collinear so also are the harmonic 
conjugales of the contact points and conversely. The necessary and sufi- 
cient condition for this is expressed by 


Δι = 0.3 
Similar statements can be made in connection with the vanishing of the in- 
variant A. 
It will prove of interest to determine under what conditions the tan- 


gentials given by (16) are harmonic respectively to the contact points (11) 
and pairs of vertices of the triangle (αφ), (y), (z). The conditions are 


C= B, 
(15) Α--0, 
BA, 


where 4, B, and C are defined in (3). 
Equation (15), is the condition that the tangential biy -+ cız shall be 
harmonic to the contact point rs = asy — a»z. Similar statements hold for 


(15). and (15), Since any two of the equalities (15) imply the third we 
have 


THEOREM 9. If any two of the tangentials are harmonic with respect to 
the corresponding contact points, then the third tangential is also harmonic 
with respect to its corresponding contact point. 


Theorems 1 and 2 have supplied geometric interpretations for the rela- 
tive invariants A, B, C, Δι, and Δ.. Interpretations for Οι, Dz, D3, appear 
in the following situation. Denote by X, Y, and Z the contact points on the 


* From the known properties of triangles we can infer in theorem 1 that with 
the vanishing of A, not only will the tangentials be collinear but the harmonie con- 
jugates of the tangent lines will be concurrent. In the same manner the collinearity 
of the contact point conjugates carries with it the concurrency of the contact lines. 
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lines joining τε, ry, τ-, to the opposite vertices (c), (y) and (z). The fol- 
lowing statements hold irue. 


A: = DA(A), YZ — Ty, A: = — Da (B), YX — ty. 
(16) A: = D, (B), αχ — v. A: = — D; (C), zY — tz. 
A, = D; (0), LY — Tr, Δὲ = — D, (4), LZ — Tr 


The notation is most readily understood by expanding the first state- 
ment of (16). 

If and only if, As = D (4A), will the line joining (y) to (Z) meet the 
opposite side of the triangle (x), (y), (2) in the point ty. 

7. Defining Systems for the Tangential and Contact Curves. By dif- 
ferentiating the expressions for the contact points given in (11) and elimin- 
ating 2’, y’, 2’, by (4) and z, y, z by (11), we obtain expressions for re’, τῳ’; 
va’, in terms of το, ty, and το. That is, we obtain for the contact points a 
defining system similar to (1). 

By means of (7), (8) and (9) we can express the coefficients of το, ry, τε, 
in terms of the fundamental invariants. The defining system is accordingly, 


τα = Ayre + Bury + Cite, 
(17) ty = Άρτα + Bory + Core, 
τα’ == Agta + Baty + (ατα. 
where 
— b,A,B, = a4G (D, + G/C — H/B), —¢,A,C;=a,H(D, + G/O — H/B), 
(18) — a&;A,4; = b,H(D, +- G/A — H/C), — e:A,Cs = bG (Ds + G/A — H/C), 
— a3 A, As = G (Dı + G/B — H/A), ---θεΔιβε = c-H (Dı + G/B — H/A). 


From (35), we see that the following statements are true. 


D + G/C — H/B — 0, Bı = 0 = 0, τα = ky, 
(19) D: 4+ G/A—H/C=0, A=0:=0, oaks 
D, + G/B — H/A =0, κ συ, a 


The complete statement corresponding to (19)1, is—the vanishing of the 
tnvarient D, | G/C- H/B is the necessary and sufficient condition that the 
cunineé curve το Should degenerate into a point. 

a 


Sooke o! commi toas sS du vus Tivos da the ΡΟ ΡΟ”, 


oa Guives traced by the tangentiais, tangential harmonics, and contact bur 
werit havs heen computed. They are as follows: 
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Tangentials. 
€;A5B, = GG (Ea + G/B — H/C + AC/G + AB/G), 
b,A,C, = — b, H (E, + G/B — H/C — AB/H — AC/H), 
C; AsÁ = — cH (E; + G/C — H/A — AB/H — BO/H), 
a3;A2C, = aG(Es + G/C — H/A + 48/4 + BC/G), 
b:A.As = bG(E, + G/A — H/B + 40/0 + BC/C), 
QAB; = — asH (E, + G/A — H/B — AC/H — BC/H). 


Tangential Harmonics. 
cA, B, = G G (E: + H/C — G/B — AC/G + 48/6), 
b,A,C, = b H (E, + H/C — G/B — AC/H + AB/H), 
CA, As = tH (Es + H/A — G/C — AB/H + ΒΟ/Η), 
A02 = QG (E; + H/A — G/C — AB/G +- BC/G), 
b, ALAs = bG (E, + H/B — G/A — BC/G + AC/G), 
a,A,B, = a3H (E, +- H/B — G/C — BC/H + AC/H). 


Contact Harmonics. 
bA Bı = — a.G(D. + H/B — G/O — 2H/A), 
ci AC, = a4 H (Ds + H/B — G/C + 2G/A), 
AAs = b,H (D; + H/C — G/A + 26/8), 
02Δι0; = — bG (D, + H/C — G/A — 2H/B), 
a,A,A, = — eG (Dı + H/A — G/B —2H/C), 
bsAcBs = cH (D, + H/A — G/B + 2G/C). 


8. System of Linear Differential Equations with Constant Coefficients. 
If the coefficients in system (1) are constants we can assume the solutions— 


g= ael, 
(20) y Bert, 
2 oye, 


where a, B, y are to be determined. On substituting these values in (1) 
and suppressing the factor ὁ"! we find 


(à; — r) a + bB + ey — 0, 
(21) aza + (Us — r) B + czy — 0, 
asa + b3B + (ces — 7r) y — 0. 

For these equations to be consistent the determinant of the coefficients 


must vanish. The resulting cubic in r is satisfied, in general, by three dis- 
tinet values r= r; (i= 1, 2, 3). Substituting in turn each value of r in 
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(39) we obtain the corresponding values of a, B, y. In this way we find 
the three sets of solutions 


(0) = σι = a6, Tg = QC", Tg = gest, 
(22) (y) SAS Bent, y= Baret, Ys = βαθτοῖ, 
(2) mz = yae", Za = ya, Zg = yal’. 


Curves (z), (y), and (z) are equiangular logarithmic spirals. They 
possess the further property noted by Klein * of being transformable into 
themselves by the transformation 


gi erg, 9 
(T) i= 6m, 
Ug eis. 


If λ is regarded as a continuous variable then T constitutes a closed 
System of commutative linear transformations which carry a point of either 
(z), (y) or (2) with parameter ¢ into a point of the same curve with 
parameter -+ À. 

A set of curves transformable into themselves by a system T, has been 
named by Klein W-curves of a system.| The curves (s), (y), and (2) 
possess the further well known property of being projectively transformable 
into each other. 

If we recall the expression (6) and (11) for the tangentials and the 
contact points we see that they are in the present discussion, constant linear 
combinations of the points (2), (y), and (2). From (22) it follows that 
the tangentials and the contact points describe logarithmic equiangular 
spirals belonging to the same system as the curves (x), (y) and (2), i. e., 
they are equiangular with the latter curves. 

We can conclude the foregoing results in the 


THEOREM 8. A system of three first order linear homogeneous differ- 
ential equations with constant coefficients defines, in general, three equi- 
angular, logarithmic spirals under such a correlation, by virtue of the common 
parameter, that the associated tangential and contact curves are also logar- 
ithmie spirals equiangular with the given curves. The curves themselves 
and. the associated tangential and contact curves are all W-curves of a system 

CASCSUS pense. 

‘Matkematische Annalen, Vol. 4 (1871), p. 51: “ cher diejenigen ebenen Cuiven, 

welche Aanreh cin geschlossenes system von einfach unendlich vielen vertausehharen, 


linearen, ‘lronsformationen in sich tibergehen.” 


enas 
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We can summarize the present paper by stating that a system of three 
linear, homogeneous, first order, differential equations in one independent and 
three dependent variables defines three plane curves to within a projectivity. 
Furthermore, there is established between the curves by virtue of their ex- 
pression in terms of a common parameter a point correspondence. 

The properties of this triad of curves are a function, not alone of the 
curves themselves, but of the curves and the correlation established between 
them. ] 
In eonclusion we shall note a few of the problems which suggest them- 
selves in connection with the present paper. 


J. We have found the condition that the contact points be collinear, 
namely A; — 0. We might ask what is the line locus described by the line 
of contact points when the condition A, = 0, is fulfilled? 


9. There is the obvious possibility of extending all of these results first 
{ο four equations in four dependent variables interpretable as defining four 
curves in three dimensions, and finally to n-equations which will define m 
curves in (n — 1) space. 


University OF WASHINGTON, 
SEATTLE, Wasi. 


The Symbolic Development of the Disturbing 
Function. 
By K. P. WILLIAMS. 


1. In the development of the disturbing function, as carried out by 
LeVerrier, one becomes bewildered by the number of series with which he 
must deal. 'The method is elementary in principle, but extremely laborious 
and confusing in practice. The problem is preéminently one for which some 
symbolie method is desirable. 'This seems to have been first realized by 
Newcomb, who gave in the American Journal of Mathematics the first descrip- 
tion of his method." Later he published in detail, with the necessary numer- 
ical tables, a symbolic development in terms of the eccentric anomaly.] In 
practice the development in terms of the eccentric anomaly did not prove to 
possess the advantages that the author had anticipated, and he subsequently 
gave a briefer symbolie development in terms of the mean anomaly, which 
he used in an investigation of the secular variations of the four inner planets. f 


9. In the present paper & modification of Newcomb's method will be 
developed, which appears to the writer to possess certain distinct advantages. 
Α. group of fundamental operators are clearly isolated, and the development 
is effected by means of them. Incidentally certain symbols are introduced 
which possess a simple algebra, and the employment of them does away with 
the use of trigonometric functions, and their continual combination. The 
latter are reintroduced only at the end. The development proceeds according 
to the mean anomaly. 


8. Let y be the angle between the planes of the orbits of the two planets, 
and A and λ’ be the angular distances of the planets from their common node. 
Put o = sin 4y, « = a/a’, where a and α΄ are the semi-major axes of the two 
orbits. Let cn, (n= 1, 8, 5, 7; i= 0, 1, 2, - - -) be the constants called 
by Newcomb the Gaussian coefficients.S They are related to the familiar co- 
efficients bh. used by LeVerrier. by the equation 


vin. αν DD. 1825-209, 
Εν νπο nieal Papers of the Ameriean Ephemeris. Vol. 8, pp. 1-200, 
State teal Papers, Vol. 3, pp. 1-18, pp. 301 378. 
8 Loc. cit.. Vol. δ. p. 339 ff. 
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Cn) = α{π-1)/3 hp D, 
Let 


Ai = οις) — (1/2)? (CP + e0) -|- (8/8) of (o, 9? + 40. (Lp gg 72 


^ (8/18) (e, 696 -- 9e, HD 4 9e, D 4 e, 792, 
B, == (1/9) ος — (8/4) σὲ (c, HP + estt) 
++ (15/16)o* (c, 9*9 + Be, + e 07 2), 
C, = (8/8) 05? — (15/16) 0? (c, D + oD), 
D, = (5/16) er. 
Following Newcomb, put 
V: = iN — ià, 
γιο --- (4 4- 1) — (i— 1) 
γι) = iiam i 


Then, if A; denotes the distance between the two planets, with the eccen- 
tricities neglected, we have * 


oo 
a Ag? = X, (1/2)4: cos Vi (called terms of class 0) 
47-00 


+ o?B; cos Vi (called terms of class 1) 
+ o*C; cos V;(? (called terms of class 2) 


9 - 9 9 


It is seen that we can write 


(1) Ag? = > N cos (vN + pA), . 
with the following identifications: 
Class N μ v 
0 (1/2)Ai/a | —i i, 
1 o*Bi/a’ UNE] id, 
2 o*C./a/ 42 {1-9 
8 o°Di/a’ —i+ 3 i+ 8, 
Next let 


g and g’ be the mean anomalies, 

f and f" be the true anomalies, 

y and y’ be the equations of the centers, 

ω and ω’ be the distances from the common node to the perihelia. 


* Newcomb, loc, cit., Vol. 3, pp. 14, 15. 
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Then 
=v +f=0 +g (i σι +y 
X — f E g' Hy. 


The quantity cos (νλ’ + A) in (1) then becomes 
008 (νω' + no + v(9^ +y) + elg d- 9); 


which may be obtained by replacing g and g’ by g+y and g +y, 
respectively, in 


cos (vo + po -+ vg’ + pg). 


It will be seen that when the expansions are being made we can omit 
e and ’, since it is possible to restore them in the final results. We thus 
work with 


N cos (vg + ag). 


When the eccentricities are to be taken into account we have merely to 
replace a, a’, g, and g’ by r, τ᾽, g+y, and g'-+y respectively. Since 
r and 1”, as well as y and y’ can be expressed in terms of the mean anomalies 
and the eccentricities, it is clear that an expansion in terms of the eccentrici- 
ties and the mean anomalies can be found for A+ where A is the distance 
between the two planets. The problem is clearly so complex that a symbolic 
treatment is desirable. 

We first suppose that the eccentricity of the outer orbit is zero. Nothing 
is therefore to be done to a’ and g’, and accordingly they need not be exhibited. 
We therefore finally reduce the problem to the consideration of the change 
produced in 

N cos ug, 


when the eccentricity of the inner orbit is introduced. 


4. It is characteristic of Newcomb’s method to regard N as a function 
of log a and log a’. Remembering that the ec,“ are all functions of a = a/a’, 
and omitting the quantity σ, we have 


N = (1/4) $ (a/a). 
It is easy to show that 


ὃν 7/0 los a + ON 9 los a? == — N. 


Therefore if we introduce the operators D and D’ defined by 
D ---θ/8 log a, D = 0/0 log a’, 
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we have the simple operative relation 
(2) D+ D’=—1, or Φ'----1--9. 


If further we let 
D = 0/0 log a, 


we can show that 


(3) $ N —DN, 
and therefore by (2), it follows that 
(4) SYN — — (1+ D)N. 


It may be remarked that Newcomb’s development of the Gaussian con- 
stants gave methods of obtaining 


D"A: D™B, υπο D™Di, 


so that the results of operating with D and D’ upon N can be regarded as 
known.* 


5. We turn now to a consideration of the analytic problem involved. 
We first develop a form for the nth derivative of a function of a function 
which is specially adapted to the present problem. 

Suppose we define F(t) from functions G(x, t), x= ¢(t), by putting 


F(t) = θα/ὅᾳ, 
having placed «== (¢) everywhere in the derivative 0G/0z. It is seen that 
we can write 


P(t) = ὃ dG 0 PG ὃ dG 


paterson dd ο αμα 7, ος μάπα, πες a XS 
ὃς dt 7 ee ὃς di^" αμ. ôs at?’ 
provided that dG/di, d*G/dt?, - - ., are all left properly expressed in terms 
of z and f. 

Next consider 


z=f(2), 2—¢$(t). 


We have 
& S (s) 
di ἔα dt/' 
If we let z di be the function G (x,t) above, we have 


di 
dz ð d” ( dz )] 
diu = LN a * 


* Loc. cit., Vol. 8, pp. 42-74. 
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Applying the formula of Leibnitz we obtain 


gwiz 8 åz dz diz da a dig 
x am s Lae ai Ἔν" dex dB tt ae |: 


the coefficients being the binomial coefficients. 

In using (5) it is necessary to leave dz/dt, : : : , d"z/dí" expressed in 
terms of derivatives of z with regard to x, and of x with regard to £, and 
not replace æ by its value in terms of í. 


6. Consider next the following expansion problem. Given a function 
F(a,g); replace a by α-- z, and g by g -- y, where 


T= ah + («,/21) ^? + (83/3 Dh ++ °°, 
y = Rih + (8,/21)h* + (8/8)? ντ. 
Denote the result of the substitution by F (h), and let it be required to expand 
F(h) as a series in h. 


Put 
D = θ/8α, DV — 0/0g. 


It is apparent that we can write symbolically 


F(h) — F(a-- v, g +y) 
= [1+ hs + (05/21) De + (0/31) Ds + - -] F(a, ϱ), 


where D, De, : - are operators, which are polynomials in D and 9’, with 
the customary convention that 911 — 0"F/0a^, etc. 


We are to find the operators Di, Do, ᾿ 
We can write symbolically * 
F(a-F z, g +y) = (exp [29 + y$7]) F. 
This leads us to put 
exp [2D + yD] = E = G (h) 


where 
z — [αι] + (8/21)? +: 19 
+ [Bik + (8/2) JD. 


We have accordingly 


GUA) = G(U) Tn (utr, Gn ja v i (57 ') (t, tb pats 


* Tn necordanec with astronomical usage we let E denote the base of the system 
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The quantity d"G/dh^* is the nth derivative of a function of z, where z is a 
function of h. We can therefore employ (5) to calculate the coefficients 
in the expansion of G(h). It is seen that in the expression for 2 we are to 
manipulate with D and D’ as with ordinary numbers. We can therefore write 





dG oy, ὦ 

dh dh? 

dG ð rdG de dz 

aw ign get ΕΝ , 
PG ô 4:0 dz + dG d d Si ] 
dhe ^ δε Lah? dh dh dh? dis |" 


A little attention to the expressions just given shows that the only way 
in which z enters the quantities within the signs [ ] is through the presence 
of B? as a factor of dG/dh, d°G/dh?,- ++. Since z= 0, when k = 0, and 
since 

(d^ G/dh")1., =D n, 
we obtain 
D, = (dz/dh) no, 
D: = D1(dz/dh) nao + (d’z/dh*) n-0, 
Ds = D2(dz/dh) roo + ἃ D:(d?2/dh*) neo + (d*2/dh*) n.o, 
n ὃ : - . : 3 : ; . . 
dz/dh — (αι + ash +++ )9 H (βι + Beh ++ D, 


d*z/dh? = (& -- ash +++ ADH (BeH Bah +- - oN, 


so that we have finally 
D: = e$ -+ p1Sy, 
De == (αι + BiD’) Di -+ (aD + B29’), 
Ds == (αι Ὁ + BD’) Do + (αι) + LD) ι-- (αι + bD), 
Da = (aD: + βι9') Ds + 8(α:9 + B.D) De + 3( aD + LD) D, 
+ («43 + BD’), 
It would be possible to express Da, Ds, ++- explicitly in terms of D 
. and D, but it would not be advantageous to do so. 


7. We next define fundamental operators as follows: 








WILLIAMS: The Symbolic Development of the Disturbing Function. 115 


θι = a, + BD’, 
(6) 05 = as -- BoD’, 
θε = αν + Bs, 


We can then write: 


D: = b, 
D- --- 0,8), + θ., 
(7) Da — 0, De + 204 Dı + θε, 


Ds = 0, D, + 20. D- -+ 363 EM + bs, 


If it should happen that the function F(a,g) on which we have to 
operate with Dı, D, > - 15 such that the effect of operating on it with the 
fundamental operators 6, 62°: > is to merely replace a single term by a group 
of terms each with the general character of the original term, it is seen that 
the knowledge of the effect produced on F by 6,, θ., - - : leads at once to the 
effect produced by Di, D2, >>>. Such a condition is actually fulfilled in 
the case of the disturbing function, and it is due to this fact that the operators 
owe their power. 


8. We shall proceed now to the application of the general method to 
the case of the disturbing function. 

As stated above we consider the outer orbit to be circular and take for 
the function F(a, g) of 88 5-7 the function 


N cos pg, 


of $3, which represents a term of the expansion of Apt, with the omission 
of symbols that are irrelevant for the moment. 

We are to replace a by r, and g by the true anomaly f. Since we are 
considering N as a function of log a, we must think of replacing log a by log r. 
We can write 

log r = log a + x, 
f=9+y, 


and there are well known expansions for m and y in terms of the cecentricity e. 
g= ea, + (07/2!) a2 -- (9/33) p. 
y = Bit (PPDB: + (8/3) B n. 
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Instead of writing the αι and the βι in their usual trigonometric form, 
we shall introduce a convenient notation. 


We put 
(j)* — Ein 4 cin, 
(iY — Ein. gi. 
where i= V— l1. 


The following relations, easy to derive, and simple to employ, form the 
symbolic algebra for the development. 


Q*G'-Gc-0'-G6—02, AG) = GH e iy, 
(0 (2)*(/)* = G4+2)°+G—2)% = G42) — 4--θ) 


In terms of the new symbol we have: * 


αι —(1/2)(1)*, — e = —(3/4) (2)* + (1/2), 
&s = —(17/8) (3)* + (9/8) (1)*, 
(9) æa = —(71/8) (4)* + (11/2) (2)* + (8/4), 
as = — (1569/32) (5)* + (1155/32) (3)* + (15/16) (1)*, 


βι----ι(1)» b2 = — (8/4).(2)7, 
Bs = — (18/4(3)- + (8/4)ι(1):, 
(10) βι---- (108/8)ι(4): + (11/2).(2)7, 
Bs = — (1097/16).(5)~ + (645/16).(3)- — (86/8γι(1}-, 


9. Since we are considering N as a function of log a, the operator D 
of the general theory stands for 0/0 log a, that is, D becomes the D of 84. 
"Therefore by (3) we have 


(11). DN = DN --ΛΝ, 


where D = 0/0 log a As stated before there are methods for computing the 
values of DN, D?N,- - - for any pair of planets. 

The operator D of the general theory remains 0/0g. In view of this 
and the definition of (7)* and (1), it is easy to see that 


* The symbolic expressions can be obtained by obvious changes made on the expan- 
sions given by Newcomb, loc. cit., Vol. 5. p. 21. It might be said that the value of α, 
which is the least common of the two expansions, can be obtained directly quite easily 
in the form used here, without using the method of development that Newcomb used. 
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(12) DG) =j (i) 


10. We shall now develop the fundamental operators 61, 6,, © - - of the 
present theory. 


We first write 
N cos pg = N'(uy,  N'— N/2. 
Using (6), (9), and (10) we see that 
θι N cos ug = 0N” (p)* 
= [—(1/2) (19 —.(1)-9']N (u)*. 


Remembering that D operates only on N’, and using (11) and (12) 
we find 


ON” (w)* = [—(1/2) (1)* (a)*D + &(1)7 (u) ]N*. 
When this is simplified by means of (8) we obtain 
ON’ (u)* = [—(1/2) { (u + 1)* + (w—1)*}D 
Feile t 1)* — (μ-- 1)3}1Ν’. 


Since only symbolic parentheses with the + sign remain, we can drop 
the distinguishing mark.* Collecting similar terms we have finally 


ON’ (u) = [—(1/2)D + μ1Ν'. (u+ 1) 


+ [—/2) D — a] N’ - (y — 1). 
For 6, we find 


aN” (u)* = [(—(8/4) (2)* + (1/2) ) (&)*D + (5/4) (2)- (x)-] N* 
= [{— (8/4) (u + 2) — (3/4) (n —8) + (1/2) (a) )D 
 n((5/4) (n + 2) — (5/4) (n —2)) ]N? 


which for actual employment is rearranged below. The values of θε, 04, * ee 
are found similarly. 


d^ ang? . ie ree M " 1 "ent i 
EAA a Dia.le ditia c Md dead Alek LOL 
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ON’ (p) = [—(1/2)D + p]N’- (w+ 1) 
+ [—(1/2)D — p] N’: (y — 1), 
ON” (a) = [—(3/4) D + (5/4) «]N" - (e +2) + (3/2) DN’: (μ) 
+ [—(3/4)D — (8/4) 4]N* - (y — 2), 
θεΝ'(μ) = [—(17/8)D + (13/4) p |N" - (a + 8) 
+ [(9/8) D — (3/4) &]N* - (u +1) 
+ [(9/8) D + (3/4) .]N* : (y — 1) 
+ [—(17/8) D — (18/4) uN’: (a —1), 
ON’ (n) = [—(71/8) D + (103/8) .]N* - (u + 4) 
+ [(11/2)D— (11/2)&]N"- (p + 3) + (8/4) DN": (μ) 
+ [(11/2)D + (11/2) pI’ (y —2) 
+ [—(71/8)D — (108/8).N']N - (y — 4), 
ON’ (u) = [—(1569/32)D + (1091/16)μ]Ν΄ - (p + 5) 
-- [ (1155/32) D — (645/16) n]N* - (n + 8) 
+ [(15/16)D + (25/8) Ν΄: (w+ 1) 
+ [ (15/16) D — (25/8) uN’ - (y — 1) 
+ L (1155/32) D + (645/16) &]N* - (y — 8) 
+ [— (1569/32) D — (1097/16) u]N* - (n — 5) 


19. We are now ready to develop the operators Di, De Da's 
Using the relations (T) we have 


D:N’ (n) = &N' (μ), 
Φ.Ν'(μ) = [— (1/2)D + a]? N”: (w+ 3) + [(1/4) D* — p21’ (p) 
+ [(1/4)D?— 2] (μ) + [—(1/2) D — a]? N- (uw —2) 
+ 65 
or using the value of 0, and collecting, 
DN’ (n) = [(1/4) D? + {— u —(8/4) D + {oP + (5/4) 3 JN" * (u + 2) 
+ [(1/2)D? -+ (1/2) D — 2,7 |.N* - (n) 
+ EG/4)P* + {a —(8/4) D + {u° — (5/4) 3 IN": (a — 2). 
For F; we find 
D:N’ (u) = [—(1/2)D + n] (1/4) 95 + {---μ--- (8/4))D 
+ {e + (5/4) μὴ] Ν΄: (u + 3) 
+ [—(1/2)D + n] [(1/2)D? + (1/2)D —3,9]N' (a 4-1) 
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+ [—(1/2)D + (10074)? + {a —(8/4)D 
+ G^ — (5/4) 31A" - (a — 1) 
+ [—(1/2)D — »][ (1/4) D? + (— u — (3/4) }D 
+ (μὴ + (5/4) $3] N: (e + 1) 
+ [—(1/2)D — 1] (1/2) P* + (1/2) D — 9,97 ]N* : (uw — 1) 
+ [—(1/2)D — a] [ (0/4) D? + (&— (3/4))D 
+ {u? — (8/4)pJ1N' - (y —3) 
T 2[—(3/4) D + (5/4)4]1—(1/2) D + μ]Ν'' (w+ 3) 
+ 2[—(8/4).D + (5/4)p] [—(1/2) D — u] N”: (u+ 1) 
T2: (1/2)D[—(1/2)D + a] N’: (u+ 1) 
+ 2- (1/2) D[—(1/2) D — a] N’: (μ--1) 
+ 2[—(8/4) D — (5/4)&][—(1/2) D + a] N’: (y —1) 
+ 2[—(3/4)D — (5/4)&][—(1/2) D — u] N’ : (y —3) 
+ θα. 


Inserting the value of 6; and collecting we obtain, 


DN’ (a) = [—(1/8) D® + { (3/4) + (9/8) D? 
—{ (3/2) μα + (83/8) — (17/8) }D 
pe - (5/4)? + (18/4) n] N’: (a + 8) 
+ [—(3/8) D? + {(8/4)µ + (8/8) ) D. 
+{(8/2) py? + (15/8) y+ (9/8) }D 
— μὲ — (15/4) p? — (8/4) μ] Ν΄: (w+ 1) 
+ [—(3/8) D; + {—(3/4) 4 + (8/8) D? 
+ {(8/2) 44 — (15/8) 4 + (9/8)}D 
+ 39? — (15/4) np? — (8/4) n]N'* (uy — 1) 
+ [—(/8)D* + (— (3/4) + (9/8) D? 
+ {— (8/2) μ’ + (33/8) — (17/8))D 
— p? + (15/4)? — (18/4) n]N* - (uy — 3). 


The actual calculations will not be given further than this. They be- 
come long on account of the inherent complexity of the problem. It is seen, 
however, that the work consists almost entirely of the multiplication of poly- 
nomials. 


1. When we return to trigonometrie functions, it is seen that 


tt N* (n3). Na 4-2), 
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become, respectively, 


"++ N cos (ug + 50), N cos (ug + 29), °° > 


and that operational coefficients on M” will be applied unaltered to N. 

It is also recalled that D,;/s! is the coefficient of e? in the series that 
replaces the term JV cos ug, when the eccentricity of the inner orbit is taken 
into account. 

We can summarize the results as follows: 

When account is taken of the eccentricity e, the single term N cos pg of 
Ao? goes into an infinite series with terms of the form 


II? Ne? cos (ng + 19), 


where II; is an operational polynomial in D, the derivative with regard to 
loga. The letter s takes the values 0, 1, 2, - ^ , while for a given s, the letter 
j takes the restricted set of values 


$, $—2, δ--4, -', —s+2, --5. 


The operators II;? are the operators of Newcomb. 


It is seen that our operator Ds gives a group of Newcomb operators. 
For instance, the operator Ds gives M’, IL,?, I°, IL οὐ. It is to be observed 
that account must be taken of the factor 1/s! in passing from the operators 
to the operators II. 

A few of the operators of Newcomb are given below; they can all be 
obtained from the expressions previously given.* 


I = 1, 
2M: = 2a — D, 
8IL — 4p? + ὄμ -+ (— 4a — 3) D + D2, 
4? — — ἁμὲ + D + 7, 
48I? ---8μ) + δθμὲ + 26μ + (— 124? — 33u — 17) D 
+ (6 + 9) D* — D*, 
161I,? == — 8,4? — 104? — 2u + (4p? + ὄμ + 3) D 
-+ (2u + 1) D? — D*. 
The operators must, of course, be evaluated separately for terms of class 
0,1,2,: --. (See 83). Thus for terms of class 0 we put p — — i. If this 


* Parentheses ( ) are no longer symbolic. 
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be done in the operators above, we shall find that the results agree with those 
given by Newcomb.” 


14. For the sake of completeness we shall show how to take into account 
the eccentricity ο’ of the outer orbit. 

Since introducing the eccentricity ο results in replacing every term of 
Ay! by a series, each term of which is of the same form as the term it 
replaces, and since the introduction of e’ is, from the standpoint of the ana- 
lytic processes involved, precisely the same as that of introducing e, it is seen 
we have merely to apply a second time the processes already developed. 

Consider then the term N cos (ug + νο’). When e and e’ are both 
taken into account, this term will give rise to a series whose general term can 
be written 

IL? (Mp) Nee” cos (ug + v9’ + jg +79’), 
where (Iys) is obtained from II;* by replacing D by D’ — 0/8 log a’, and 
u by v. 

The quantities s and 5’ take the values 0, 1, 2, - - -, independently of 

each other, while for a fixed s and s', 
j =s, 8--3, Ὁ —s+2, —s, 
1 --5', ff —2,°++, —s +2, — 8’. 

The operator D’ can be entirely eliminated, for we have by (4), D = 
—1--—D. 

For the operator (II;*) when expressed in terms of D, Newcomb uses 
the symbol If Q5. We have the rule: 

Το obtain "dre we replace D in Mp” by — 1 — D, and p by v. 

Some of ihe: new operators are: 


Πρι =l, 

$001 —2,--1-4-D 

SIO? — 4^ + ὃν t 4+ (4v 1-5) D + δ᾽ 
4π 03 =a — 4y* + D + D* 


Again, it is necessary to give to ν the value appropriate to the class of 
terms considered before comparing with the results of Newcomb. 
Tt will merely be remarked that it is natural to combine the two opera- 
τούς by writing 
Heg = Up ος 


" Loc. cit, Vol. 5, pp. 27 ff. 
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but it is unnecessary to go into the details. The process is apparent and the 
results are given by Newcomb. 


15. Throughout the work the argument of the angle has been incom- 
pletely represented by the omission of o and o'. It is easy to see how they 
should be restored. For terms of class 0, 1, 2,- - -, we replace 


eos (ug + vg d- 19 +79’) 
by 

cos (Vi + jg +79’), 

cos (Vi) + jg + jg); 


respectively, where 


Vi = iN — i = ζω + 9^) — (o +g) 
V4O) = (i+ 1) (v +9’) — (6— 1) (e 4- 9), 


The results can then be put in a form suitable for computation. 


16. It is seen that the key to the development which has been given here 
lies in the fundamental operators, and the employment of equations (7), in 
which the coefficients are the binomial coefficients. There are only a small 
number of the fundamental operators and relations, and they are all com- 
paratively simple. In Newcomb’s work the existence of a group of fundamental 
operators does not appear to be recognized. The symbolic parentheses are 
of course a minor detail. The usual trigonometric functions could have been 
used. Yet the notation for the latter is at times unfortunately cumbersome. 
In a problem so inherently complex as that considered here, it seems desirable 
to adopt every possible convenience of writing. It appears to the writer that 
the symbols used contribute sensibly to ease of manipulation and to brevity. 


ÍNDIANA UNIVERSITY, 
BLOOMINGTON, INDIANA. 





An Extension of Maschke’s Symbolism.” 


By Nota LEE ANDERSON. 


1. Introduction. This paper considers a generalization of the symbolic 
method of Maschke for representing the invariants of a quadratic differential 
form Σ gijdetdei. According to this method, the coefficients gi; are repre- 
sented symbolically as products of fif;. 

Maschke regarded f; and f; as partial derivatives, 0f/0x*, 0f/0x!, of a 
symbolic function f, and placed 


(1) A= X guda'dz) = (df)? = (X fidit)? 


The possibility of a similar symbolic representation in which it is not assumed 
that 0/1/9104 — 0f;/0x* has been suggested by Wilson and Moore.t This is 
the generalization that is to be considered in this paper. 

As might be expected this generalization does not affect the mode of 
representing first order differential parameters. It is found, however, that 
invariant forms of higher order can best be regarded as invariants of the set 
of quantities g;; together with certain other sets. 

The two dimensional case is discussed in some detail. A geometric inter- 
pretation is introduced,] and certain invariant vectors related to a surface 
are studied. 

The f,(u, v) and f2(u,v) are here regarded as any pair of independent 
vectors, satisfying the relation (1), associated with the point w, v of the 
surface. We find that the plane (called the base plane) which they deter- 
mine has many properties analogous to properties of the tangent plane in the 
ordinary case. The effect of varying the orientation of the vectors f; and f. 
in the base plane is considered only in a special case. 

Normals to this plane which are expressible in terms of the first deriva- 


? Presented to the American Mathematical Society, November 27, 1926. 
+ Differential. Geometry of Two Dimensional Surface in Hyperspace,” Proceed- 
Cao Of te American jeademy of Arts ant Sciences, Vol. 52 (1916), p. 201. 
A geometric interpretation of the Symboalie Method. ef Mo«chke woi made ατα 
ee cer ond eaa) nn da dnenta m the panor n A Sterbohe DEveoireont or tho C yd a 
Hy perspaces Transactions of the Americen Mathematical Society, Vol. 27 (19241, 
pp. 374 599, 
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tives of f, and f, are called the first normals relative to the base plane. In 
general, there are four independent first normals to the base plane instead of 
three as in the usual case.* 

The analogues of the various curvature vectors associated with the curves 
a(u,v) = constant are studied. These vectors in the main have properties 
very similar to the properties of the usual curvature vectors. There ara, 
however, certain novel features. In particular we mention the appearance of 
a new invariant vector. 


9. First order invariants. In order to represent expressions of higher 
than the first degree in gi; by means of symbols, Maschke introduced symbols 
$i yi, οἷο. equivalent to the f: Thus, gijg-s might be written symbolically 
as fif;: pros, and so on. 

The fundamental theorem states that if At, > - -, A" are any n invariants 
of the quadratic differential form G = F gi;dzxidi? in n variables, then β 
times their Jacobian is also an invariant where β is the reciprocal of the 
square root of the discriminant of G. This is written in the abbreviated form 


(4, 42, - ., A"), where the factor β is understood. 
In the usual sense, arbitrary functions are invariants so that some or 
all of the A's may stand for arbitrary functions of æt, - - +, x^. This applies 


to the symbolic functions f, and, likewise, some or all of the A’s may stand 
for any of the equivalent symbolic functions f, 4, y, etc. Again, the product 
of any number of the invariants is invariant. This fact enables us to con- 
struct invariants involving the gi; by writing products in which the symbol f 
occurs in two distinct factors; therefore (f A1--- A" 1)(f B' -++ B+) is an 
invariant containing the quantities gi;. 

In generalizing these ideas, we shall continue to use the symbolism of 
Maschke and let fif; = gi;; where f; and f;, however, are not regarded as 
partial derivatives. It becomes necessary, then, to give their law of trans- 
formation. It has been noticed that the argument by which it is shown that 
(A3, * ', ΑΓ) is an invariant is based chiefly on the fact that the derivatives 
043/02? transform according to the law 


045/0x* — S, (0A1/0z3) (023/019) 
when the variables are changed from ο), ::, v^ to wt: <+, z". In accord- 
ance with this, we assume that symbols f; follow the same law of trans- 
formation 
(2) f, = X f; (004/02) 


with similar equations for equivalent symbols. 


* See Wilson and Moore, loc. cit., p. 304. 
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It is evident that the invariant expressions used by Maschke are still 
formally invariant with this extended conception of the fi, φι, ete. Through- 
out this discussion, it will be understood that parenthesis expressions con- 
taining the symbolic functions have the same meaning as in Maschke’s theory 
except that f, p, ete. represent columns fi, fa cc fua bi, $2 c cos Gay ete. 
instead of derivatives. Some οἳ the elements of the parenthesis expressions 
may be parenthesis expressions themselves, as ((fa)a)(fb). In such cases, 
(fa),, means 0(fa) /02^, ete., and, in general, unless the contrary is specified, 
the elements of a column of any parenthesis will be understood to be the par- 
tial derivatives of the quantity at the head of the column excepting only the 
case of f or its equivalent. 

It is seen immediately that any symbolic invariant expression represents 
exactly the same invariant whether the f; are regarded as derivatives or not, 
provided no derivatives of the fi, $i, etc. appear. 


3. Triple index symbols. The invariant expressions involving first 
derivatives of the fundamental quantities or of arbitrary functions are called 
invariants of the first order. It is clear that the generalization proposed in 
this paper does not affect the representation of such invariants. But other 
invariant expressions may occur which contain derivatives of the fi, that is, 
such quantities as fi;, where fi; denotes the partial derivative, 0f*/027.* Then, 
invariants of this type are called invariants of the second order. 

From the equations fif; = gjj, we find by differentiation with respect to 
αἱ that 
(3) If; = (1/2)0g,;/02*. 


The products fif;; will be denoted by [j&,7]; these are analogous to the 
usual.Christoffel triple index symbols. 

If the equation fif; = gij, where i^ j, is differentiated with respect to 
z*, we obtain 


(4) fifi + fifi = 0gi;/0x*. 


In the usual treatment the expressions [7j,/] and [ji, k] are the same 
so that the equations (3) and (4) are sufficient to determine all of the triple 
index symbols in terms of the derivatives of the fundamental quantities. 

Here, however, this is no longer the case. But if notations, P, Q, ele, 
Boo introdnieed. for a sufficient number of these symbols, all may he expressed 


oe τὸν . 
ag 6e 8 ost € cota o εστι 


Whenever double sub eripts occur with o symbolic quantity, the second one 
plways denotes differentiation, 
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Furthermore, it is possible to express several combinations of fijfim and 
fifjcm in terms of the quantities gi; together with the additional quantities 
just mentioned. 


4. Geometric interpretation. A geometric interpretation of this sym- 
bolism for the two dimensional case will now be considered. Throughout the 
remainder of this paper, we shall let u and v denote the curvilinear coordi- 
nates of a two dimensional surface in space.* We shall also from this point 
on consider 

Ju = E, θιε--Ε, gs—G, 


except in eases where it is advantageous to use the coefficients g;; in the 
formulas. 

As has been referred to previously, Maschke used the symbol f; as 0f/0xt. 
To interpret this geometrically, f(u, v) may be regarded as a vector from 
some arbitrary origin to points of a two dimensional surface in space. Hence, 
at each point, f, and f; will be considered as a pair of vectors which are the 
partial derivatives of f, with respect to u and v, and therefore are tangent to 
the parameter curves, Ὁ = constant and u= constant, respectively. Thus, 
fı and f; lie in the tangent plane to the surface. In this case, of course, 
f 19755 f 31» 

Under the proposed generalization, the f,(u,v) and f2(u,v) are inter. 
preted as any two vectors associated with the point u, v of the surface subject 
to the conditions that f;? = E, fif: =F, and f.2=—G. The products fif; 
will be regarded as scalar products. The plane which these vectors determine 
will be called the base plane + of the corresponding point of the surface, and 
the vectors themselves will occasionally be referred to as the fundamental 
vectors or base vectors. The base plane and the fundamental vectors fi, f. 1 
will be called the basis [fi, fe]. 


* This space is of unspecified number of dimensions. 

1 The introduction of an arbitrary base plane at each point of a surface in the 
place of the tangent plane is very similar to the introduction of an arbitrary line at 
each point of a curve instead of the tangent line. The effect of replacing the tangent 
vector to a curve by an arbitrary vector function of the are length or other parameter 
was considered by W. Fr. Meyer in the paper, “ Ausdehnung der Frenetschen Formeln 
und Verwandter auf den R,” Jahresbericht der Deutschen Mathematiker Vereinigung, 
Vol. 19 (1910), pp. 160-169. 

A similar method has been recently employed in the study of Riemannian geo- 
metry. See Eisenhart, Riemannian Geometry, p. 73 and p. 107 where further refer- 
ences will be found. 

4 From this point on bold-faced type will be used to indicate vectors. 
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It should be mentioned that the formulas of the theory will depend not 
only on the base plane but on the orientation of the fundamental vectors as 
well The study of properties independent of this orientation is not included. 

Since in the general case the restriction that fıs = fa is removed, the 
quantity [ιο is considered as independent of the quantity fa. 

If in a special case the fı, f. are the derivatives of a vector f, they are 
regarded as tangents to the parameter curves of the surface, and the base 
plane becomes the tangent plane. This case will be known as the ordinary 
or usual ease. It is clear, however, that when the base plane coincides with 
the tangent plane, the fundamental vectors fı, f. need not coincide with the 
tangents to the parameter curves. This will be illustrated in the special case 
which is considered in the next articles. 


5. A special case. We consider here the case in which the base plane 
coincides with the tangent plane. There are first developed a number of 
general formulas which will be valuable later for purposes of reduction. 

From the scalar products, 


(5) {ιτ E, fih- =F, fof2 = 6, 


we deduce by differentiation the following equations for the triple index 

symbols: 

(6) [11,1] = (1/2) Hs, [21,2] = (1/2) G, [21,1] + [11,2] =F, 
[12,1] = (1/2) He, [22,2] = (1/2)G@2, [12,2] + [22,1] = Fs. 

It is convenient now to introduce the additional quantities, P, Q, etc. men- 

tioned in section 8. Therefore, we shall let [11,9] — P and [92,1] = Q. 


The Christoffel triple index symbols of the second kind will be used 
throughout this paper and are defined in the usual manner by the equations 


k T 
(7) ud =X g" [ij m]. 
That is, 
1 
{ 19 \ = g“ [12,1] + g?[12, 2], etc., where 
(8) g” — Gp", g? -— Fe’, g == — Fp*, g” euet EB. 


We may, also, express the triple index symbols of the first kind in terms 


toai tmd S aulaye reU Poi]. * ot Y 
n ΠΡ ap αλ νο we baat ο CRUE BLetindy 


(9) [jp ο... 
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and by this relation we have equations of the type 


[11,1] = gu tu + gs tu 


By taking the second derivatives of f? — E, f; = G, and fif: =F, 
several combinations of fixfim and fifcim can be expressed in terms of E, FP, 
G, P, Q, and their derivatives, such as 


, fafu + fofin = P, faufzs— fiofa = P, + Qı — Ένα, ete. 

Now if the base plane coincides with the tangent plane the vectors f, 
and f, must be tangent vectors; they are therefore linearly expressible in terms 
of the vectors tangent to the parameter curves. 

In the remaining portion of this section and in section 7 the notations 
Φ: and ə will be used to denote vectors tangent to the parameter curves 
v = constant and u == constant, respectively, subject to the conditions 

p= F, PP = F, Q= 

It is clear from these equations and equations (5) that the cosine of the 
angle between the vectors €, and €, is the same as the cosine of the angle 
between f, and fz, and the angles themselves are either equal or supplement- 
ary. We consider the case in which they are equal. 

Let 0(u,v) denote the angle between f, and φι which is also the angle 
between f, and φ,. We then have the formulas 


fı Ecos0, f9 = G cos 6, 
and therefore 
(fiei)/E = (f2%2)/G = cos 8. 


These equations enable us to determine the coefficients p, q, m, n in the fol- 
lowing equations : 

(10) fr = pei + q%2, 

(11) fe meine. 


If (10) be multiplied by Φ:, and (11) by Φ., the equations 


p= cos 8 — q(F/E) 
and π--οοβθ--πι(Ε/Ω) 
are obtained. 
If (10) be squared, we find after substituting the value of p, that 
q = (E sin 0)/(EG — F?)*%; * consequently, 


p = cos 6 —(F sin ϐ)/ (EG — F?) 4. 


* The use of the opposite sign for g is equivalent to reversing the angle 0. 
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Again, when (10) is multiplied by (11) and the substitutions for p, q, 
and πι are made, we have after simplifying, m — (— G sin 0)/ (EG — F?)*5, 
and consequently n — cos 0 + (F sin 0)/ (EG. — F°?) *. 


Equations (10) and (11) may now be written 


fı = (eos 0 — BF sin 0)«, + (BE sin 0) $2, 


fa = —( BG sin θ)φι + (cos 0 + BF sin 0); 
where 8 = 1/ (EG — F?)*. 


From these we can compute the derivatives of the base vectors, fı and fz, 
with respect to u and v, 


fu = [cos 0 — BF sin θ]φι; + [BE sin θ]φοι 
-- [eos 6— BF sin θ]ιφι + [BE sin θ]ι9»; 
fi; = [eos 0 — BF sin 6] 912 + [BE sin 0] $22 
+ [cos 0 — BF sin 0]««; + [BE sin θ]ρφ»; 
for = — [8G sin θ]φιι + [cos 0 + BF sin 0]921 
— [8G sin θ]ιφι + [cos 0 + BF sin 0]:€:; 
foo = — [BG sin 0]%12 + [cos 0 + BF sin ϐΊφ.; 
— [BG sin θΊεφι + [cos 8 + BF sin θ]οφε. 


If the scalar product of f, andfi, is computed, P = [11,2] is obtained 
in terms of E, F, G, and 0. In a similar manner, Q = [22,1] can be found, 
and thus by equations (6) all of the expressions [ij, k] are known. 


6. Normal vectors. By normal vectors we mean vectors that are orthog- 
onal to the fundamental system of vectors, that is, in this ease vectors orthog- 
onal to the base plane. The vectors f;; are in general oblique to the base 
plane, but there exist normal vectors expressible in terms of the fundamental 
vectors fı, fe, and the vectors fi, fie, fer, feo. Such vectors will be called 
first normals. Since fii, fis for, f22 aTe as a rule independent, there are in 
general four independent first normals. This paper is for the most part con- 
cerned only with those cases in which these are independent. 

One such set of four independent normals is given by 


m 
12 ο ο dt y. 
(12) ef. oP Ls / 
Ic is shown easily that Ni; and fe are orthogonal, i. e. Νιλ -θ. Tf (12) 


επ Ηχος. by f; 





fi Ni, — Lij, hy > ftn 1 m" 9 
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Hence, it follows immediately from (9) that 
fii; — 0. 


There are, of course, other sets of independent first normals. In some 
eases the following set is more convenient, 


(13) a= ¢:(fb):, b—4(fó)u C= φι(/φ)ε, ε--φι(/φ)ι." 
It is readily proved, for example, that $1(f$); is a normal vector. 


(fó)i = Bil fide — [οϕι] + BLfuiés — fagi + fiber — [οϕιι]» 
and if this be multiplied by φι, 


φι(ήφ)ι = Bil Pf. — Efe] + BLP fa — Efa + [21,1] f. — 11, 1]f2]. 
Simplifying and substituting the values of fi, and fe: from (12), 
φι(/Φ)ι = {BF + 8[21, 1] fi — (Es + 8[11, 1] } fe 


EROS. {1} h+{ 4, o emm {ob 45 τα} fo 
= (&F + 81,1) - ge (1) —en (o Dh 


2 
— (ab + gp1,1] — ge {ob ΕΡΕ d, fet ENS — BEN. 
Since 8 = 1/ (EG — F?)5, 


Bi = —(E,G + EG, — 2FF,)/2(EG — F°)" 
= — p? [ (1/2) BiG + (1/2) G,E — FF], 
and by (6), 


B; = — B*G[11, 1] — &*E[21, 2] + &F[21,1] + F(A, 2]. 
Now by substituting this value £, in the last equation for φι(/φ)ι, we 
find 
a= pı (fọ) = B(FNi, — EN). 


In like manner, 
b= φε(/Φ). = B(GNi2.— FN), 
(14) c= di(fàó)s = B(PNi2 — EN 22), 
d = ϕι(/Φ)ι = B(GNi: — FN2:). 


It is obvious that these are normal vectors. 


9 (fo), and (fo), denote the partial derivatives 0(fo)/àu and δ(/9) /av. It 
seems preferable in formulas of this kind to print only the notation f whieh appears. 
just once, in bold-faced type to indicate the vectorial charaeter of the expression. 
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We can now show without difficulty that the invariant vectors 


(15) (pa) ((fb)a), (Φα)(ψα)((/4)ψ), (ψΦ) (ya) (Po) 2), 


where a denotes a function of u and v, are normal vectors since it is possible 
to express them linearly in terms of a, b, c, and d. 
For example, 


(Φα) ((fe)a) = β[φια» --- Goa ]B[ (fb): a2 — (fb) αι] 
= pg? [φι({φ): a, — Qı (fọ): 6140 — $s(fó)i 0305 
— éx(fó)s αι" 


= a; a — h:t (c — d) + αι. 


By expanding in a similar manner it is found that the invariant vector 
(Vo) (9 (fo) ), is also a normal vector. (In the ordinary case this vector van- 
ishes identically.) * 


Thus, (9$) (V(f6)) = B'C[yads — ψεφι] [Vs (fb) 2 — 92 (f0)11) 
== B*(Eb — Fd — Fe + Ga). 
If the values of a, b, c, d from equations (14) are substituted in this, we 
obtain 


(16) (V4) (ψ(/Φ)) = B[Ni;; — Na] =j. 


There is another invariant normal vector, 


(64)9) = β[(΄φ)ιφ:--- (fb) obs], or by (18), 
(17) ((f¢)$) = B(d — e) = h*. 


It should be observed that the vectors h* and j do not depend on an arbitrary 
function a. 


7. Application to special case. It will be recalled that in the discussion 
of section 5 the base plane was made to coincide with the tangent plane to the 
surface and the fundamental vectors fi, f. to differ from the tangent vectors 
Pı $. only by a rotation through the angle 6. In this special case, it is 
possible to express the invariant normal vectors j and h* in terms of 6 and he, 
where R = 8 (d — ο) in the ordinary case. 

First, let us expand A, regarding the €, and Φ. as tangent vectors, in 


seo L. dugold, loc. cit, p. 580. 
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h = B(d —e) = β[(φψ)ιψε--- (Sy) ae] 
ΞΞβ{βι [eus — Payı [Wo — Ba [Φιψ. — $9244 | or 
+ Biel Puy — Φοιψι + Papar — 92/11 
— Bir [Sieve — Φροψη + Pies — Φοψιο] }, 
where ψι ya are equivalent to «i, >. 
Simplifying and collecting, 
h == BB (φι — Εφ.) — BBa (Fe, — Εφ») 
+ 8*(G«i, — 2F G12 + E92) 
+ A ( [21,2] + [22,1]) — 8*w;([11, 2] + [12,1]), 
where we make use of the fact $1. — «$4. 
Thus, h == B7[ G1. — 2F G1. + E922] + terms in 9, and Φ.. 


Next, we shall consider the invariant normal vector j= (ψϕ) (ψ(}ϕ)) 
= B[Ni2— Noi]. When the values for Ni. and Na, from (12) are substi- 
tuted in this equation, 


j—-Bfa— i] &— i] hte οι bat {or } 1. 


Therefore, 
j= Bl ft2 — fa] -+ terms in f; and fo. 
From the values for fi; and fz, obtained in section 5, 
fio — for = B sin 0[G«,, — 2F G12 + Epa] + terms in «€; and 9o, 


where 9, and Φε denote the tangent vectors to the parameter curves. It will, 
also, be recalled that f; and f. can be expressed in terms of €, and Φ,. Asa 
result of this, j can be written 


j= (sin 6)h + terms in f, and fe. 


Since j and h are normal vectors, the terms involving the tangent vectors, 
fı and fe, will vanish. Hence, 


(18) j= (sin 0) h. 

Lastly, we shall consider the normal vector h* = ((fff) with f' 
equivalent to f. When it is expanded in a manner similar to the expansion 
of j, 

h* = f? cos 0 {G91 — 2Ρ̓φι; + E922} + terms in fı and fa, 


which may be written 


h* — (eos 0)h + terms in f, and fə 
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By the same reasoning as in the above case, 
(19) h* — (cos 6)h. 


8. Polar directions. We shall now consider the curves a — constant on 
the two dimensional surface whose coórdinates are u and v. 

If the quantity V is a scalar function of u and v, the invariant 
(Va)/[(fa)*]%, is the same as it was before this generalization was made. 
That is, (Va)/[(fa)?] 5 = dV/ds, which is the derivative of the scalar quan- 
tity V with respect to arc length s along the curves a = constant.* 

But this is not true with (fa)/[(fa)?]'5, which will be denoted by t, be- 
cause f, and f; are not 0f/0u and 0f/0v. This, however, is an invariant vec- 
tor lying in the base plane. Any scalar multiple of this vector (fa) will be 
called a polar vector of the curve a = constant with respect to the basis. The 
direction of this polar vector may be called the polar direction. There is a 
polar direction corresponding to each point of the curve a — constant. 

It should be noted that by this definition of polar vector, the vectors 
f. and f. are the polar vectors of the parameter curves v — constant and 
u = constant, respectively. 

If this same operation is performed on £, (ta)/[(fa)?]* results, which 
is really dt/ds since t, and t, are 0t/0u and 0t/dv, respectively. This vector 
is orthogonal to the polar vector, because t? — 1 and t(dt/ds) = 0. 

The vector (ta)/[(fa)?]'5 will be called a principal normal to a == con- 
stant, relative to the basis, and its magnitude will be known as the first 
curvature relative to the basis. Usually these expressions will be called sim- 
ply the principal normal, and the first curvature, the relation to the basis, 
being understood. In general, as has already been mentioned, a normal 
vector means a vector orthogonal to the base plane. 

Instead of the polar vector (fa) to the curves a — constant, we consider 
any vector function of u and v in the base plane, say αι}; + c.f», where αι 
and ας are functions of the codrdinates. Suppose there exists a function b 
such that 0b/0u — — λα, and 0üb/0v — λαι, where A is a proportionality factor. 
In this case, (V6) /[(f0)?]5 — dV /ds, where s is the are length of the curve 
b — constant. (fb) —A(efi-- c.f.) which is the polar vector to b == con- 
stant, and (Vb) —A(Via, + Vsas), hence, 


(Vb)/| (fb)? |? — (Vio; + Voas /[(fio + feas)” |^. 


LEA Hh — 7j.: is fhe polar vector œ 8 curve 6 — constant. ΤΕ tollows that 








* L. Ingold, loc. cit., p. 583. 
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the derivatives of any point function with respect to are length along b = 
constant is obtained by writing V,, V. (that is 0V/0u, 0V/0v) instead of 
fi, f2 in the expression for the polar vector and dividing by the length of the 
vector. 

As an example (/φ) (Φα) is the polar vector of the orthogonal trajec- 
tories of a = constant. If we denote arc length along one of these curves 
by «e, 

dV /ἀσ — (V4) ($a)/[(fa)*]**. 


We have used the relation [(f¢) ($2)]? — (fa)? which is easily shown 
io be true. 


Let k = 09) (Φα) (fv) (να), 


and let f in the third factor be interchanged with each element of the second 
factor; then 


k — (fe) (of) (αφ) (9a) + (fe) (fa) (oy) (ya) 
= 2 (ya)? — k. 


Thus, k = [ (f$) (ġa)? = (fa)? 


9. The principal curvature vector. The polar vector of the curves a = 
constant may be written either in the form (fa) or (f$) (v4) (ya), and from 
each of these forms it is possible to determine the curvature vector of the 
curves @ = constant. 

If we find the curvature vector d£/ds from the equation 


t= (fp) (99) (ya) / [(f2)*] 5, 
dt/ds == (yq) (ya) ((foó)a) /(fa)? + a vector in the base plane. 
The first term is normal to the base plane, and the others lie in the base plane. 


The base component is more easily obtained from £= (fa)/[(fa)?]%, 
and in this case 


dt — ((fa)a) (Φα) ((ga)a) 
ds — ^ (4a)? [as — 49 


Let ((fa)a) be resolved into its base and normal components, 
((fa)a) = p(fa) + a(fà) (Φα) +N. 


Since (fa) and (f$) (Φα) are orthogonal to each other, we may multiply this 
equation first by (fa) and then by (f¢)(¢a) and find that 


pe (0) — , (ᾠα)α)(ψΦ) (ga) 
(fay? (jaye 
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Now, 


dt _ ((Ja)a) (96) ($a) g 
ds ~~ [ (fa) 11: (9) (θα) + X. 


From these two expressions for the curvature vector the base component and 
the normal component may be obtained, and 





dt a α)α a a 
T at L (D (40) (0) jo) -- το ουν 
If we denote the vector of unit length in the direction of (/Φ) (φα) by 
* and the normal component of the curvature by œ, (20) becomes Tat -|- œ 
where Ta is the differential parameter 


(ye) (Φα) ((ya)a) 
[V (Fa)? 

When fi —0f/0u, f, == 0f/dv, the differential parameter Τια is the geo- 
desic curvature of the curves a — constant. Generalizing this idea we call 
T,a the geodesic curvature of the curves a = constant relative to the basis 
[fo fel. 

The curves a — constant determined by T,a — 0 will be called the geo- 
desie of the surface, relative to the basis [f1, fe]. These will be called merely 
geodesics and geodesic curvature hereafter, the relation to the basis being 
understood. 





10. Other curvature vectors. If we use o to denote are length along 
the orthogonal trajectories of the curves a == constant, we are able to find, by 
methods similar to those used above, an expression for d£/do ; also, expressions 
for d*/ds and dt/do may be found. 

















If we let 
Για... M9) (fa) (θα) (($2)0) B— (Φα) (θα) (({ϕ) 9) 
? [Aa]? i Δια ? 
(21) 
Y - (yp) (wa) (θα) (({ϕ)0) 5. (990 CCF)4) 
Δια 3 Δι“ $ 


where Δια = (fa)?, the entire list of curvature vectors may be written 


dt/ds = Ys + a, dt/do = — Taunt + Y, 
OG de --T atA- B, deu. Dat 1-8, 


bu usse cquauons & and B denote ie normal components of the curva- 
1570 vectors of the curve 0 ~- constant and its orthogonal trajectory, Y denotes 
the normal component of dt/da, and & the normal component of dz/ds. 
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b = constant, and shall denote by s and σ the arc length along b and along 
the orthogonal trajectories of b — constant, respectively. 
The curvature vector of the curves defined by this polar vector, 


(fa). 69) ($a) 
PEL IPP pepe TI Days ? 


has the form 


Hu V o EET 9 ou (pt + q7, $) (Φα) 
ds ΠΠ: [ (a)*]* 
τ d 
e Mm ] ru un q7] 


where s, and σα denote arc length along a = constant and the orthogonal tra- 
jectories of a == constant, respectively. 

We may list the curvature vectors of the curves defined by the orthogonal 
unit vector, gt — p7, and the cross curvatures as follows: 


d[gt—p»*] — " d[gt — pt] j d[gt — p7] ; 





do dsa doa 

d[gt — pt] d[gt — pt] d[gt — pi 
ds E. dg ο. do, ° 

d[pt +97] |  a[pt+ qt] κ g Sint +47]. 
ἆσ q dsa doa 


When these equations are expanded, the curvature vectors become 


d[pt + στ] 


ds = Gi(gt — pt) + p^. + pq Ct +8) + gR, 

d[gt — 

serm) = Gs(pt + qt) +g? — (v +8) + pp, 
(25) 

d[gt — 

at) = — G (pt + q7) + pga + η — p3 — po, 

d[pt 5 

[p i du — G. (gt — p) + pga + q^'8 — py — pqB, 

DEC (pe) (Φα) 
ne G, [44]5. + Es — pli + qrs, 
pee | èug- 


Jf p — cos 0 and g = sin 0, the normal components of (25) in the now 
system are: 
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a — o. cos * 6 + (Y + ὃ) sin 0 cos 0 + B sin? 6, 
(26) B — a sin? 6 — (Ύ +38) sin 0 cos 0 + B cos? 6, 
Y = (a — B) sin 0 cos 6 + ¥ cos? 6 — 9 sin? 6, 
gu (a — ϐ) sin 0 cos 0 -|- 8 cos? 6 — ¥ sin? 0. 
From this we get ΝΕ 
a+ Ê= a + B= μὴ, 
œ -+ B is therefore independent of the angle 6. 
The vector 8 — Y is also invariant, that is 


δ--γ--δ--γ--} 


In (25) we denoted by G, the geodesic curvature of the curves having 
pt -|- q7 as the polar vector and by G. the geodesic curvature of the curves 
having qt — p7 as the polar vector, i. e., 


(27) G, = — (dq/dsa) + (dp/doa) — pr, + qVs, 
G, — — (ἀρ/άει) — (dq/des) + ατι + ps 


If p = cos Ó and g = sin 6, 


(dp/ds;) = — sin 6(d0/ds;) == — q(d0/dsc), 
(4ᾳ/ σα) = cos 0 (ἆθ/ ἆσα) = p(d0/dos), 
(dq/dsq) == cos θ( ἆθ/ἆδα) = p(d0/dss) , 
(dp/dos) = — sin θ(ἆθ/ ἆσι) == — q(d6/do«). 
We know that 
(dV/ds) = p(dV/dsa) + q(dV/doo) 
and (dV /do) = q(dV/dss) — p(dV/doz). 


Therefore, by substituting these results in the equations for G, and G2, 


(28) G, = — (d0/ds) — pT, + gre, 
Gs» = (d0/do) + qr, + pYs. 


This is a generalization of a known result.* 


UNIVERSITY OF MISSOURI, 
COLUMBIA, MISSOURI. 


* See Eisenhart, Differential Geometry, p. 150, Ex. 17. 


On the Approximate Solution of Fredholm’s 
Homogeneous Integral Equation.” 


By ΠΑΟΠΕΙ, BLODGETT ADAMS. 


Introduction. A number of papers] have appeared since Fredholm’s 
memoir on integral equations which are concerned with the effect on the 
solution of a change in the kernel. In fact Fredholm [ himself obtained a 
formula for the first variation of the determinant D(A). With the excep- 
tion of papers by Tricomi $ and Viterbi,|| however, the results leave one in 
doubt as to the bounds of the changes in the solutions corresponding to a 
given change in the kernel. The former considers only the non-homogeneous 
Fredholm integral equation, while the latter treats systems of non-homo- 
geneous integral equations of the first and second kinds of the Volterra 
type. The present paper gives a method for determining bounds for the 
change in position of the zeros of the determinant D(A), and the changes 
in the solutions of the homogeneous Fredholm equations 


* Presented to the American Mathematical Society, May 1, 1926, under the title, 
“The solutions of Fredholm’s homogeneous integral equation as functionals of the 
kernel.” The results of this paper were obtained in 192] and are to be found in a 
manuseript deposited at that time in the library of Radcliffe College. Inequalities 
were derived there which are practically equivalent to (4), (5), (7), and (8), published 
later by Trieomi (cf. note § of this page). His inequalities possess certain advantages 
over those obtained by the writer, first because of his use of an extension of Hada- 
mard's determinent theorem where the writer used that theorem itself, and secondly 
because of his introduction of the function Q(z) and its derivatives. 

+H. Block, in “Nagra variationsformler inom integralekvationernas teori,” 
Acta Universitatis Lundensis, Lunds Universitets Årsskrift, Nova Series, Medicin 
samt Matematiska och Naturvetenskapliga Amnen, Vol. 7 (1911), pp. 3-34, finds formu- 
las for the successive variations of the resolvent kernel. characteristic values, and 
fundamental solutions corresponding to a variation in the kernel and incidentally 
obtains essentially Theorems I and II of this paper. His method, however, gives no 
bounds for the changes in the solutions. 

4“ Sur une classe d’équations fonctionnelles,” Acta Mathematica, Vol. 27 (1903), 
pp. 379-381. 

§ “Sulla risoluzione numerica delle equazioni integrali di Fredholm,” Atti della 
Reale Accademia Nazionale dci Linect, Rendiconti, Classe di Scienze Fisiche, Mate- 
matiche, e Naturali, Series 5, Vol. 33 (1921). 1° Semestre. pp. 483-456; 2° Semestre, 
pp. 20-30. 


“Sulla adsolnzione approssimata delle ο mazioni integroi di Voltona ο ca 


ἡ 
ers ιν » 


toa dec tH, Feeadicomii, Series 2, Voi do (1002), pp. 102,- 1060. 

Dacenualitie- obtuined are stronger then they need be theoretically: ef. G. € 
Ae rea. ος W., V. LovitUs “Linca Integrcl Equations,” The Americaa 2athemati- 
thy ates Val RA 11977) n 140 
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b 
(1) ola) +A f, K (2,8) $(s)ds—0 


(2) vy) 1-λ [χων y(s)ds=0 


corresponding to a small change in the kernel, where K(s,y) is real and 
continuous in the region a z X b, a cm y E b. 

It is well known that when K(z,y) is expressible in the form 
Σ φιίῳ) ψι(γ), the solutions of (1) [or (2)], which are in general infinite 
Serien involving multiple integrals, are particularly simple.* This fact sug- 
gests the possibility of obtaining approximate solutions for (1) [or (2)] 
by substituting for the given kernel an approximate one of the above type 
and solving the resulting equation. The results of this paper enable us in 
most of the interesting cases which arise in practice to determine bounds 
for the error thus incurred.t 


1. The change in a zero of D(A), D(A) being known. Let X— A, be 
a zero of D(A) of multiplicity n, and let D be a circle about A, of radius p 
to be determined later, such that P does not contain in its interior or on its 
boundary any other zero of D(A). Let D(A) be the Fredholm determinant 
corresponding to a new kernel K(z,y). Then a necessary and sufficient 
condition that D(A) and D(A) have the same number of zeros within I is 
given by the inequality 


(3) (1/29 [͵ (D'09/D0) — D(a) /DA)] à < 1; 


it is clear that this means that the integral on the left is zero, but for our 
purposes it is more convenient to write the condition in the form (8). We 
shall find an e > o so small that if 


| £(z,y) — K(z,y) | <e (aSeSb, a=ySb), 
the inequality (3) will be satisfied. 
Let | K(z, y) | be < K and eSF in the region a z b, am y m b. 
Then Trieomi] deduces inequalities which we prefer to write in the fol- 


lowing form: 


*'T. Laleseo, Introduction à la Théorie des Equations Intégrales, Paris (1912), 


pp. 49-52. 
T Cf. Note 1 p. 144 and Note 1 p. 148. 
t Loc. cit, (16). In $6, Tricomi gives a table of values of the function Q(z) 


correct to four decimal places as œ varies from 0 to 1 at intervals of .05. 
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(4) [DQ)— DQ)| < e |à |@—a)% [|à ](6 —2) (K + E)] 
(5) | D(z, y,A)— D(z, ψ,λ)| < (e [| à | (b —a) (E + E)] 
+ [|à |(@ — a) (K + E)] o"[| A] (5 —a) (K + E)]) 
where Q(z) = Σ (n*?/n!) z”. Similarly we could prove 
(60 — |2'Q)—P'Q) | < e (b—a){ |à] 6 —2) (E + E) 
xo" [JA] (b—2a) (K+ E)] +r []A](5 —a) (K+ E) ])- 
Tricomi also derives the relations * 
(7) | D(A) | <O[]A] (6—a)K] 
(8) | D(z,y,) | < Ka’ [|à] (5—2a) Κ]. 
To find a lower bound for D(A) on the circumference T of radius p, 
we suppose D(A) developed in a power series about the point Ao; i. e. 
(9) D(X) = co (A—Ao)* + οι (Ado) EF τ: 
= (A— ào)” [00 + ει (A — Xo) Mesue ] 
where 0030. Thus if we denote |co| by c and a bound for [οι |, 
($—1,9,... ), by C, and if we choose p < 6/(6--20), we have, since 
€ |A—2A)/(1—]|4—2]) is < c/2, 
| D(A)/(A—Ao)” | = [c—C {] A—do | +] A—Ao |? + °° Ἡ 
--ο--Οἱἰλ--λο]/(1--|λ--λο]) 
or 
(10) | D(A)/(A— Ao)" | > 6/2. 


Hence on a circle T about ào of radius p < c/(c + 90), | D(A)| is > cp"/2 
and furthermore, D(A) will have no second zero in this circle. 
From (9) we have also on the circumference of T 


(11) | D(A) | 5 e" [c + Ορ/(1--ρ)]. 
Similarly if we denote [c + Cp/(1—p)] by F(c,C,p) we obtain on T 
(12) | D’(A) | E ng F(c, C, p) + p" F' (c, C, p). 


where F” indicates the derivative of F with respect to p. 


Now | D’ (4)/D(A) — D'(A),/D(A) ' may be written in the form 


| PONY EDA) = PAY! POAYEPTOY DOAN | 
| LKA) PA) 


* Loc. cit. These are essentially inequalities (14). 
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Therefore if we set L= (| ào | + p) (b — a) (K + E) and if e is chosen so 
as to satisfy the condition 

(18) e < op"/{2( | Ao | +p) (b—a) 2'(L)} 

we obtain from (4), (6), (10), (11), and (12) the following inequality 
valid on the circumference of T: 


| D’(A)/D (A) —D’(a)/D (a) | 


{nF (c, C, p) + pF" (c, C, ϱ)} εί Do | +p) © — a) Ω/ (1) 
» + pf (c, C, p) «(b — a) {LV (D) + o'(D)) | 
| (cp/2) (25/8) —e (| M | + P) (0 —2) 9 (L)) 


It follows that condition (3) will certainly hold if e satisfies the inequality, 


(14) e< ep/2(b— a) [( | ào | +) € (D) (e -- 2nF(c, C, p) 
+ 2pF"(c, C, p)} + pF (c, C, p) (LO (D) + ο’ (D))]. 





Thus D(A) and D(A) will have the same number of zeros inside the circle 
about A» of radius p < c/(c + 30) or in other words D(A) will have exactly 
n zeros à; satisfying the condition | Ao — Ài | € p. 

2. The change in a zero of D(A), D(A) being unknown. In practice 
we do not know D(A), and so cannot determine c and C directly. This 
difficulty we meet by developing a method of trial and error which gives the 
desired information. 

Let À be a zero of D(A) of multiplicity à. Consider a circle T' with 
center at à and radius p < ὅ/(ὅ-|- 96), where ὅ and © have the meanings 
for D(A) that c and C have for D(A). We thus obtain the condition under 
which ñ zeros of D(A) lie in the circle | A — A. | = p by replacing Ao, P ο, C, 
and n by Ax, p, &, Č, and ñ respectively in (14). 

If this condition is not fulfilled, we take a better approximation to 
K(«#,y) and try again; in case of a second failure we take a still better 
approximation, and so on. If the multiplicity of A, is always the same as 
that of the corresponding zero of D(A), c will approach a limit not zero as 
Κία, y) approaches K(«, y) and the above mentioned inequality can event- 
ually be satisfied if we carry this process of repeated trial far enough. I£, 
however, we are unable to satisfy the inequality, we conclude that the zero 
of D(A) corresponds to several zeros of D(A) and so improve the approxi- 
mation until it is ‘clear that the zeros of D(A) are gathering into groups. 
Suppose for convenience Αι, λα, and λε to be such a group. 

Accordingly in the neighborhood of λι, λε λα, we have 
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(15) D(a) = (A —A)s (A — Ao) ἂν (A — As) 
[2ο + δι (λ--λι) ἠ-:- 1. 


In order to get a lower bound for A—A, and A—A,; on a circle about A, 
of radius p < &/(€-+2@), we shall show that for a proper choice of e λε 
and Pw will lie in a circle of radius p/2 about Au ' 

From the considerations of 81, we know that n zeros of D(A) cluster 
about a zero of D(A) of multiplicity n. If we are right in our guess that 
Xj, As As are such a group, then D(A) will be of the form 


(16) (A — Ao) te [ος + οι (A— Ao) eos 


and as D(A) approaches D(A), & approaches Co, δι approaches οι, etc. Therefore 
6/2 (E+ 30) does not grow indefinitely small but approaches a limit not 
zero; namely, c/2(c-]-2C). Therefore for a sufficiently close approxima- 
tion, we have 


(17) | — | < 7/2, (i — 8, 8). 


Furthermore ĉo -+ δι (A — Xj) +- - - will have no zeros in a circle 
about A, of radius p < c/(é-]-20) and on the circumference of such a 
circle we shall have 


(18) &-Fà(XA—XX)-: 2/3. 
Thus on this circle we find 
| D(A) | > | (AA) (A — Xs) (A — X) | 6/2 

(19) > Gp" /2 ists, 
and D(X) will have no zeros other than λι, As, and X, within the circle. 

As in (11) and (12), we have on T 
(20) [20) | Sp" (8/2)9;*s F(z, C,g) 
and 
(31) | D’(a) | Spr (3/2)? [nP (6, Ο, 5) + pF" (ὅ, C, p)]. 

It can be easily verified now that we obtain the condition under which 


D(A) and D(A) have the same number of zeros in the circle of radius pif 
in Pee in HON to replacing An, p. ο, and 0 by X;. p, Č, and Ó respectively, 


an >’ τις - ex τι δὲ νη H κα 
b juo eii Ὅν. μὴ e ας αν BED Gd veluro P So es 


aera Ρον C, p) and 39595 F'(5, C, p) re-pectively. 
Nuw slae ὅ approaches a definite limit not zero as A(2,y) approaches 











TENER 
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K(«,y), the inequality mentioned in the preceding paragraph together with 
(17) can eventually be satisfied. Since A, and A, lie in 2 circle of radius 
p/2 about X we shall then have 

(22) | Ao —À | < 35/2 (i = 1, 2, 8). 

3. The change in the fundamental solutions for the case that the char- 
acteristic values, both for K(x, y) and K (v, y), are simple poles of the corre- 
sponding resolvent kernels. It is well known that equations (1) and (2) 
have non-zero solutions when and only when A is a zero of D(A). For such 

values of A the resolvent kernel always has a pole. These zeros of D(A) 
` are called characteristic values and the solutions fundamental solutions.* We 
shall now determine the change in these solutions, when K (v, y) is replaced 
by K(z,y). We shall first restrict ourselves to the case that, both for 
K(a,y) and Κί(α, y), the characteristic values are simple poles of the corre- 
sponding resolvent kernels. This case, however, includes three large classes 
of equations; namely, all those whose kernels are symmetric, skew-symmetric, 
or symmetrisable.t When the resolvent kernel has a simple pole the index 
or number of linearly independent solutions of (1) or (2) is equal to the 
multiplicity of the corresponding zero of D(A), and conversely.] 


Ex k 
Now let A; of multiplicities 4; (i= 1, 2,..., k; Σι =n) be the 
, i=1 
zeros of D(A) corresponding to a zero Ay of D(A) of multiplicity n, and let 
T be a circle of radius p about A, chosen as in 8 2, so that D(A) does not 
vanish on its circumference and the zeros of D(A) and D(A) corspepend 
within it. Then in T we have 


65) PEAN BEY qaoya) 





(24) D(z, YÀ) $1 (2, y) dis (2, y) peee p(T, y) 


D(a) λ--λι Ae A— Àr 
+ 4«(2, yA), 
where ġo(z, y, A) and bo (x, y, À) are analytic in A within and on T. Then 
φιία, y) and φιι(ω, ὑ) can be written in the forms 8 


* For definitions of terms see Lalesco, loc. cit., pp. 31, 51. 

t Cf. Lalesco, loc. cit., pp. 66, 74, 81. It is interesting to note that the integral 
equations arising out of the generalized first and second boundary value problems both 
in the plane and in space can be treated by the method of this section. Cf. J. Plemelj, 
* Über lineare Randwertaufgaben der Potentialtheorie,” I Teil, Monatshefte für Mathe- 
matik und Physik, Vol. 15 (1904), pp. 374-383. 

$ Lalesco, loc. cit., p. 57. 

§ Lalesco, loc. cit., p. 58. 
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(25) φι(α, /) = PD yil) 
06) Jules) = Boule) Jul) G—15-, Ὁ) 


where the ¢’s and $'s are solutions of (1) for K(z,y) and K (x,y) respec- 
tively and similarly the y’s and ys are solutions of the adjoint equation (2). 
Also we have * 
; ο... 
(27) { φι(α) ψ,(α)ᾶα — i (5j—1,2,: n) 
7 0, ij 
1, ἐ--ρ, j=l 
b - iz G p P4 τ 8, 3 k 
28 f ii dz = t p or j—1 πι ο 
(28) : $ij (2) Yp (o) de 0 ie 13 6 T 
$—p5 jz5l 


From their method of formation it is clear that the ¢’s and ¢’s are 
finite and not identically zero.t Accordingly we may replace $ij(r) by 


a b - ES - LO 
$4(/C f£ | $(2) | * dz) * and wu(y) by vu) Cf. | pu (5) | ? da). 
We shall say that the ¢’s are then normalized. Evidently this definition 
reduces to the usual one for real functions. We observe that the relations 
(26) and (28) remain unaltered. Similarly we may normalize the ¢’s. 

By the theory of residues we have 


(29)  (1/2ri) {, [D(2,,d)/D(A)] d — S gle) vi) 


and 
GO απὸ f oDDw)/DOya m X Sua) φωίο). 


Since this last sum bas just n terms, we shall write it for convenience in 
the form 


(31) Σ $;(2) v;(y): 
the terms being ordered as in (30). 


We shall show that given an m, ἃ an e can be found such that, if | K(x, y) 
— K(a,y) | is «& ein the region απ x zb, a 7E y X b, we shall have 


n P — 
Er XY ady n Σ SIEN Ty. 
ο) ο 


We atis ady have on the circumference of T, as in (19), 





DUM ipea MI Du ty 7»0n0 
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(83) | D(A) | > epr/arriar--- sae, 
where 
DU) = (A — A Qs Aes os 
X ( — X) [δ -- δι (AM) + ++]. 

If, therefore, we set L= ( | ı | 4- p) (6 — a) (K -- E) and if e is chosen 
to satisfy the condition, 

e < &pg*/ (29s (C [XL | + p) (6 — a) V (1)), 
we obtain from (4), (5), (7), (8), and (33) the inequality, 


(GO 10/2) ff, DG 39/20)— Bley DA] | = 





| (1/921) f D(. y, [D(3)—DQ)] + DO) [D (s y, 3)— D. ψ, N19, 
i D(a) D(a) 


ph — gt ghe (| A | +p) (b —a) O'(L) 


It follows that (32) will hold if e is made to satisfy the inequality, 


(35) e« Ep2 ty, / | zonon {E [0^ (2)] 2 OQ(L)Q'(L) 
+a (E)n (E)} + go Fp (| [7 :) 0 —2)9 1) |. 


But we know that č approaches a limit not zero as K(z, y) approaches 
K(r,y). Therefore, as on pp. 143-4, an e can be found to satisfy (35). 
Finally we shall show that given an ηο, an 7, and consequently àn e 
can be found such that each p(x) (p =1, 3, , n) differs from a linear 
combination of the p(x) by less than η», or in other words, each φρ() 
differs from.a solution of (1) by less than η». By Schwartz’ inequality * 
we have 
"hb m" b m b 
J ERG ὁ) | Φε) | ἂν S| ( f. | dp(s) | * ds ("| κο) | 3 ds)% | 
πο ο 
7a 
«| K(b—a)* |, 


* E. Schmidt, “Ζαν Theorie der linearen und nichtlinearen Integralgleichungen,” 
Mathematische Annalen, Vol. 63 (1907), p. 440. 
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where | K(.c, y) | is < K in the region o S c b, a — yzz b. If we denote 
by A a bound for |], (¢= 1, 2, . . . , k), we then have 


I$.) [EÀ f LEGS | 1l) | ds 


«AK | (b—a)*| (ρ--1, ὃ,- -».). 
Multiplying (32) by 


(36) 1369) f^ νι) δνίϑ) dy— δι) | « RX| G —ay]. 


Consequently the left hand member of (36) is less than ņa provided we have 


bly) | and integrating with respect to y, we obtain 





qm KA | (b —2)92 | «η. 
or 


(37) πι <m/{K λ| (b — a)*^? |}. 
We see that if e is made to satisfy (35) and (37) in addition to (17) and 
the other inequality mentioned in $2, we have 


(38) PLION fw) é()dy—é(z)|«m (ϱτ- 19", η). 


In the same manner we can show that given an ys, an e can be found 
such that each $,(z) differs by less than y, from a suitable linear combina- 
tion of the p(z). A similar discussion is possible for the yp(y) and y5(y). 
Thus we have proved l 


THEOREM I. Let A, of multiplicity n and Xy (ἐ--1,9,: : ., k) of 
multiplicities ñ; be corresponding characteristic values for K(x, y) and 
Κί(α, y) respectively. If the corresponding resolvent kernels have only 
simple poles at these points, then given an arbitrarily small positive quantity 
δ, a positive number e can be found such that, if | K(v, y) —K(a, y) | is 
«εἴπ the region a SS c E b, a E y E b, the difference between each of the 
n normalized fundamental solulions of (1) [or (2)] for either kernel and a 
suitable linear combination of the n normalized fundamental solutions for 
the other 4s in absolule value less than 8. 

4. The change in the fundamental solutions for the general case. We 
shall consider briefly the general case in which no hypothesis is made re- 
garding the orders of the poles of the resolvent kernels. As before let An 
he s zero of D(A) of multiplicity n, and An of multiplicities 5; (i— 1, 9, 

ο fie Onde spot doa c cosas os HA). 


(1 92) f [Dar 4A) PINIA Mo) viu). 
T Kk 


1 
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where the φ and ψ are called fundamental functions, r of the ¢’s being 
solutions of (1) and v of the y’s solutions of (2) for à= A. Similarly, 
we have 


ἀ/πὴ f [Ble 9/0] A= 3 ie) HUY): 


where the $'s and y's are fundamental functions for K(z,y), r of the 
¢’s and Js being solutions of (1) and (2) respectively for K(z, y). As in 
§ 3, the ¢’s and y’s form a biorthogonal system *; so also do the ¢’s and 5. 
It is a simple matter to normalize the ¢’s and ¢’s; in what follows we shall 
suppose this to have been done. 

Exactly as before we can show that given an η, an e can be found such 
that, for 

| K(z, y) —K(a,y) | « ε (@aSe¢Sb,asSySb), 

we shall have 


(39) Se) f. wo) $0) dy— ple) | «ην 
4-51 α 


where ¢p(£) is any one of the 7 fundamental solutions of (1) for K(z,y). 
Evidently this statement still holds if we interchange ϕ and ᾧ, ψ and ψ and 
replace 7 and K(z,y) by r and K(z,y) respectively. A similar discussion is 
possible for the V; (y) and wp(y). Thus a proof is obtained for f 


THEOREM Il. Let A, of multiplicity n and i ($— 1,29, τν k) of 
multiplicities ñ; be corresponding characteristic values for K(x,y) and 
ία, y) respectively. If no hypothesis is made regarding the orders of the 
poles of the resolvent kernels, then given an arbitrarily small positive quan- 
tity ὃ, a positive number ε can be found such that, if | K(x, y) — Κα, y) | 
is < ein the region aSr b, aS y Shb, the difference between each of 
the normalized fundamental solutions of (1) [or (2)] for either kernel and 
a suitable linear combination of the n normalized fundamental functions for 
the other 4s in absolute value less than 8. 


* Lalesco, loe. cit., pp. 48, 54, 56. 

T Since not every linear combination of the ¢’s is a solution of (1), we do not 
know here as in 8 8 that each $p (x) differs from a solution of (1) by less than n. 
Furthermore the inequality obtained from (39) by interchanging ¢ and ¢, ψ and y 
does not enable us actually to find approximate solutions of (1) since we cannot 
calculate fav je, (y) dy. We simply know such approximate solutions exist. 


Functions of Heart Fini. 
By H. E. Bray. 


l. Introduction. A function f(z) is said to be of écart fini? in the 
interval — 4 S v Æ v, if it is summable (Lebesgue) and if the integrals 


b b 
f f(z)n sin nz dz, f, f(z)n cos nz da 


are bounded, independently of the integer n and the numbers a, b; where 
— ax bz This property is of importance in the study of the 
behavior of an analytic function in the neighborhood of its circle of 


convergence.1 
In this paper we shall study some of the interesting conditions which 
816 necessary or sufficient in order that a given function be of écart fini. 
Without loss of generality we shall assume that f(s) is periodic, of 
period 27; then the property stated above is equivalent to the statement that 
the quantity, 


fiie» eos nz da 


is uniformly of the order (1/n, i. e, O(1/m), for all m, k, a, b, where 
| 6 —2a]| 3 Απ. In fact n need not be an integer; for if n = N -+ 0, where 
N is an integer and 0 — 0 1 we have after integrating by parts 


f fGonsinasae—. fron 0) (sin Nz cos θα + cos Ne sin θα) dz 
— (N +0) [ cos óc ffo sin Nz ae |" 


roof {πω sin weat | 6 sin bx dé 
+ 


Consequently if our integral is bounded when n = N, it is also bounded when 
n= N+ ϐ. 

9. Elementary properties. We first recall the following elementary 
property: 

Taror 1. Every function f(x), of bounded variation, — c £ x= a, 
Nn ὑπρεείην of écart fini. 


Hudamerd, Journal de Liouville, Ser. 4, Vol. 8 (1892), p. 154 et seq. 
+ Mandelbrojt, The Rice Institute Pamphlet, Vol. 14 (Oct., 1927), No. 4, p. 203 
οσα. 119 
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For on integrating by parts, we haye 


b b b 
f f(x + k)n eos nz ἄν — sin nz f(x +k) | i f sin na: def (a +). 


The Stieltjes integral in the second member is numerically X T, the total 
variation of f in the interval — « S z zz. Since the other term is evidently 
bounded, the theorem is proved. 

It was this theorem which suggested to Hadamard the converse question, 
whether a function of écart fini is necessarily of bounded variation. We 
shall show later that this question must be answered in the negative, even 
if we consider continuous functions exclusively. As a corollary of the foregoing 
theorem we have the result: 

If f (v, a) is uniformly of bounded variation in x, and uniformly bounded 
for all values of the parameter a, then f(x,«) is uniformly of écart fini. 


THEOREM 2. If f(x) is of écart fimi it is equivalent to a bounded 


function. 

We shall show, in fact, that the derivative of F(s), the integral of f(x), 
is bounded wherever this derivative exists, i. e. almost everywhere; from which 
it will follow that, except on a point set of measure zero, f(z) is bounded. 

Consider then the integral 


T/2n 
{ f(a -+ t)n cos nt dt 
0 
which, by hypothesis, is bounded for all values of n and x. On integrating 
t 
by parts we obtain, after setting F(s + t) == F(s) + { f(e + ἐ) dt, 
0 
/2n 
—nF (2) + do P (z + t)n? sin nt dt 
e. 
T20 
= { [F(a + ὁ) — F(z)] n sin ni dt. 
o 


If now we suppose that the derivative of F(x) exists at the point v and is 
equal to f(z) we may replace F(z- t)— F(x) by t(f(z) +(¢)) where 
2(£) approaches zero with 4. We obtain on integrating 


{ "ἴα + q(t) )t n? sin nt dt 
i T/2n 
= f(r) + { n(t) tn? sin nt dt. 


The last integral is not greater numerically than the upper bound of 
η(ύ) in the interval [0, z/2n], and it approaches zero as n — co, since 


T 2n 
f. t n? sin nt dt = 1. 
o 
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Hence fàr) is bounded at all points where f(x) == dF (2) /de. 

It is interesting to see whether the last theorem will be valid if we set 
aside the assumption that f(z) is summable in the Lebesgue sense and assume 
merely that f(a) is measurable and integrable in the Denjoy sense, and that 
the Denjoy integral 


MCI dt 


is bounded for all n,#,a,6, απ b Sa --2«. Since Denjoy integrals are 
not in general absolutely convergent integrals it is conceivable that this 
integral could be bounded and yet permit f(x) not to bc equivalent to a 
bounded function. We shall show, however, that this is not possible. In our 
proof, we require the following lemma: 

Lemma. If f(x) ts integrable (D) and if a(x) is a function of bounded 
variation, then 


d b b ü 
4 dz f. f(z + t)a(t)dt = f. a(t) dé f. f (s + t)da. 
ο a a σ 
Since a Denjoy integral is a continuous function of its limits of integra- 
d 
tion the integral f f(z + t)dz = F(d--t) —F(c-- 1) is a continuous 
«ο 


function of t. Let us approximate to a(t) by means of a bounded step func- 
tion απ(ί) of uniformly bounded variation, where «,(í) is constant on each 


of a finite number k, of intervals, for each n; and lim a(t) = a(t); 
ac ἐς ῦ. 


Since the inner integral is continuous and a(t) is bounded we have, first, 


lim { dt a(t) ffe ae= fas f feras. 


"-oo aa 
Let 
e, (t) =a; when 3) st < lia 0m, i = 1, 9, ολα, kent) 
aos da, OO when ty, CO dz trua, 
where ἐν ™ == d, tr ® — b, n= 1,2,38,00. 
Then 


b od in bp d 
f dt a, (4) J fe+d)dae=¥ da f fp tae 
^g c 1-1 5€ 


Jio 


» d um ΠΩ 
-- Í de f , 660 PCr Oda) 
C 2b 565 


é 
be 


) 5 ) μα u rye i^ Guc 
a C εκ (C 
ae 


{ zu 
=| e». ῥα) 4b) — z(a) Fte + Y] — { F (a + ta (1) ; 
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the last step being obtained by the valid process of integrating by parts.* 
Now, as n becomes infinite, each term within the square bracket approaches 
boundedly a continuous function of x, and the Stieltjes integral approaches 
boundedly the Stieltjes integral in which a,(t) is replaced by a(t), on account 
of the hypothesis on «,.1 Consequently 


lim ος μα ο. 
— fae { a(b)F(e +0) — a(a)F (e +a) — f Fs idal) } 


- f PEOL 


fats f'recon- fa f tet «oa. 


In order to prove that f(z) is nearly everywhere bounded assuming that 
it is of écart fini in the wider (Denjoy) sense we mones as follows. Consider 
the approximating function 


fs) --α/) f Fle + nat 


It is well known that lim Τμ(α) =f (x) almost everywhere when f(z) is 


integrable (D),f and also that fu(v) is a continuous function of « for each 
uw 2» 0. Also 


fionem 
= (1/n) f n cos nt di f fto t nar 
= (1/9) f at’ ffe temet dt 


by the foregoing lemma. But the inner integral is, by hypothesis, uniformly 
bounded for every value of //,z,a,b. Hence its average value in the interval 
0= Sp is uniformly bounded, which signifies that the function f(x) is 
uniformly of écart fini. It follows, therefore, by Theorem 2, that fy(w) is 


* Hobson, The Theory of Functions of α Real Variable, Second Edition, Vol. 1, 
p. 648. 

ΤΗ. E. Bray, Annals of Mathematics, Vol. 20 (1919), p. 180. 

+ Hobson, loc. cit., p. 629 et seq. 
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uniformly bounded for all u. Hence f(x) which is equal almost everywhere to 
lim, fu(z) is bounded except on a set of measure zero. We have now proved 
u-0 


that every function of écart fini in the Denjoy sense is nearly everywhere 
bounded, therefore integrable (L), and of écart fini in the ordinary sense. 


8. Necessary and sufficient condition. In the next theorem we shall 
show that the condition that f(x) be a function of écart fini may be expressed 
in terms of F(a), the indefinite integral of f(x), without introducing 
explieitly the trigonometrie functions used in the definition. 

Let ὃ be any positive number = 2r and let m be any positive integer 
such that mè SS ὅπ, and let 


E(z,m,8) = (—1)* [Ρ(α 1-58) — F(a +7—18)} 
r=1 
= F(x) —2F (s +8) + 2F(z 4-98) —...+(—1)"F(e#+ md). 
THEOREM 3. A necessary and sufficient condition in order that f(x) be 
of écart fini 15 that E(x, πι, ὃ) be uniformly of the order 8 for all pairs of 
values of m, 8, subject to the condition m8 S 2r and for every £, — r S m 7 m. 


To prove that this condition is sufficient we observe first that if 
F(a +8) — F(x) = Ο(δ) it follows that f(z) is bounded nearly everywhere 


b 
and therefore in considering the boundedness of the quantity n f. f(z4- t) 
a 


cos nt di a part of the interval [a,b] whose length is O(1/n) may be 
disregarded. We therefore consider the integral 


fiie + t) cos nt dt, 


for our integral is the difference of two integrals of this kind, and let 
a= mr/n. We have, on integrating by parts, 


ffe + t) cos nt dt = ( — 1)"F (£ + m/n) — F (2) 


mT/n 
το f. F(a + £)n sin ni dt. 
0 
But 


mT/ 
f "F(a -+ t)n sin nt dt 
0 


T/a 
£3 ον f DEM N τ. αντ Πέ. A E (on 1. a EEEE ἢ 
Ne. A L* v Voy \ 4 UN & 6b Ντ ELA Mer E 
a7 0 


T/a 
1/2 FE (2 + t, m, v /n)n sin nt dt. 
tam f. 
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Since F(x -+ t, m, m/n) is O(1/n) the last integral is O(1/n) and we can 
write à 


f ο siut dd 
0 


— (1/2) fire +i) + (— 1) 3F (s -t 4- (m — 1)«/n) ]n sin nt dt 
— F(a) + (—1)"F (e + mz/n) + O(1/n) 


= (1/2) S Pet t) — F (2) ]n sin π dt 


( pm 1) t/n 
BMG fe + t+ (Ds 
— F(z -+ mz /n) ]n sin nt dt 
+ 0 (1/n). 
In the last two integrals the integrands are both bounded, since in the first 
integral, for example, F(z--1) — F(z) — Ο(1) — O(1/n), since 0 xt 
S r/n. Hence the last expression is O(1/n). This establishes the sufficiency 
of the condition. 
To show that our condition is necessary, we consider the periodic function 
p(x) of period ὅπ, defined in the interval — r = Ὁ  « as follows: 
p(s) —1, 0cc«m 
= — Í, —qq«or«0 
—0 otherwise. 


The Fourier expansion for p(x) is given by 





eo 1 , 
p(x) = (4/π) = gm sin Gm—1)s 


and if n is a positive number, not necessarily an integer, 





[55] 
p(nzz) = (4/π) ο z> i sin (2m — l)az 
&nd since p(z) is of bounded variation we can caleulate by termwise integration 
the integral 

b oo 1 t 
f f(k--z)p(nmrz)dos = (4/7) X f sin n(2m — Ί)πα ἑ(}; -- Ὁ) ἆα. 
ο m=i am — 1 α 


Therefore 
| f f (E + x) p(nza) da 


since the respective integrals in the second member are uniformly of the order 
1/(n(2m—1)). Consequently 





= K 8k 
<= —— ee κόρον 
= (A/mm) 2, (2m — 1)? - Tar 





et 
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T/ü 
E(k, r, 1n) = { η + r)p(nrr) dec 
0 


is of the order 1/n, i. e. E(k, τ, δ) is O(8). The theorem is now proved. 

The method used in proving Theorem 3 is applicable, if f(x) is assumed 
to be bounded, to the case where the index m is such that the length of the 
interval of integration mz/n is equal to 27. We thus obtain a necessary and 
suíticient condition that the integral 


S πα + 2)n cos nz dz 
ο 


remain bounded, in other words, a necessary and sufficient condition that the 
Fourier coefficients of a bounded measurable function be of the order 1/n. 
We may therefore state without further proof: 


. THEOREM 4. If f(x) is bounded and measurable, then a necessary and 
sufficient condition that its Fourier coefficients, 


an= (1/7) f. f(x) cos nz dz, bn = (1/7) f. κ sin πω dx 
be of the order 1/n, is that the quantity 
E(x, 3n, n/n) = F(x) —2F(z + r/n) + 2P(z + r/n) — ' 
— 2P (z + (2n—1)r/n) + F(a -+ 2x) 
be of the order 1/n, uniformly for every x. 


4. Necessary conditions. It is interesting to observe that in the latter 
part of the proof of Theorem 3, the ouly properties required of the function 
denoted by p(x) are these: 


i) p(s) is periodic, of period 2r. 
ii) p(x) is of bounded variation in the interval — r = z S m, its total 
variation being = T, 


iii) ή _p(o)de =0. 
It then follows that the Fourier coefficients of p(x) satisfy the inequalities 
| ac | S T /rk, | br | = T /rk. 
«i» botore, we have 
Moe 


v 4 p Sg g) 4 hm J QUO COS Afr m bh an Pe yar 
Er Li- 


avh ον ες Το» ef Gart fin, it folluss that a constant K exists, such that 
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Lf io eos nz dz |= K /n, fere sin nz dz | = K/n. 


Consequently, 
; 2ΤΚ5 1 ΑΤΚ 
iz | Ξ----- ccr Ss, 
|f fresa] — X p 
We thus obtain 


THEOREM 5. A necessary condition in order that f(x) be of écart fini, 
is that a constant K exist, such that 


b 
| if. f(a) p(na) de |  4TK/nz 
a 
where p(x) is any function satisfying conditions 4), 4) and iii). 


5. Sufficient conditions. In order to show that a function of écart fini 
is not in general of bounded variation, even if continuous, nor equivalent to a 
function of bounded variation, we proceed to establish sufficient conditions 
which are easily applicable to a wide class of functions. These conditions 
apply to functions f(a) possessing derivatives of the first order which are 
integrable, except in the neighborhood of a finite number of points in the 
interval — c S27. For example, we shall show that every function of 
the form z^sin z^, « > 0, is of écart fini though its derivative is not sum- 
mable in the whole interval — r S x S r and therefore the function itself is 
not of bounded variation in the whole interval. In any interval which contains 
the point «= 0, the function is of unbounded variation. For the sake of 
clearness we will state our theorems for the case in which there is just one 
point in the neighborhood of which the function f(x) is of unbounded 
variation. This point we shall take as the point 2 ---0. 


ἸΉΠΒΟΒΕΕΜ 6. If g(x) is a function of finite variation in the interval 
eS eS 2x — e; and if the total variation of g(x) in this interval is O(1/e) ; 
and if f(x) is bounded and satisfies the equation, 


fe) —f() + [ "gd, | 0a Ec « n, 


then f(x) is of écart fini. 
Consider the integral 


f. ᾽ f(z)n cos n(z + k) da. 


Since f(z) is bounded, we may discard a portion of the interval [a,b] of 
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magnitude of the order 1/2. Hence we may assume 1/n =a < b S 2v — 1/n. 
Integrating by parts we have 


b b 
f f(z)n cos n(x + k) dx = f(x) sina(z +t) |—f sin n(z + 1) 6 (9) da. 


The term between limits is bounded since f(x) is bounded. On integrating 
the second term by parts we obtain 


f sin n(z + E)g(z) da e — cos π(α + E) : g(2)/^ | 
+ (1/n) font k)dg (x). 


The term between limits is again bounded, since g(x) is at most of the order 
n, its total variation being of the order n. The last integral is at most equal 
to 1/n times the total variation of g(x) and is therefore bounded. The 
theorem is thus proved. 

As an example of this type of function, consider 


f(x) = sin log (1/2), 0< zr. 


b 
a 


Here, g(x) == — 2 cos (log z7), and the total variation of g(x) in the 
interval [e, 2r] is given by: 


f | dg/d« | dem f i (1/2?) [cos (log 271) + sin (log 2+) ] | de 
€ € 
« 925 e. 
Evidently f(z) is of unbounded variation in the interval [0,22]. It is of 
écart fini but is discontinuous at z = 0. 

In the next theorem we relax somewhat the restriction on the order of 
the total variation of the function g(x) while restricting the behavior of the 
function f(x) in the neighborhood of the point z = 0. 

ΤΉΠΟΒΕΝ 7. If g(x) is u function of finite variation in the interval 
[e ὅπ], 0 < e < 2m, ils total variation being of the order (1/8), and f(x) 
is given by 


fla) =fr) + f^ ss Oy <a Ske 


and if f(x) satisfies at z= 0 the condition, 
| FOr) —f(0) 1 = Ass, a>0, 
δ” 3 t : oP AES es as dye 
D proe dem prt b rers Eg 


We shall show that the integre! 


( : f( rYn eos n (1. -- m) dc 
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is bounded; whether n is such that, first 0 < a < b S mya or, second, 
manm qc bz rr. Incasea < nc 0*9 c b the interval may be split up 
into two parts which come under these two cases. In the first case 


f fenes p ase. f [/(z) — f(0)]d; sin n(k + 2) 
+ f (0) (sin n(k + b) — sin n (k + a). 


The last term is bounded. The integral in the second member is not greater 
numerically than max | f(x) — f(0) | times the total variation of sin n(k + 2), 
when στ η αι, But max | f(e) —f(0) | S Abe S Anyu, and the 
total variation of the function sin næ in an interval of length n+% is of the 
order n/a, being at most equal to 2 + 2n*/0*€ /m, Hence the integral in 
question is less than 24»-9/0*9 + 24/z, which is less than 34. 

Secondly, suppose n-1/0*9 =a <b. We have 


b b b 
f f(z)n cos n(k + ο) ἆα = f(x) sin n(k + s) | -f g(x) sin n(k + Ὁ) da. 


The first term is evidently bounded. The second we integrate again by parts: 


f g(x) sin n(k + r)dr = — cos n(k + ο): g(v) /n ] i 
+ (1/7) £ cos n( + z) dg(z). 


The total variation of g(s} in the interval [παν 27] is of the order 
(n1/*9)8, by hypothesis, and is therefore O(n) since 8 S1-+a. Consequently 
the last integral is bounded. A fortiori, g(a) itself, taken at the limits a, b, 
is O(n); the quantity between limits is therefore bounded. This completes 
the proof of the theorem. 
As an example of this theorem consider the function: 
f(x) = ας sin a, StS, «0. 
g(x) = a[s*-1 sin at — a7! cos a7] 
dg /dx == a] (a — 1)? sin at + (1 — a)? cos a7? — aa7?-* sin ατα] 
| dg/dx | «ία, 


Consequently the total variation of g(r) in the interval [e 27] is less than 
K (1 + a) (1/e:*?), as required by the conditions of the theorem. Hence for 
every value of α > 0, the function f(a) is of écart fini. 

The reader will see readily that the last two theorems could be generalized 
80 as to cover eases in which, instead of one point in the neighborhood of which 
f(x) is of unbounded variation, there are any finite number of such points in 
the interval 0 S ὦ ΞΞ ὅπ, or even a denumerable infinitude of such points. 
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6. Conslruclion of functions of écart fini. Having given a function of 
écart fini it is possible to construct another function of écart fini by multi- 
plying the given one by a function a(r) of bounded variation. We have, in 
fact, on integrating by parts 


b b 
f α(9) (@)n cos n(z + k)de = a(b) ff f(^)n cos n(t + k)dt 
b (c 
-f d(x) f f(t)n cos n(t + 1) dt. 


The first term of this expression is evidently bounded, since the quantity 


b 
| f f(t)n cos n(t +- k) dt |  K, a constant. The second term is not numeri- 
να 


cally greater than this constant times the total variation of σ(2) in the interval 
[a,b]. We have thus proved 


THEOREM 8. If f(x) is of écart fini, and if a(x) is of bounded variation, 
then the product a(x)f (x) is of écart fini. 
In a similar manner we can prove 


THEOREM 9. If f(x) is a continuous function of écart fini then the 
function, 


gla) = f DaO, —r 25r, 


is a function of écart fini, continuous in the closed interval — r SS ως vr.” 
For 


g(a) = «010 ] — f ros. 


The term between limits is of écart fini, by the preceding theorem. The 
Stieltjes integral is a function of bounded variation, which is also of écart fini. 
The fact that g(x) is continuous appears from the fact that if a(t) is assumed 
to be monotone—this will not affect the argument—we can write, by the law 
of the mean, 


g (2^) — g(a) = ae?) f(r) — a (7) (GT) — FG) Tale) — «(0)] 
where a' 5 £ S g”, since f(x) is continuous. Therefore 
qi" — g(r’) = «(Qr UD) £00) 4 αι — F9). 


EY ath af these terme oppresch a so meh κ ΠΠ 


« 

Qi να esa, if (he definition of ge) à. extinded κο as to gender it periodic tie 
m qd fred. will uot in ον ον ο) bs continuous at a - c or st congruent 
μοιαῖ-. 
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7. Fourier series. In this section we shall study the order of approxi- 
mation to a continuous function f(a), of écart fini, by its Fourier sum Sp. 
For this purpose we make use of the quantity (8), called the modulus of 
continuity of f(s), which is defined as follows: 


ο(δ) = max | f(2’)—f(e”) |, |e’ —a” | <8 


For the sake of brevity we shall say that f(z), of écart fini, admits the 
constant K, if K is such that the inequalities 


b T) E 
If f(e+k)nsin nade |  x,| f f(e + k)n cos nz dz | E K 


are satisfied for all values of n Ez 1, whether integers or not, where 
| 5 — 2. | S 2r, and where k is arbitrary. 
We denote by Rn the difference Rn = Sn — f. 


THEOREM 10. 7} f(a) is of écart fini, admitting the constant K, and if 
| f(x) | S M, then there exist positive constants A, B, independent of f(x), 
such that 
| S. (2) | SMA log ϕ (9) + B) -- 2E/4(n) 


where o (m) is any non-decreasing function such that 1 Ξ- $(n) Sn. 
Consider the expression 


S(t) = (τ) fe +) +e] SEED αἱ 
= aya f" e Pet treo] SED! a 
“It follows that 


[δε (ο) | 5 (Α/π) 6 { 


on) in 


sin (n+ 4)t 


sin εἴη dt - 





| at 





+ (1/7) i| us Bid qup] SECRET up 


9 sin δύ 


The first integral is not greater than 
ln sin (n+ $)* | for. 
dt (4 t) dt, 
J, + (4/1) 


^ sind 
which is less than (2n -+ 1)/n + 4log $(n). Hence the first term is not 
greater than 





(7s) (8 + 4106 $(n)). 
If we apply the second law of the mean to the second integral, noting that 
cse (2/2) is a decreasing function, we find that the second term is equal to: 
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(1/85) ese (#(n)/2n) f^ ος do 0] sin (n 4- 3t di, 
$(n)/n S t, m, 


and since f is of écart fini this is not greater, numerically, than 
(1/22) * (4n/$(n)) : 2K/(n + 3) S 2K/$(n). 
These two results show that 
| Sn | 5 (M/z) (4log &(n) + 8) + 2K/o(n), 
and our theorem is proved. As a corollary of this theorem we have 


THEOREM ll. Under the hypothesis of Theorem 10, there exist positive 
constants A, B, independent of f, such that 


| Bn |< M(41og p(n) +B) + 2K/$ (n). 
In fact 


[R.| =| Sai] E alH] 
< M(A log (n) + (3/7) +1) +2K/$(n). 


‘THEOREM 12. If f(x) possesses derivatives of the first and second orders, 
f'(z) and f'(z), and if f'(x) is of écart fini, admitting the constant K”, 
and if | f" (a) | E M", then there exists constants A, B, > 0, independent of 
f(x), such that 


| Rn | S (1/3) (A log $ (n) + B) + 4K” /n?d(n), 
where o(m) is any function. satisfying the inequalities 


1S ¢$(n) Sa, LS $(n + 1)/é(n) S (n + 1)/n. 


Let 
oo 
S,— Αι, Aa = ar cos ἴα + by sin ka, 
ο 


and let the Fourier sum for f"(z) be denoted by 


a n 

> B; = — Y, k* (ax cos ku + by sin kz) 

1 1 
n 

= — Sk ἀμ. 
1 
Wo have 
| a ie a το ον a γάρ apa) 
ml n+l " ged 1-2 


σι x 1 1 
τν (n-L 1 — E« (is - "SI 
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Now, by Theorem 10, 


[σι | = M” (A log (k) + B) + 2K"/4(k). 
Hence 


| Rn | S [M"/ (n + 1)*] (A log $(n) + B) + [2E"/ (n + 1)?4(n)] 
πο ασ. 
TUM Σ i ay) 
EA 1 1 
^ i 1 Σ 1 
+a Sige) (5 — gi) 
The third term of these five is equal to 
[BA"/ (n 4- 1]. 
The fourth term is not greater than 
2K” Σ (i = 1 )- 2K” 
$1) oe F aF eF 


The last term can be written 


^, [esanti 8, φί 11) 1 
wa ( (n-Fig tale ορ ary) 





ma (EE) S ᾽ 
< ΜΑ (5520 52 ἜΣ uc) 


wa (log o(m + 1) 1 
< —. 
SMA ( (n+ 1)* Bs 2n? ) 
log [ġ (k + 1)/$(5)] Slog [(5 + 1)/k] S 1/F. 
Hence, uniting these results, we find 
[Rn | S (M"/n*) [24 log (n) + 2B + (A/2)] + [4K"/w 6 (n)], 
and this expression is of the form specified in the theorem. 


In order to prove the next theorem we shall make use of the approxi- 
mating function * 


fale) = (1/12) ή, di f, foie nar. 


since 





* Some of the properties and applications of this kind of approximating function 
are given in an earlier paper of the author [Bulletin of the American Mathematical 
Society, Vol. 29, No. 6 (June, 1923)]. The present form is a natural development of 
a well known idea of Riemann. 
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It is easy to -how that, if f(z) is continuous, 
(afte) flr) = Qe). f UG D — fG d 01 9! 
(d2/de*) fale) = Qu) LG + 22) — f (2 + μ) + £02]. 


The following facts are especially useful. If we assume that f(x) is of écart 
fini, admitting the constant K, and that f(z) is continuous and has ω(δ) as 
its modulus of continuity, then 


a) falx) is of écart fini and admits the constant K. 
b) (d?/da?)fu(c) is of écart fini and admits the constant 4/μ”, 
c) | (P/dz?)fa (2) [τς λω(μ)/ μ". 
d) | fale) —f(x) | S o(2p). 
We are now prepared to prove 
THEOREM 18. If f(x) is a function of écart fini, admitting the constant 
K, and is continuous, having ω(δ) as its modulus of continuity, then there 
exist positive constants A, B, C, independent of f(x), such that 
| £ | S e(1/n) (A log ϕ (η) +B) + CK/(n), 
where p(n) is any non-decreasing function of n satisfying the inequalities 
n=o(n) 21, (n+1)/n= o(n+1)/d(m) Z1. 
We express f(x) as the sum of two functions as follows: 
f(z) = (Fe) — fale) ) + fele). 
Then n= Rg + Ra” 
where Rya’, En” are the Fourier remainders of order n corresponding to 
f(v) — ]μ(ῳ) and fy(z) respectively. Since f(x) — fu(a) is of écart fini, 
admitting the constant 2K we have, by Theorem 11, using the constants A, B, 
of Theorem 12, 


| Rn’ | S (2u) (A log &(n) + B) + ἀΚ/ϕίη). 
Since f,’’(x), the second derivative of fu(z), is of écart fini, admitting the 
constant 4K /p? and | f" (x) | S δω(μ) /p®, we have by Theorem 12, 


| P," | zz (Βο(μ) nl log Φ (1) + B) + (16K /n*p? (n) ). 
Hence af we choose p= 1 δη. we have, 
(ns a πο} cH PAL IUS QUAM. i 421 4 AXI ON) ds 
iud, ance o(1 240) ^ ^ o(1 n). we have 


ROSIORI A Up pes ας Tes o By qan sy. 
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In other words, we have found constants 4, B, C, > 0, independent of f(x), 
such that 


| Bu | o (1/2) (4 log (n) +B) + (CK/$(n)). 


The theorem which has just been proved, together with the method of 
proof, was suggested by a theorem given by de la Vallée Poussin * on the 
order of approximation to a continuous function by its Fourier sum, and 
proved by a method due to Dunham, Jackson. The formula arrived at in 
that case is 


| Bn | S o(1/n) (4 log n + B). 


It is to be noted that the formula of Theorem 13 does not give any better 
result than the one just cited in the case where ω(δ) is of the form kêt 
(0 « «a X 1), since in this case, to apply our formula, we should have to take 
p(n) of the same order as &* (so as to make the two terms infinitesimals of 
about the same order). The main purpose of our theorem is to establish a 
formula applicable to cases in which the quantity 


o(1/n) logn 


does not approach zero as n becomes infinite. 

Given now any continuous function of écart fini we can choose the func- 
tion $(») in such a way as to satisfy the conditions of Theorem 13 and also 
to satisfy the equations 


lim $(n) = co, 
n-oo 


lim ω(1/η) logẹ (n) = 0, 


whence it follows that 72, approaches zero uniformly. Therefore we may state 
in conclusion 


THEOREM 14. The Fourier development of a continuous (periodic) 
function of écart fini converges uniformly to that function. 


Tur Rice INSTITUTE, 
Houston, TEXAS. P 


* C. J. de la Vallée Poussin, Leçons sur Vapproximaiion des fonctions @une varia- 
ble réelle, Paris, Gauthier Villars, 1919, p. 25. 
1 Dunham Jackson, Dissertation, Göttingen, 1911, p. 40. 
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1. Introduction. In his work on differential aed Paina hd 
it necessary to study the distribution of singular points of veesomhcias. “Fol- 
lowing Poincaré this study has been continued by many.{ Recently Hopf 8 
and Lefschetz | have made notable additions. The work of Hopf is based on 
Brouwer’s || fundamental notion of the degree of a transformation. 

The theory as developed centers around the sum of the indices of the 
singularities. Up to the present paper this sum has been determined on gen- 
eral manifolds only for the special case where the vectors on the boundary 
are all interiorly or exteriorly directed. The evaluation for this case has 
been obtained both by Hopf and Lefschetz. 

The principal advance of the present paper is the evaluation of this index- 
sum under general boundary conditions. The result obtained was suggested 
by an analogous problem in the study of critical points of functions.** The 
index-sum turns out to be a topological invariant not of the complex C, on 
which the field is defined, but of a sequence of n + 1 complexes associated 


* Presented at the summer meeting of the Society at Amherst on September 
6, 1928. 

1 Poincaré, “ Sur les Courbes Définies par une Equation Differentielle," Journal de 
Mathématiques, Ser. 3, Vol. 7 (1881), pp. 375-421. 

t For the older references see von Kerékjarto, Vorlesungen iiber Topologie, I, pp. 
265-266. 

§ Hopf I, “ Curvatura integra geschlossener Hyperflüchen," Mathematische Annalen, 
Vol. 95 (1925), pp. 340-351; Hopf II, “ Abbildungsklassen n-dimensionaler Mannig- 
faltigkeiten," Mathematische Annalen, Vol. 96 (1296), pp. 209-224; Hopf III, “ Vector- 
felder in n-dimensionalen Mannighaltigkeiten," Mathematische Annalen, Vol. 96 (1926), 
pp. 225-219. 

T Lefschetz, “ Manifolds with a Boundary and Their Transformations,” Transi- 

OF ihe American Matheunticel Socicig, Vol. 20. (1927), pp. 429.403, 
eso, “Ube Abbildung von Mamasiojti Redon, Uetncantisehe see nn 
f. gH d Rd 
Saree, “The Analysis and Analysis Sitas ef Regular  neSpresd: 7 
Sa Soma P Poeeccdions of the Notte oF 5t gaf Neenetsi, Vol. 13, pp. 813-817. 
Here an anstract is given of results to be published in full later. 








166 Morse: Singular Points of Vector Fields 


with the field, a sequence characterizing the field as it will be called. A 
minor advance consists in giving a new definition of the index of infinite 
sets of singularities. This definition does not rest simply on an existence 
theorem, but is in a form immediately applicable to problems in analysis, for 
example, to the case where one has a regular curve of singular points. 


2. The complexes. Let Sn be a closed manifold in the sense of Analysis 
Situs.* We suppose also that Sin possesses a Riemannian metric,t that is, 
that every sufficiently small neighborhood of each point of Xn is homeomorphic 
to the neighborhood of a point in an Euclidian space of codrdinates 
(ο) (ον + *,%n) and thereby has a metric defined by a positive definite 
quadratic form, 


ds? — F, gij da; da, (49 1, 85° * ,n). 
ij 


We shall not assume that the g;;'s are analytic in (x), but simply of class C", 
that is, continuously differentiable up to the second order. The restriction 
that Sin have a Riemannian metric could be removed by the substitution of 
suitable abstractions, but the writer is unwilling to sacrifice brevity, trans- 
parency, and applicability for the slight advaniage thereby (o be gained. 
Manifolds with a Riemannian metric include all the ordinary r-manifolds in 
Euclidian (η -- r)-space, as well as the so-called characteristic manifolds of 
dynamical systems. 

Let (u)e-(w,,: ` * ,u.) be a set of rectangular codrdinates in an auxil- 
iary Euclidian r-space. By an r-element on Sin,o < r € n, will be meant a 
set of points on Sin homeomorphie with an r-simplex in the space (u). An 
r-element will be called regular if on the element the Riemannian coórdinates 
(9) of the preceding section are functions of the w's of at least class C7, and 
if at least one set of r of the variables (x) has a jacobian with respect to the 
ws which is not zero. A closed r-manifold on Sin will be called regular if 
each of its points possesses a neighborhood which is a regular r-element. An 
r-manifold with boundary Br will be called regular if it is a connected sub- 
complex of a regular closed r-manifold, and if its boundary B,., consists of 
a finite set of distinct, regular, closed (r— 1)-manifolds. An r-complezs will 
be called regular if it consists of a finite set of distinct, regular r-manifolds, 
either with or without boundary. 


3. The vector field. Let there be given on Èn any regular n-manifold 


* Veblen, “ Analysis Situs," The Cambridge Colloquium, Part II. 
} Eisenhart, Riemannian Geometry. 
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The first deformation D, is one that can be affirmed to be possible by 
virtue of Lemmas A and B of 84. In it we deform the vectors on Z;., at 
which zn = 0, and only these, and for these vectors we leave the component Aa 
unchanged. The remaining components form a vector field, H4, on £a = 0, 
within and on the (n — 2)-sphere S,.;, defined by the equality in (3). With- 
out altering ]7,., on S,., we continuously deform H4, interior to Sn-2 into a 
field K,., with the following properties. Its only singularity is to be at Pr- 
On the sphere ϑ΄».» concentric with S, and with radius r/2, the vectors 
K, are to be of length equal to r/2 and such that Ky, defines a trans- 
formation of S'n- onto a similarly oriented unit (m-—2)-sphere Sn-2°, 
into a Riemann hypersurface of | vr | leaves on Sy-2°, by a transformation 
whose degree is vj. On each sphere concentric with S,., and of radius p 
less than r/2, the field is to be similar to that on S,» but with its vectors 
all of length p. 

The second deformation D, is one in which we continuously change ha 
on Z44 so as to make hn a positive constant in a neighborhood N of Px, 
instead of simply positive. This can be effected without altering hn outside 
of a neighborhood of P; slightly larger than N. 

The vector field H’, on Z4, resulting from the deformations D, and 
D, defines a transformation F”, of Z4., on a unit (n — 1)-sphere Ruz, whose 
index is the required index of Qs. Under F” the point P, goes into some 
point P on E, and the neighborhood of Py on Z4, goes into a neighbor- 
hood of P on E, covered || times. Further, under P" no other point 
of Zn. goes into a sufficiently small sub-neighborhood of P, since no other 
point of Z4, besides P; bears a vector of Ha parallel to that at Py. F aally 
from the fact that the vector at Py on Zn-1 is interiorly normal to 7,.,, and 
from the conventions regarding orientations, it follows that the de «red index 
of Qr — — vy. Thus the lemma is proved. 

Suppose in the present section that the singularities of Hn are isolated. 

The extended field H, will have isolated singularities and be interiorly 
directed on the boundary of the extended domain C’,. According to Theorem 
1 the index-sum of the singularities of Hna on C, equals (— 1) times the 
Euler-Poincaré characteristic of Cn. Since the characteristic of C, is clearly 
that of C', we have the following theorems. 








TuroreM Ao. If ID, is exteriorly normal to Ba. at most at isolated 


ae tod. TF ΄ if ο Pella enne 
. ΄ v 


Πο... t 


(4) Ia = (—-1)* E, + Iza π»δ0 
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The field E, , will have isolated singularities at the above points Pr. We 
denote the index of H,., at Py by vx. For any two sets of our geodesic coördi- 
nates the component hn of Hy at any point of B,., is the same function of the 
point on B4.,. For fn is readily seen to be the product of the length of Hn 
and the cosine of the angle at P between H, and the geodesic g, using the 
terms length and angle in the senses of Riemannian Geometry. The compo- 
nent hn on B5. is thereby proved continuous, and is accordingly less in abso- 
lute value than some positive constant M. We shall now prove the following 
lemma: 


Lema. Itis possible to extend the definition of the field Hn beyond the 
boundary Bs of Cn to a geodesic manifold tn = e, where e is a sufficiently 
small positive constant, in such a manner that the vectors Hn of the extended 
field are all directed interiorly on the new boundary, and the extended field 
has no new singularities other than isolated singularities Οκ of index — vr, 
respectively, on the geodesics gy exteriorly normal to By, at the points Pr. 

Let e be an arbitrarily small positive constant. Our field H, will now 
be extended as follows. For the points (ῶι,"  , 24) for which 


(1) occ, ze 


the first (n — 1) components of H, will be taken as equal to those of H, at 
(21,7 πι, 0), while for the same points we set 


(2) ha (23, ἘΜῸΝ Ln) = hn (αι, ° Ps Cu-i 0)— v, (M/e). 


The extended field A, thereby defined is seen to have, beside the original 
singularities of H,, an isolated singular point, Qr, lying between B,., and the 
new boundary s, = e, on the geodesic gy normal to Bn, at Pr. 

Tt remains to show that the index of Qy is —vx. 

To determine this index of H, at Qy we note that Qx is interior to the 
region satisfying (1), and the following condition, 


(3) (%1—&)? + °° (ma — Gra)? S 77, 


where (@,* * *,@n1,0) represents the point Py and where r is so small a 
positive constant that h, is positive on B,., throughout (3). Let Ζ».ι be the 
boundary of this region. The index of Q is the degree v of that transforma- 
tion F of Z,., on a unit (1 — 1) sphere E,., which is defined by the vectors 
Hna on Zn. This degree v will be unaltered if we subject Ha on Ζη.ι to the 
two following continuous deformations, D; and D2, thought of as made in 
the space (z). f 
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where E, is the characteristic of Ον, and In+ às the index-sum of the pro- 
jection on By. of the exteriorly directed vectors of In. 


The theorem holds for n — i, if we agree that a vector at a boundary 
point ag of a one-dimensional manifold is normal to a, and projects on ἄρ 
into a null vector of index 1. 

On B44 let C,., be any regular complex with boundary B4.,, that con- 
tains in its interior all of the points at which H, is exteriorly normal to 
B,.1, and contains none of points at which Ha is interiorly normal to B,.,. 
Let Hn. be the projection of H, on C,.. Let E, be the characteristic of 
Ομ. We come now to the following theorem. 


THEOREM Αι. If the fields Hn and Ha, respectively, are exteriorly 
normal to Bn and Br. at most at isolated points, then 


(5) I,— (— 1) (E, — En) + Lus, 


where l4. is the indez-sum of the projection om Bu-2 of the ewteriorly di- 
rected vectors of H5. 
To prove this theorem we note first from (4) that 


(6) Ia (—1)"! Ena + Ine, 


and then use (4) and (6) to get (5). 

The definitions preceding Theorem A, correspond to the case i=1 of 
the following definitions, given successively for i= 1, 2, * , n. 

On Bai let C,.; be a regular complex, with boundary Bns+ (possibly 
null), that contains (in its interior if m 241) all of the points at which 
Anis is exteriorly normal to B,.;, and contains none of the points at which 
Anis. is Interiorly normal to By. Let Hn; be the projection of ZH, on 
Οι. “Let Eni be the characteristic of C, ,. 

We come now to a succession of theorems of which Theorem 4, 
is the first. Hereí—1,2,--:,n—1 


THEOREM Ai. If the fields Εν" * * Hn are ezteriorly normal to Bua 
^o Buin, respectively, at most αἱ isolated points, then 


n -(— 1)"LE, — Era τσ T (-)^ELQ]4- Invia, 


where Loa is the indez-sum of the projection on By, of the ewterior!y 

directed vectors of Inai. 
Tino σα daw go vee vate ος. ο 19 £o au thon S a 

Zero. and U. may he nies as a null complex for each j < n—k. Each 


Theorem A, for which ἡ ΞΞ E will then give 
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I, —(—1)" [Ei — Bua +: H (—1)"E na] 


In Theorem An- we note that J, must reduce to E, according to our con- 
ventions. We have then the following theorem. 


THEOREM 2. If the fields Εν: > - H, are exteriorly normal respectively 
to Bur’ c Bo at most al isolated points, then 


I, = ο --- E +--+ + (—1)"h,, 
where E; is the characteristic of Ci, and I, is the index-sum of Hn. 


6. General Boundary conditions. The preceding hypothesis that the 
various fields of projections have isolated singularities will now be removed. 

When a field I7, is defined over a complex C;, H, and C, will be called 
a corresponding field and complex. In the preceding section the complexes C, 
and fields H, have the following properties. 

They form a sequence of regular complexes 


(1) οι: us Co, 


and corresponding fields, 
(2) Ai Heat * He 


of which each complex is on the boundary of its predecessor, and each field 
H, is the projection of the preceding field on the complex C, corresponding 
to H., while each complex is so chosen on the boundary of the preceding com- 
plex as to contain none of the points at which the preceding field is interiorly 
normal, and to contain in its interior all of the points on the boundary of 
the preceding complex at which the preceding field is exteriorly normal. 

A sequence of compleres (1) with the properties of the preceding para- 
graph will be called a sequence of complexes characterizing Hs. 

There are certain special cases that may arise in the determination of a 
sequence characterizing Hn. 

If the field JZ, is exteriorly normal over all of the boundary of Ο,, Cri 
must necessarily be chosen as the complete boundary of Ο,, and hence be itself 
without boundary. If Οι be for any reason without boundary, C, ο must 
necessarily be chosen as a null complex. Or again if H, is never exteriorly 
normal to the boundary of C,, C,., may be chosen as a null complex. If for 
any reason C, is chosen as a null complex we take all of the complexes 


OQ. . C5 


as null complexes, and regard the corresponding fields as empty. 
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A sequence characterizing H, always exists when the singularities of 
each oi ihe fields H, are isolated. We shall prove in § ἃ that a sequence 
characterizing Z7, always exists provided that C, and H, bo given analytically, 
regardless of whether the singularities of the fields H, are isofated or not. 

We shall now prove a very general theorem in which the fields on the 
sequence of complexes characterizing Hy will no longer be assumed to have 
isolated singularities, the field Hn for the present alone excepted. 


THEOREM 3. If CoC, ^ -Cn be a sequence of complexes characterizing 
H. and if the singularities of Ha are isolated, then 
In = By — δι +++ > +(—1)"ha, (n > 0) 


where I, is the index-sum of Hn, and E; is the characteristic of Οι. 

The method of proof will be that of mathematical induction. 

If one recalls that E, is the number of points at which the field H, is 
directed toward the exterior of C; on the boundary of Οι, it readily appears 
that the theorem holds for n = 1. f 

Consider now the field Hn-ı on Οι. In the special case where C,., is 
null Theorem 3 reduces to Theorem 2. If, on the other hand, Οι is not null, 
refer $n in the neighborhood of any point of B,., to geodesic coórdinates 
(ο), as in 8 b. Let Cn- be regularly subdivided so finely that the set Cy. of 
{n—1)-cells of C,., that contain as interior or boundary points, points at 
which H,., has singularities will contain only points at which the n-th com- 
ponent An of H, is positive. According to Lemma A § 4, the field H,., 
on B,., can be continuously deformed without change of Hy_, except on C5, 
into a new field which has within C,., at most a finite set π of singularities. 
In this deformation let t be the parameter, and vary from 0 to 1 inclusive. At 
the point (£1, ` +, @n-1,0) of Bas let 


φι(αι,' λος Ln-1, ὁ) ($—1,2,:::,n—1) 


be the components of the field at each instant ¢ during the deformation. 
We now return to H,. Let e be an arbitrarily small positive constant. 
We shall extend the definition of Hn so as to include the points (z) for which 


(1) 00cm, 


To devine J for the points (1) we set 


114 Morse: Singular Points of Vector Fields 


Denote the new boundary, £n = e, by Β΄... The geodesics normal to B4, 
establish a homeomorphism F between B,., and B’,.. in which points on the 
same geodesic correspond. Under F let C; on By. correspond to Cj’ on 
Ba 1πθ, 1, ὃν -© ,n—1. 

Because hn is positive on C,.,, and because of (3), the extension of Hy 
has been one in which no new singularities have been introduced. The points 
on B^,., at which H, is exteriorly normal to B',., are simply the images under 
F of the points of the set π. 

Let H’n-1 be the projection of H, on B'4.. The complexes 


(4) O^ iC at c Oy, 

and the field H’n satisfy the hypotheses of Theorem 3 for the case where 
n is replaced by n-1. That is, the singularities of H’n.. are isolated, for they 
occur only at the points of z, and the complexes (4) form a characterizing 
sequence for H',.,. According to the principle of mathematical induction we 
may use Theorem ὃ to infer that 


(5) Vn = By— Bi H +(—1)™"'Ba, 


where I'n- is the index-sum of H'/,, on O'n- and where E; is the character- 
istic of C; and hence of C;'s image C";. 

But since H, is exteriorly normal to B,., at most at isolated points, 
Theorem A, applies and gives 


(6) w= (—1) "Ba tl na . 
Theorem 3 now follows from (5) and (6). 

If there be given any sequence of complexes 
(7) €i: * © Cn 
it will be convenient to term the corresponding sum 
(8) Bo— E, + + + 4+(—1)*B, 
the alternating characteristic of the sequence (7). 


7. The generalized index of infinite sets of singularities. The index of 
an isolated singularity as defined in § 4 will be here called an elementary indez. 
The extension of the notion of index to infinite sets of singularities of H, will 
be in two directions. 

First consider any set s of singularities of Hn which are all interior 
to some regular element S, with regular codrdinates (x). In the space of the 
coérdinates (x) suppose the points of s are all interior to a Jordan manifold 
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Jn+ Which, together with its interior Da, lies on Sa. Let f^ be a unit 
(1 —1)-sphere in the space (ο). We orient [πι and Jn, similarly. The 
generalized index v of the singularities of s will be taken as the degree of 
that transformation F of J,., onto J2,., which is defined by 77, on Ja... The 
proper use of this index requires a proof of the following. 

The index v is independent of the choice of J4.; among Jordan manifolds 
chosen as above. 

For suppose J^, , and D’, were, respectively, a second choice of a Jordan 
manifold and its interior domain. Let C, be regularly subdivided so finely 
that the complex C, which is made up of all n-cells that contain points of s 
on their interiors or boundaries, lies wholly interior to both D, and D'n- 
According to Lemma A, H, ean be replaced by a new field identical with 
H, at the points exterior to C, but having a finite set of singularities s 
within Cn. 

In D, one can chose a set C", of n-cells of a sufficiently fine regular divi- 
sion of C, in such a manner that C", contains the points of s’ as interior 
points and is connected with respect to n-cells. According to Lemma B 
the new field can now be replaced by a field Ky identical with the previous one 
except within C^, where K, wil have just one singularity P, and that with 
an elementary index equal to the elementary index-sum, say v’, of 5’. 

But in all these changes of the given field we have not altered the 
field on J4., so that the degree of the transformation F of J44 on E, is 
the same for the original field as for the altered field. But for the altered 
field with its isolated singularity P this degree, by the very definition of an 
elementary index, is the elementary index of P, and must then equal v’. 
Thus the generalized index of s as determined from Jn., equals v’. Similarly 
the generalized index of s as determined from ο πι will also equal v’. Thus 
the generalized index determined from J,., equals that determined from J’n-1, 
and the proof is complete. 

We can now extend the definition of the index beyond that of sets of 
singularities contained in a regular element. We suppose simply that the 
set s is interior to a regular sub-complex C, of C, upon which there are no 
other singularities than those of s, and that the field H, on On possesses a 
characterizing sequence of complexes. This sequence of complexes will also 
be said to characterize s. 

We now define the inder of s to be the alternating characteristic of eny 

PL TE ο ο 

Practically this index is easy to determine, for example, for the case of a 

dowd curve or surface of singularities m an analytic problem. One can in 
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general determine the index of such sets of singularities if one knows the 
nature of nearby vectors. In the case of a closed curve in space, for example, 
one can enclose the curve in a torus-like surface, and by considering the vectors 
on this torus-like surface obtain a characterizing sequence, and hence an index. 
Theoretically one needs the justification of the following lemma. 

The generalized index of a set of singularities is independent of the 
particular sequence of complexes used io characterize it. 

Suppose Cj’ and Cj" (j— 0, 1,- - -, n) are two sequences of complexes 
characterizing fields H,’ and H,’’, both of which contain a set of singularities 
s, and no others. 

As in the proof of the preceding lemma we can here replace the given 
vector field by a new one which does not differ from the old either on the 
boundary of Ον’ or of Ca”, but which has on Ον” and C," a finite set of singu- 
larities s?. By virtue of Theorem 3 the alternating characteristics of our 
two characterizing sequences will both equal the elementary index-sum I» 
of s?, and thus be equal to each other. Thus the statement in italics is 
proved. 

In ease an index can be assigned to a set of singularities in more than one 
of the preceding ways, it is readily seen by means of the methods of the 
preceding proofs that the resulting index, or index-sum will always be the 
same. 

If there be given on C, any field which possesses a characterizing sequence, 
its singularities can always be grouped into a finite number of distinct sets 
each of which has a generalized index. The sum of these indices will be 
called the generalized index-sum. Our final theorem is the following. 


THEOREM 4. If there be given on Cn a veclor field H, which possesses 
a characterizing sequence, the generalized index-sum of the field equals the 
alternating characteristic of the characterizing sequence. 


To prove the theorem we consider separately each set s to which an 
index v has been assigned, and replace the given field by a new field which 
differs from the old only in the neighborhood of the points of s, and which 
in that neighborhood has at most isolated singularities. The latter will have 
an elementary index-sum equal to v. The application of Theorem 3 to the 
field thereby resulting will give the present theorem. 


Corollary. If the alternating characteristic is not zero the field must 
have at least one singular point. 


8. Proof of the existence of sequences characterizing an analytic field. 
We shall now prove the following. 
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If On and Ha, are analytic a particular choice of a sequence of complexes 
characterizing H, may always be made. 

The cosine of the angle between H, and the exterior normal to the 
boundary B,., of Ca will be an analytic function f of any regular analytic 
parameters of Baa. The domain on Ba in which f is positive will. in 
general, be bounded, if at all, by analytic manifolds without singularities, 
and in that ease we can choose (νι of the characterizing sequence as the 
domain f 20. To proceed consider the projection {|}: of Hn on C54. 
Using Wy. and C,., as we have just used 77, and C, we arrive at a definition 
of C, ., and so on. 

In the special ease where the locus f — 0 is not free from singularities, the 
loeus f — e will be free from singularities if e be a sufficiently small positive 
constant. We distinguish between the cases f==0 and ΓΞΕ0. 

If fe 0 the vectors of Ha will all be tangent to B,.,, and C,., may 
properly be chosen as a null complex. This is consistent with the fact that 
f =e is here never satisfied. 

Suppose f==0. The points at which the locus f = 0 is singular satisfy 


(1) fa—fnec Dm fo, = 0. 


We regard (s) = (αι: αι) for the moment as complex variables, with 
values neighboring real values. The points at which (1) is satisfied in the 
neighborhood of a real initial solution (σο) of (1) will be made up, according 
to Weierstrass’s second law* of the implicit fnuction theory, either of the 
point (z^) alone, or of one or more connected “ Gebilde” g. Each g has 
the property that any two points on it can be joined by a regular curve A 
along which the solution (s) of (1) is an analytic function of the independent 
variables of g except possibly at the end points of h. If (2°) satisfies f = 0 
we can infer from (1) that f == 0 on each g. 

The real points at which f — e can never satisfy (1) if e be sufficiently 
small For if such were the case one could use the Weierstrass-Bolzano cluster 
point theorem to prove the existence of a point on B, at which f would 
be zero, and at whieh (1) would be satisfied, and in each of whose neighbor- 
hoods there would be points at which (1) would be satisfied and f =Æ 0, con- 
trary to the nature of the domains g just described. 

Thne fov a sufficiently small positive constent e, f — e will be free from 

es ond fiee wilh bo an dares ble chose of € Wa proosa 


ta the aba se £4, 2€, ut. 
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9. Examples. Examples of the simplest sort will now be given to illus- 
trate the application of Theorem 4. Each field is supposed null only at in- 
terior points of its domain. 


Example 1. Let there be given a field interior to a circle, with the field 
directed exteriorly on one boundary semicircle C,, but directed interiorly on 
the other. Suppose the projection of the field on the boundary is directed 
exteriorly {ο C, at Cy’s end points. Then the index sum 7, of the field is 
given as follows: 

I= Ey — E, + E: =2—1+1=2. 

Example 2. Let the field be given within a sphere, and on the sphere 
be interiorly directed except within a ring-shaped region. Let the projection 
of the field on the sphere be directed into the ring on the boundary of the 
ring. Then 


I, = E, — E, + E: — E; =0—0+0—1 = — 1. 


Examples of greater complexity in higher dimensions can equally well 
be given. 

The application of the results of this paper to the theory of fixed points 
of deformations, or to coincidences of transformations of the same class are 
sufficiently obvious to require no further elucidation. 


A Complete Solution of LaPlace’s Equation 


by an Infinite Hypervariable. 
By P. W. KETCHUM. 


1. Introduction: In a former paper * the writer has shown that most 
of the important theorems pertaining to analytic functions of a complex 
variable also hold for analytic functions of hypervariables provided the 
commutative and associative laws are satisfied. Also, while there is no 
variable of three units over the field of real numbers which is harmonic, 
i. e., such that every analytic function satisfies Laplace’s equation, there are 
many restricted variables of more than three units which have that property. 
But in all cases the functions of hypervariables possess line singularities so 
that no hypervariable furnishes the totality of harmonic functions. 

In that paper, however, the hypervariables were assumed to have a finite 
number of units. In the present paper a restricted hypervariable will be 
studied which possesses an infinity of units, and whose analytic functions 
form the totality of harmonic functions. 
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2. Definition of the Variable: The variable to be studied is 
(1) W = 264 + Elo + Yer, 


where 6-1, €o and e, are three of an infinite set of units whose laws of multi- 
plication are given in the accompanying table, (e. g., C103 = Vo (e + 6), 
etc.), and e, is the modulus of the algebra. ‘The table shows that, dis- 
regarding the signs, the subscripts of the units of the product of two units 
are the sum and difference of the subscripts of the factors. 

A direct computation shows that the products in the table are obtained 
if we put * 


(2) én = i" Cos na, C-n = ? sn ux, [i= (—1)5, n=l], 


where the functions on the right can be combined functionally in any way, 
but are not to be regarded as a collection of function values (that is, 
cos(m —- 1)2 cannot be identified with cos(m — m)a, οἰο.). 

Let a == S aie; and b= D> biei, be any two numbers of the algebra and 
let c = È c:e: be the product ab. Then, 


Co = Yododo + 10 3(— 1)"asbs. 


From this relation it is evident that values of a and b exist for which c, is 
infinite, so that the product of two numbers may not exist. 

If Σ | a: | converges, then a is said to be absolutely convergent. Con- 
sider two absolutely convergent numbers a and b. If c= ab, all the terms 
of cy will be of the form γικαιῦ; where the y's are 0, 1, or + y. If each 
such term is replaced by its absolute value, the sum, di, will be greater than 
or equal to | c | (if de and | οι | exist). Suppose the terms of the series 
> d; are formally rearranged so as to form the double series $ Ai; | aib; |, where 
Ai = È | yew |. Then for i and j not zero and £5& — j, M; = 1; if either 
? or j vanishes, Ai; — 1; and if i =— j 25 0, Mj — 15. Hence this double 
series is term by term less than or equal to the absolutely convergent series 





3|ab;|, and must therefore be itself absolutely convergent. A valid re- 
arrangement of the terms may now be carried out so as to change the double 
series back to the form X, d, showing that this series converges absolutely. 
But this series dominates the series € | c+ | which must as a result also con- 
verge absolutely, thus showing that the number c is absolutely convergent. 
Hence, the product of two absolutely convergent numbers is absolutely 
convergent, 


* The writer is much indebted to Prof. J. B. Shaw for these remarkable relations. 
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Any number having components only in a finite number of directions 
is absolutely convergent, so the product of any such number with any 
absolutely convergent number is absolutely convergent. Hence w” is abso- 
lulely convergent for n any positive integer and for all values of w. Also, 
if either a or b has components in only a finite number of directions, the 
product ab always exists, since the expression for any of the components 
of ab will contain only a finite number of terms. 

The multiplication table shows immediately that for any two numbers 
a and b, ab — ba provided one of the products is absolutely convergent. 
It is also obvious when the units are expressed as in (2) that for any three 
numbers, α b and c, (ab)c—a(bc) provided one member is absolutely 
convergent. 

If division is defined in the ordinary manner the quotient of two num- 
bers is not unique. 

In the following, a three dimensional region or volume will be repre- 
sented by r or V, a two dimensional region or surface by S, and a one 
dimensional region or curve by C. Only curves and surfaces which are 
sufficiently smooth will be considered, and only those volumes which are 
bounded by such surfaces. Also, all volumes and surfaces will be assumed 
to be simply connected. Any multiply connected regions can be made simply 
connected by the introduction of cuts in the usual manner. The following 
discussion is limited to single valued functions, but most of the results will 
hold for multiple valued functions by first making the function single valued 
by the introduction of Hiemann spaces in a manner analogous to the treat- 
ment of multiple valued functions in complex variables. For simplicity, 
all real (conjugate) functions will be taken as analytic, although most of 
the results undoubtedly could be stated for more general classes of functions. 


3. Differentiation: Since division is not unique it might be expected 
that differentiation in the ordinary sense would fail, but such is not the case. 
If, for a function f(w)— > fi(z,y, 2), we define the derivative (at a point 
w where the conjugate functions are analytic) by the relation df = f'dw, 
and require that f' be independent of the value of dw, there is obtained, 
by a method precisely the same as is used in obtaining the Sheffer's equa- 
tions for a finite variable, the following system of equations: 


(3A) Uf dai dus (m#==— 0,:**,.9) 


οἱ. oy == Latus m flea) üt. dij = — Lf’: 
(2B) < (Bc Wee EE) 


af dy Pa- IoP: Of dy -— M us 


n 
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i Of n/Oz = + lo (fana + faa); 0f,/0z =— Vfl; 
(3C) (n—2,: +, οο) 
0f./02 = — Vo" s; 0f../02 = Ρο + Vof's. 


These are necessary and sufficient conditions that f' be independent of dw. 


The functions f'n can be eliminated from these equations in several 
ways, giving equations analogous to the Cauchy-Riemann or Sheffer’s equa- 
tions. The simplest method of elimination is the substitution of (8A) in 
(3B) and (830), giving 

0f../0y — Ve [ (Ofenzi/O0) — (0f.../0v)]; — Ofo/dy = — Vo (0f./0x) ; 
(44) i (n2, ++, 00) 

Of: /dy = Of o/0a — Vo0fo/ δα; Of-1/dy = — ðf -2/2 ; 

Ofen/O2— = YaF (Ofensx/O0) + (fencs/2)]; ϑ[ο/θα = — Vo (0 ι/ δα) ; 
(4B) f (n—2,: ++, 0) 

0f/0s — — Ve (0f-s/0m) ; — Of.4/0a — (θ[υ/θα) + Vo (0[./0ς). 

A function will be said to be monogenic if it possesses a derivative for 
all values of w in some region 7 and if its conjugate functions are analytic 
in τ. In order for a function to be monogenic, it is necessary that its 
conjugate functions satisfy (4). These conditions, together with the analy- 
ticity of the conjugate functions, are also sufficient, since, if we put 
f^ = 0f. /óx, (4) reduce to (8). Hence, for any given set of real 
analytic functions fi(x, y, ο)» in order for the function f(w) = X fi to be 
monogenic, it is necessary and sufficient that the functions f, satisfy Eqs. 4 
for all values of x, y, and z, im some region τ. 

From (4), the following necessary conditions for αμ, are 
obtained, by elimination of the 2 derivatives: 


Of-1/Oy = Of, /02; Yo (Of-2/0y) — Ve (0f./02) — (0fo/02) ; 
(5) (8fo/dy) + Yo (0f2/0y) = — Ya (8f-./02) ; 

(0f...) + (Ofenes/8y) — (ϑ[-μου/δα) — (ϑ}--υ/θ9}; (nm 8, +, ο). 
and also the equations: 

(8fo/0x) — νο (f, /0y) — V2 (8f.,/02) = 0; 

(0f:/dx) + (8fo/0y) — Ya (8f /0y) — Ya (8f-./02) = 0; 
(6) (δις) — Va (0f../0y) + (9[ο/ϑα) + Ya (0f./02) — 0; 

(8f.n/0m) + Vo (Ofenzs/by) — Vo (Bf-nsi/0y) az Vo (0f-n-./02) 

zm (Ofens1/02) = 0. (n=? * «, c). 
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+ 


tes and the second. equation of 4B, there is obtained sten by step a 
ο upctions f; all defined in terms of fy. as follows: 


li 


5 ο 
2 f (ο 0) de + (2); [i——23 f (0f,/02)dàr =- ὁ -- 
= fa — 2 f (Of, /dy) dr --- h:i f P mM 9 f. (Ifa dy) d.» v3 


fa = fe 4-2 f (of. iu dy dr — dent (1 =3 τσ οὶ, 


* xz ds any point in 7 and s any point in z which can be reaches! tv 
£c τα ὙΠια r ouly, and not passing outside of τ. If trom the ivniti v> 
“vot ned in (13), there is formed the function /(w) — X fen, in order for 
4 d fo he a monogenic function it is sufficient that the functions f set's 8 
aus 4 in a subregion of τ. By their definitions it is obvious that they ui ot 

ταν Eqs ŁA. Substitution shows that they also satisfy Eqs. 1B if. . 


‘ar. the functions œ, satisty the following conditions: 


dd, ds == (dé, dy, (00, /dy) + (Ob. dz} — (ef. nu: 
0) σφ. Pim d . Uy, (Apr dy) + (Op, 92) — 2 (uf. “ι.: 
(den OY) * (Ob ,/d:) = —2 (Of en.2/0Y)a (un —- Brew, 


i this set of equations, for every pair of functions ¢, aud $ , there is τ» 
tt equations, Proceeding step by step it follows from the existence theor i^ 
o solutions of simultaneous first order partial differential equations * τν 
nov always exist functions $, which are analytie and satisfy (14) i - 
Vii etions f, defined by Eqs. 13, therefore, always exist which satisfy Eq: | 
i tnerefore form a function which is monogenic in some subregion o ~ 
Ji 10llows that the tofalily of conjugate functions of monogeuie functions s 
80608]. pelude all harmonie functions which are analytic, Hence, we b: . 
om ined a complete solution of Laplace’s equation in three variables ur im 
sone sense that the analytic functions of a complex variable form a comp'eti 
τ. ition of Laplace's equation in two variables. 


6.  Ewpansion in series: If 


Lim fi(t, y, 2) = Ai, 

icu 
fo: every value of i. then f (i^) will be said to have the limit A as w approa o: 
z. A function f (7) will be said to be continuous at a point x if its conjuze 
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functions are continuous at that point. A monogenic function is evidently 
continuous in its region of monogenicity. A series will be said to be con- 
vergent, absolutely convergent, or uniformly convergent if its conjugate series 
are all convergent, absolutely convergent or uniformly convergent, respectively. 
Also, the sum of a convergent series is defined by the equation, 


f(v) -Σ U;(w) -Σ Σ μία, y, 2) et. 


From these definitions the following theorems are easily obtained: 


1, A series which is uniformly convergent in a region and whose terms 
are analytic in + defines a function which is continuous in τ. 


oo 
9. Iff(w)— X; U;(w), and if this series is uniformly convergent along 
0 


a curve C, and if the terms are analytic on C, then 


J, rom - f, vina. 


3. If, in a formal manner, the series X U';(w) is formed, and if 
this derived series converges uniformly in a region 7, then for values of 
w int, 


Pw) = 3 vm). 


4. A series which converges uniformly in a region 7, and whose terms 
are analytic in τ, defines a function which is monogenic in τ. This theorem 
can be proved with the aid of the analogue of Morera’s theorem. 

As a corollary to this theorem it follows that if a power series in w— « 
converges at every point of a region τ, which includes α in its interior, then 
f(w) is monogenic in τ. 

A function will be said to be analytic in a region τ if it can be expanded 
in a power series about any point in the interior of τ. A function will be 
called an analytic function if it is analytic in some region τ. From the above 
corollary it follows that every function which is analytic in a region c is 
monogenic within τ; and every analytic function is also a monogenic function. 

It can also be shown by a method entirely analogous to that used in finite 
hypervariables (1. e. Sec. 7) that if a function is monogenic in the neighbor- 
hood of a point g, it can be expanded in a power series in w-— « which con- 
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verges in some region about g. Hence, every function which is moaagenic 
Din a region is also analytic within that region; and every monogenie 
πι ction is also an analytic function. 

From the last theorem there follows at once by the method οἱ 1eal 
variables the Tuylor erpansion of a function which is monogenic in ihe 
ci zhborhood of z, namely, 


oo 
(12) f(w) =È (ej) P^ (0) (w— 2); 
he series converging for some region about a. 


7. Connection with spherical harmonics: Let (w"), be the ath ov- 
jucate function of the function w™. It can be shown by induction that these 
or jugate functions, when expressed in spherical coórdinates (p, 0, φ) suti-^v 
nc following equations: 


(uw), = p" P, (cos 6), 
(15) 
2m! cos 
(ή) on = p" (m+n)! sin nó Pm” (eos 6), (n Ls 0), 


where the functions P," are the associated Legendre functions. The proof 
ar kes use of recurrence relations existing between the conjugate functions, 
which are easily obtained from the multiplication table; and the following 
currence relations between the Legendre functions and their derivatives: 


RMPm P (p) E (μὲ —< 1) P4467 (+) + 2(m + DA Pg. au UO (e) 
+ (m +i) (m +i— 1) Pamat? (a) — (i250) 


where the superscripts indicate number of differentiations. This formula .4h 


he proved by applying Leibnitz formula for the nth derivative of a prouuci 
to Nodrigue’s formula for Legendre functions. 


Now consider a power series in w of the form 
oo 
S(w) --- Ὁ) a mw», 
0 
T} e function Sy(w), which may properly be called the real part of S(w) is, 


ϑυ(ω) =È So (w), 
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where the functions ο) (w) are homogeneous and of degree m in z, y and z. 
By direct computation, 


5ο (02) (w) mon 1/5 o 0? (w"), -- 16 > (— 1) παν C0? (w) ,. 


Substituting values from Eq. 16, it follows that S,°"(w) is equivalent to 
p"Y,a (0,0) where Y, is the surface spherical harmonie of degree m. 


oo 
Hence So(w) => p"Yn(6, φ). 
0 


It has been shown that any harmonie function whieh is analytie about the 
origin can be expressed as a particular function So(w). Hence, we have an 
independent proof of the theorem that any function which is harmonic and 
analytic in the neighborhood of the origin may be expanded in a series of 


oo 
spherical harmonics of the form x p"Y (8, φ). 
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Functions with Assigned Initial Values. 


By W. J. TRJITZINSKY. 


1. Introduction. By initial values of a function are meant the vel... 
e tve function and of its successive derivatives at a point. The probl : 
«coc iruetinz. indefinitely differentiable functions of a real variable «4 
a-sizned initial values at a point has been undertaken by de la Vallée Poussi^ 
posqnection with the study of quasi-analytie functions; he gives the npu- 
s mation in the form 5 g; cos mje, I have extended his method, introducine 
#1 Ἢ 
fo conmosentation of the form Σα, f(mjr) T where f(r) is an even pore: 
ji 


ss vestricted in a certain way. In this paper three distinct metbods «re 
« . d tor the solution of the problem in question; the first method [$2 
£Y ig an extension of both of the mentioned representations, and the third 
[ἃ | having an interest of its own in the study of a type ot essentially sii.. 
lv pomts An asymptotic representation will be given in eonnect'ou w t^ 
tie second method [8 3]. 

ὃν Representation in a Series of Power Series. We introduce a diti i 
ts 


τς 
DEFINITION. f(7)= Σ bya" is of class (A) if for a fired h, p== 1.3... 
ko 
« “γε all real values of x. 
. P(r) and) f@ (2) | <h, f(0)4- 0 and f? (0)4- 0. 


Ux mples of functions of class (X) are eost + sinr, et. Tf νο) ibe 
Í.r.-tion of class (A), indefinitely many functions of that class can be cor- 
sicicted by taking 


ΠΤ f) Σ d, f. (p), 


Ν 
vive jd, converges, and the p; are real numbers and | p, | € 1 (; — 1. 
11 
C. de la Vallée Poussin, The Rice Institute Pamphlet, Vol. 13 (1028). No. 2. 
pos 164-172. 
“W. J. Trjitzinsky, “Representation of Functions which are determined hy 
i. initial Values" Annals of Mathematics, Vol. 29 (December. 1927), pp. 19-78 
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: +); this is easily verified by taking the nth derivative of (1) and observ- 
ing that it is bounded for all values of ὦ and that its modulus is less than a 
constant independent of n. 

We shall now determine the constants d; so that the sum function 


oo 
F(x) = Σ αι] (mv) has an assigned set of initial values Ε(0), F™(0), at 
1Ξι 


Φ--0. Let f(x) be of class (A), and let πο. be positive numbers, not neces- 
sarily integers, such that mzu/me>A>1, (k=1, 3, ); also F(0), 
F (0) will be taken so that | F(0)/f(0) |, | #™(0)/f™ (0) | < G, (n — 1, 
2,9). 

Consider 


(2) P(x) —a; f (mst) + αν f(maz) -E* ^ * + as f (mas). 


Determine ài, a2," ' *, à by the equations: 


F(0)/f(0) —a ar: 0s 

FO (0) /f™ (0) = mia; + Mode +° + * + masas, 
(3) ; 
Fav (0) yfo (0) pe "o dis Me" 1g, + .. + Mr On 


Solving this system by determinants we observe that a solution of equa- 
tions of the form (3) has been already given by Vallée-Poussin *; we need 
only to replace (— 1)? C2;, wherever they occur in his proof, by F(0)/f(0), 
FO (0)/fP (0), and m;? by m;; we have then 


(4) ay = (1/2ri) f. GET E TR DES 


— my) on™ (my)? 


n 


where dub) ue II [1— (2/m;)], 


-1 


ιν 


pe) = Σ [P9 (0)/f (0)] -1/2 


j 
and C is a circle having z = 0 for center and a radius R= G. (F®(0) = 
F(0), f (0) = f(0)). 
eo 
When n— c, φι(α}) > $(2) —II [1— (2/m;)], which converges; 


zi 


M 


hence, as n — oo, 


(8) lim ar = ox = (1/2zi) f. aoe 


M mx) oO (mz) 


* De la Vallée Poussin, loc. cit., pp. 166-167. 
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aid exists. Further, we find that 


(8) NC CUTE. (mm um, 


πα. 


v heve h is a positive constant independent of k and n.” 
The inequalities (6), together with the boundedness of f(a) and ο’ :- 
s.cc.ssive derivatives for all real values of z insure absolute and uniform 


»n 
cor: orgence of the sum function X a; f(m;v) and of its successive derivati 
251 


eo 
tor all values of n, and also that of the limiting series Y) ajf (mje) ard ia 
#1 


S:cc.ssive derivatives. We are now enabled to formulate the follevi v 
i ccrem: 


TuroREM I. Let m; be a sequence of positive numbers such that fur 
pss of n 


Da / mn >A>t1. 
Let f(x) be a function of class (A) and let F(0), FP (0) (j=1,2.-° ) 
te aumbers such that | F(0)/f(0)| and | FP (0)/fX (0) | < G. a posit o 
uniber. Coefficients a; can then be so determined that the series 
(1) F (x)= af(miz)-+ ef (πιο) ++ + + taf (ma): 


cme all of its derivatives will converge, and the sum function will have (9) 
1 (0), FO (0),- ++ for initial values at Ὢ--- 0. The coefficients αἱ can iv 
Ce n inthe form of complex integrals (5). 

We shall state now that when 


; mama ccc 
(sj). tim ( τ ze) == 0 
noo Mast 
the above representation is unique; that is, having assigned a function f(.) 
of class (A) it is impossible to have two distinct functions of the form F(z) — 





S a.f(mjz), with an assigned set of initial values F(0), F^(0) (j= 
11 


19.113), | F(0)/F(0)], [EPPO] G, |a. |« V (= met) 


κα΄ = constant). This can be proved by a method which is an immediate 
extension of the proof of a similar theorem concerning trigonometric series. * 


‘De la Vallée Poussin, loc. cit., pp. 168-169. 
*De la Vallée Poussin, loc. cit., pp. 170-171. 
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oo 
DEFINITION. P(z)— X oa;f(m;z) where f(x) isa. 
ja 


class (A), | ἂν | <h Cea) and lim (= 
be said to be of class (B). i ο. 

As the difference of two functions of class (B) is of 
to prove that, provided all the initial values are zero, a 1 
vanishes identically. The coefficients αι, ασ," °°, a, mu 
of equations: 


Ro = — (ünn + ane Hte J= t + ds +: 
R, = — (Mn + One + Mn 2» Anse Ts ) 
= M10, + Mm; 
(9) 
R4 = — (Mnn Garr --- Mn Gna bo 
; = m1" a, + mang; 
We have, consequently 


d. (2?) >> Ry: (1/259) 


(2° — ma) 4, ? (mu) 





(10) ay — (1/2ni) { dz, (k 
The first term in Ra. [that is, (— πο τη dnu)] appr 
which follows from the inequalities satisfied by aj, «j; on 


inequalities we have further that lim Rp; 0; it is ob 
9-00 


R; — 0, as n— co. Hence, it follows from (10) that lim 


"X 


of k. This demonstrates that a function of class (B) wi 
is identically zero. 
We formulate the following theorem: 


THEOREM Il. Functions of class (B) are determi 
initial values at «= 0.3 


Let us return to Theorem I; the restriction on the 
FO (0) can be removed.{ Suppose that F(0), F (0) is 
if | F(0)/f(0) |, | FP (0) /f (0) | are bounded, Theor 
if not, then a function G(z) can be constructed as follo 


* These funetions are neither analytie nor quasi-anal 
trigonometric case. 
+ Compare with the method used on p. 164 of the Pan 
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* 
-- È daj (tet) /m",. Dilferentiating in succession and letting «= 0 1. 


εν eh n set of formulas: 


((9)/1()— F (0) /f(0)—= È a/m” — Mey 


n= 


^ 

G*? (0) /f' (0)-— FO (0)/f (0) — X a,/m,73 = M, 
nel 

G'? (0) f? (0) — FY: (0) /f 9 (0) — Σ a,/ m,h7i = Mj, 
nj 


«Ὁ ded that a; satisfy the following set of equations: 


myn = FO (0) /f (0), 
itl, Ἴ- mayas d c de malaga FO (0);f (0). 


(€ n, are chosen increasing so rapidly that | a; | 1. We observe then t 2 
6. M Mia τη” form a bounded sequence of numbers Letting 17 
Vo (0), f4'(0), Theorem I can be applied for the construction of a funct » 


Ww 
UC 0 Sa f(m.r) having N'7(0) for initial values at r — 0. (ΑΛ (0) 
ja 


7,0) j. A function F(x) with any assigned set of initial values F(0). F -"(, 
ct be represented by 
o 
d) F(v) = G(x) —N(xr) = F(0) + E [(a m?) — an] fq ο) 
n-i ^ 
= F(0) + Se gtr c. 
n-1 
Plus the restriction on the initial values involved in Theorem I has bevo 
remnoved, 
We shall consider now the order of approximation furnished by the vso 
ve:entation (13); this will include the representation of Theorem I as a par 
ticalar case. Jt will be noted that | a, | S 1 and that m; should and can he 


iacen so that m/m >A D> 1. Since | eal «ην ++ + maas/ms?) i 
wid then follow that 

Mı’ © Ma. 
(11) e| <e (Ie 


Letting Ra(r) denote the remainder after (n +1) terms in (13) ar 
ming (14), we have 
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| Ra(2) | c Vat (CR) pu) 


τ 
Tf suo" 


FX MMag ** Mni 
+ Aij πι) qr eh 


Thai 


where | f(z) | < M (for all values of ο). Since m;/m < 1/A < 1 if j <k, 


| B.(2) | < WM (09) (I/A) + + (1A) bo «he, 
(h = constant). 
We have therefore the following theorem : 


Τπποπεμ III. The approximation furnished by the representation of 
Theorem I and, more generally, by the representation (18), is of the order 
of 1/A", where r > 1. 


3. Representation in a Series of Infinite Integrals. Let g(mjr) 


edt : ae 
= > : : ; g 
=f" o IF mar s = 0, m; > 0; differentiation under the sign of integra 


tion with respect to z is possible, so that 
tetdi 


(5) (6/4) gma) = (men P7 curae 


Letting z — 0, we derive 
oo 
(d^/da") g (myz) — (— 1) mn! f. ine-tdt. 
0 
Since 
oo 
f. tetdi —T (n -- 1)— αἱ 
0 2-0 
(16) — (d*/dz") g (m;z) — (— 1) "m;^(n!)? and g™ (0)— (— 1)^(n1)*. 
z-0 . 
From (16) it follows that the formal Taylor's expansion of g(m;z) at z —0 
diverges for all z Also, we have 
(17) | (d"/dz*) g(m;z) | S| (d"/dz") g(mjx) | = myr(m!)? (α =0) 
and | g™® (z) | S (η). 
g-0 


Let mp be positive numbers such that mi/mg >A > 1, (k—=1, 2° > ) 
and F(0), F™(0) such that|F(0)]|, | P@(0)/(a!)? |< G, (n1, 
Rs ots 

Consider 


(18) Ρι(α}-- ang (mx) + a;g (mae) 3-7 + ang (maa), 
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©% etdi ; ; 
wlore g(z)— f. ic at ; determine αι, αν," °°, a; by the equations: 


F(0)= ty + as +: ++ an, 


(— 1) F9 (0)/(11)? = mia; + mode +> + : + mam, 
mi )) * * s . 


(—1)* Fe- (0)/[ (n —1!)] = mma, +e tomate. 


4 


These equations differ from the equations (3) in having their 1 
ur nbers different; but, as in the other ease, the left members are bounded as a 
t: therefore, coefficients 4; can be obtained, replacing the quanti’ + 
“CN, FOO), FY (0)/f9'(0) in the formula (4) by F(0), (--- 1) ο. (0) ^ 





C: then 

is 2°) -w(z)dz 

ΠΝ ae 9 

ΗΠ (1, dri) { κ... (m) ' 

9 (—1)FU(0) 

vb "Ὁ db, (0-1 [1— (z/m;)], v (2) — D Ez ES and C i 
crue having z = 0 for the center and a sociis R ZG; further, 

2 TN p(z )y(z)dz — 
(311 Him a; = dy = (1/2mi) f. (£ — m)éO (my) 


Vire $ (22) lim $,(2) — -ῃ [1—(2/m;)] and converges, which accounts 
non 

{ov ihe existence of αι. W ien n — co, F,(z)— F(x) and (18) wil. becoine 

(eda F(z)-ag(mi)-4- ag(ms)---- ++ ag(mam)d-- c7 


This process can be justified as follows: 

"ince the numbers a; and a satisfy the inequalities (6). it follows that 
(15; ahd its successive derivatives converge absolutely anc uniformly for oll 
vilis of v; the same is true of the limiting series (22) (æ is restricted «ο 
ilo alaes s 2 0). Here, however, the function g(a). though possessing tae 
poy erty that g(z), g® (r), (n == 1, 2," - +), are each bounded when x 27 0, 
does not possess the property of the functions of class (A) (used in the repre- 
s ntition of Theorem I) of having all of its successive derivatives bounded as 
a set. A theorem similar to Theorem I can now be formulated. 


TuronEkv IV. Let mj be a sequence of positive numbers such that for 


ola 
Dau/my 2 X 1. 


VIN EN ES i ; pon ΠΝ ΕΤΗ ' 
Let iem f^ IFz and let F(0), F? (0), (j—1, 2, ), be num 
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bers such that | F(0)], | F(0)/(j!)?| < G, a positive number. Coeffi- 
cients a; can then be so determined that the series 


(23) Ῥ(ω)-- ag (m2) ag (mot) > * -+ ang (mnt) °° 


and all its derivatives will converge when ο = 0, and the sum function will 
have F(0), FX? (0),- - - for initial values at s =0. The coefficients a; can 
be given by (21). 


ο mm, my. 
DEFINITION. Ρ(α)--- X; o;g(m;z) where [α) | <h (mme) 
151 j 


and lim mms LUNA) — 0 will be said to be of class (C). 


n>0 ΠΝ 
The difference of two functions of class (C) is of class (C); in proving 


that a function of class (C) with zero initial values vanishes identically, we 
arrive at the set of equations (9); whence, the proof is exactly the same as 
that by which Theorem II was derived. Hence, we have a theorem: 


THEOREM V. Functions of class (C) are determined uniquely by their 
initial values at «= 0. 


In removing the restriction on the initial values F(0), F2(0) in 
Theorem IV, we let F(0), FP (0) be any set of numbers and construct a 
function 


oo 
G(z)— F(0)+ X a. g(maz)/ms"; 
n-l 
differentiating in succession and letting z — 0 we have two sets of equations 
differing from (11) and (12) only in having F(0), (— 1)7F'? (0)/(j!)? and 
G(0), (—1)/ G^ (0)/(j!)* in place of F(0)/f(0), FY (0)/f(Q) and 


G(0)/f(0), GP(0)/f# (0), respectively. Letting M; =(— 1) N^? (0)/ 
(793 and having M; bounded, as a set, we construct by the aid of Theorem 


eco 
IV a function Ν(α)-- $ja;g(m;z) having N(0), N® (0) for its initial 
151 


values at z — 0. Therefore, a function F(s) with any assigned set of initial 
values 7 (0), FX? (0) can be given by 


(94) Ρ(α)-- G(z)— N (z) — F()-4-X (aj/m!; — αι) g (mjz) 
— F(0)-- X eng (ma). 


This removes the restriction on initial values in Theorem IV. 
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TRILITZINSKY ? 


We have 
bee ' mi Th nai 
ΤΙ σας, ( — ) l 
Letting E,(z) denote the remainder after (η --- 1) terms in (23) οι 

(?4), we have 

y (z) | < AR ( MiMa tt: za) +: Du Z since | (z)| ΞΕ 1, (- = ) 

l me ayy 
Hence 
| Ει(α) | <h/a’, (Ao 1620). 


δ: 4 


Therefore we have 
ΤΉΕΟΚΣΝ VI. The approximation furnished by the representation 
T. corem IV and (24) is of the order of 1/1" (λ» 1). 
As in Theorem IIL the approximation can be made closer ^» 
s greater 


niking the constants m; increase more rapidly, for then A is greater 


Note. 
We have 
oo n et 
co (a) | em t f. TÉ aer ες. « nl (f ire αἱ). (fj dt/(1 + «t 
—(n)? f dt ut, 
(uy? [αγ +t) 


ος ni(n—1)! 
z 
n'(n-—i) 


Letting 1 + zt = v and z > z, »0 
g(a) I< (nt? (7. 
(n) 
and | g™ (mjz) | < —— ae 


26) 


"Hence, 
oo 
IF (z)| = | X m;^a5g'? (mz) | < x | mjajg™ (ma) | 


451 


(27) 
ΓΞ Simo | as Pus 


< 
T 
The constants P, are bounded for every finite n on account of the ineq 5 


ties satisfied by «a; ; but as a set they are not necessarily bounded 
From (27) it follows that lim F™(z)—0 (not necessarily unifoir 
no 


with respect to τ) 


Consequently, it is shown that it is possible to construct functions ^ 
real variable with any assigned set of initial values at z = 0, such that al 


3 
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successive derivatives of finite orders are zero at infinity, All the representa- 
tions of section (3) of this paper possess this property. 
With m; restricted as before and α; satisfying inequalities (6), functions 
of the form 
w o etdi 
(28) F(2)=% &j 


ace = 
o ld mjat G0) 


are such that F(1/z) can be represented asymptotically for large values of v; 


i. e., functions of this section can be so represented. 
We observe that 


eS dt x αι f. MC 
f oo l+ aedi M i f o i4 ιοί 


ef eG ra) * 


So 3 rama) "ieS, rtm 
65 em ' Í, 1-4} mat 


d t 





Thus 








RN 
8 niu) a 
S {| ana | + | nse |e pe 


where e, is independent of z and can be made arbitrarily small and z = 0. 





Hence 
n oo edt co 
i ; Eee = dt. 
A Ὃν zw Kf. 1+ mici Poo ft εν ( στ πρι 1+ a 
Using this expression for F(x) we integrate by parts n times and obtain 
(30) P(z)—L(0)4- LO (0): e-+: L (0) "αν 


ος 
+ ge H et Lan (xt) dt, 
«70 


where L(st)= z and hence L‘(0)—(—1)*n! Σ 2;m;^. 


Lit mal 
Further, it can be verified that 


ο) 
| Lo? (zt) | (n 4-1)! X | αἱ | mit — Gua 
jal 
so that 
oo 
(31) | fy LD (a)i s Gan. 
Z0 
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On account of the inequalities satisfied by α,, it follows that the 
quantities L(0), L'?(0) are bounded for all finite values of n, but are 
not necessarily bounded as a set. (If a; are all positive the constants 
L(0), L™ (0) are certainly not bounded as a set). The G, are unbounded 
as a set. 

Using (30) and (31) we have 


(32) | F(z) — { L(0)-- L9 (0) *z4-* * - 4- L0 (0) 29) | Sat: Gra. 
Replacing z by 1/z we have 


(33) a^|F(1/z)— ( L(0)+ LO (0): 1/z +: ++ L9? (0): 1/2) | € Gs —- 


Therefore for large values of x 


ο (—1)"! X amp 
(34) P(1/z) ~ TL (0/7 — 3 Toe p HUP (0. 
n=0 
asymptotically ; * ουδ) (34) amounts to the statement that for small 
values of v the function F(z) can be computed from a finite number of 


eo 
terms of the series X L?(0)- z^. 
n=1 


4. Representation at an Essentially Singular Point. We shall have 
z==Q as an essentially singular point; let it be a limiting point of a 
sequence of poles situated on the positive half of the imaginary axis. The 
problem will be to construct a function 


(35) PG)-E [Bs/ (iy) —2)], 


where y; are positive, real and such that Yn/Yn+ı > A> 1 for all values of 
^, with an assigned set of initial values F(0), F‘(0) such that 


| F(0)], | FP (0) /j! | < G, G-—L2,:-:) 


Assume Εη(α) = Σ [b;/ (iy; —x)] and determine the constants ὦ; by a 
set of n equations: e 
Co = bı + δὲ E: dn, 
iF (0) = (bi/y;) + (b2/y2) +: ` + (ws); 
T 4$ FO (0)/11— (b,/y;*) + "we ps Mi ας 


ο ο ο 


* A definition of an asymptotic expansion is given in Whittaker and Watson, 
Modern Analysis, third edition, Cambridge, 1920, p. 151. 


p— 
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these equations are suggested by those that are derived when in F(z) = 
oo 
> [B;/(iy; — «)] and its successive derivatives x is put equal to zero; equa- 
jel 


tions (86) reduce to the latter set when n — co. The first of the equations 
(36) is introduced in order to have (36) of the same form as (19) and 
(3), since then it is known how to solve those sets; C, is an arbitrary con- 
stant such that | Co | < G. A solution of (36) is given by 


gu (2?) y (2) de 


(37) by = (1/271) f, Ττο-- (ys) lpr yn)’ 


where @a(2z) = II (1— 432), 
451 
yle) = Co(1/2) + iF (0) (1/55) + [BP (0)/1 ΠΠ: (1/28) 
4- [βρω (0)/21] - (1/7) +++, 


and C is a circle having z — 0 for the center and a radius R = G ; further, 


: ; 3 d. 
(38) zm br = By = (1/221) f. rZ ης Qm (1/9x) 2 


co 
where φ(αλ) = lim φι(α7) = II (1 — y;z) and converges. When n— œ, 
1-00 151 


oco 

F(a) approaches F(s) = £ [B;/(iy; —2)]. This process is justified since 
ja 

ὃν, By satisfy the inequalities (6) with m; replaced by (1/y;) and therefore 


Fy, (x) -ᾱ [0,/(iy; — v) ] and its successive derivatives converge uniformly 


ορ 
for all values of n, the same holding true for F (w) -Z [B;j/(iy; —v)]. We 
zl 
formulate then the following theorem: 
ΤΉΕΟΒΕΝ VII. Let y; be a sequence of positive numbers such that 
for all values of n 
Vn/ Ynn Σλ»1. 
Let F(0), F?(0) (j—1, 2,^-:) be numbers such that | F(0)|, 


| FP (0)/j!| < G, a positive number. Coefficients B; can then be so deter- 
mined that the series 


(39) F(x) = [Bi/(ty: —2)] + [Bo/(ty2— 2)] + [(Bs/(tys — 2)] 

eee a By Gn 29] ps 
(for which «==0 is an essentially singular point, being a limiting point of 
a sequence of poles) and all its derivatives will converge for all real values 
of x and the sum function will have F(0), F?(0),: - - for its initial values 
at a==0. The coefficients B; are given by (38). 
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Take two functions with the same initial values, but iu their repic- 
station by means of Theorem VII let C, have different values in e 5 
cf them; let them have the same poles. The difference of such two funetiers 








(n A(x) = [v/ (iy — 2)] + Lv (ys — 0] +° °° 
Tus zero initial values; making use of (38) we derive 
R z ?)dz 
CH ---- (8/2ri f = $( 1 
) γ (s/2ri) ο 2[2®— (1/y.) ] € (1/4) 


vlece s is a constant and φ(α) == I (1— y;2). 
151 
Thus, it has heen shown, that since y; can be chosen in an ind: βαν ; 
(0 number of ways, there ure infinitely many functions of this ef w 
Lite zero initial values ab an essentially singular point. 
Let now Ε (0). δω (0) (1-1, ἃ.) be any set of initial valu 
construct a function 


oo 
PE G(x) = F(0) + = [μμ (ys — r) | ; 
n= 


diflerentiating successively, and letting s = 0, we have two sets of equations 
ctf-ring from (11) and (12) by having iG(0), iF(0)and UG9-2'(0) (,— i. 
| FEVP(0)/(j-. 1)! and 1/7; in place of GM (0)/fE (0). FV (0), Fac 
.: (0), FY (0). F'(0)/fU(0) and mj, respectively; letting 
M; = UNO (0) '(j— 1)! (pesa ceux 
oo 
S Tirorem VII we can construct a function IY (ce) = € [B, iyj— w)] v th 
j=l 

UU (0) V (0). VP (0) for initial values. The function 

Eua F(a) = (1) -- Ν(α) 

wil Have F(0). F"(0). F?(0),- + - for initial values at r==0. In ‘ne 
vereding, the first of the formulas (11) is omitted. We have sho τη 
‘nevefore that functions eun be constructed having any assigned set of coustuais 
‘ue initial values at an essentially singular point. Tn the general case y; Mast 
we linunishing rapidly enough in order that the modified set of equations (12) 
hi uld define the constants 6, of (42) so that, for all values of n, |as S1. 

The method of this section can be readily generalized. Let z —0 he 

‘he limiting point of a sequence of poles γ;, all situated on a straight line 
‘hrough the origin making an angle 0(254 0, Æx) with the positive halt o: 
.he real axis; such poles can be given by y; —(ctg6 + ἴλη; we shall suppos 
‘ity, satisfy the same conditions as before. We consider functions αἱ 


che form 
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(44) B(e) =X «/Letgb + 0 —2]; 


all of the preceding part of this section will hold with respect to functions 
of the form (44), provided i"177-2(0)/(n — 2)! is everywhere replaced by 
(οἰφθ -- 1) '-1F"2(0)/(n— 2)! Then in Theorem VII the condition will 
be introduced that 


(48) | (cigó +. i) 1- £»2(0)/(n—2)1| < G, (n=1,2 


From (45) it follows that F (0), F (0) are more restricted for values 
of 6 nearer to 0 or z. The restriction on the F'(0), FP (0) is least in the 
particular cases when 6 = = (7/2). 

By initial values in the above representations are meant the limits at- 
tained by the function and its successive derivatives when the variable ap- 
proaches the essentially singular point (of the type considered) along a fixed 


direction. Cauchy’s example 
gie 


has a different type of an essentially singular point at z — 0, but the function 
and its successive derivatives possess definite limits when the variable ap- 
proaches z — 0 along the real axis. 


5. An Example. The coefficients «, of the representations considered 
in Theorems I, IV and VII are of the same general form. Let us consider 
the case, which could be used in connection with any of those theorems, when 
m, or 1/yr—=2" (A> 1); denote the coefficients of ψ(2) by G;; they will 


oo 
be assumed such that ψ(α) — | (G;/z?i*1) is an entire function. It is 
230 


oo 
known how to expand a function $(2) = ΤΙ [1— (2/2)] in a power series 
ji 


in 2; taking successive derivatives of $(2/A): [1 — (2/1) 1 ==¢(z) and let- 
ting 2 — 0 we derive 


pP (0) = (—1)*r!/(A—1) (A2—1) ++: (Aar — 1); ened 

$(2) = Ser, o=], 

Cr = (—D*/0.—1)094—1) s (ar—1), (r—1,2,:* ). 
Further 

&(/Gh—39)— E oe —)] = Xu 


50 oo 
> Cr ger τς (22 — A?) > nd, ^ 22° 
r=0 r=0 


oo 
— — ad A" + Ὁ (ndr1 — πᾶν A”) 27". 
771 
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Comparing coefficients, have 
πάγοι — μᾶς A” = Cr, — ndo ÀA” = 1. (r =1, ο), 
ndr -— —(6;/d") == (eri A21) — 4 —(1/AC0*07) 
(r—0,1,2,* * -). 
Consider 


PY (A) + an = (1/231) f. aS * y(z)dz = 


= (1/2) f (aet È (01/2) άν; 


both of the power series of the integrand are entire functions and multiplica- 
tion termwise is justifiable. Since the coefficient of 1/z in the integrand is 


oo oo 
> Grady, and $0 (A*) = δη ο, A*C7P, we obtain finally, 
r-0 T-l 


(46) On = (Σ G, - adr/ S re ite, (n—1, 2, 8, -), 
230 151 
where 
Gy = (—1)"/(A—1) (X —1) + (A —1), Co = 1, 
ndr = —(Cr/A”) RA (Cr1/A?”) ως σα (αλ), 


In the numerator of (46) terms can be so rearranged as to have a power series 
in 1/λ' with coefficients independent of n; this would facilitate actual com- 
putation. 


6. Application of Darboux’s Formula.” Suppose that F(x) is a func- 
tion of a real variable, indefinitely differentiable, and such that the function 
and its successive derivatives of all finite orders are finite and continuous on 
the interval (0, x), then, even though F(s) is not necessarily analytic, Dar- 
boux’s formula holds; this becomes evident when we follow the steps by means 
of which that formula is proved. 

Let (t) be a polynomial of degree n, (02-1). Consider the 
identity 

ο 
(d/dt) € (— 1) m. gg om (4) + Fan) (zt) 
m=1 
— — 2g (£) PO (αἱ) + (— 1) "ον 16 (1) FO (2: t); 
integration with respect {ο { between the limits 0 and 1 gives the formula 
$ (0) [F(e)—F (0)] 
LÀ 
== > (— 1)n-ign[go-m (1) poem (ο) “et oim (0) «m (0)] 
m1 


+ (Haram f Φ(9Ρα» (θα: 


* Journal de Mathématiques, Ser. 3, Vol. 2 (1876), p. 271; also see Whittaker 
and Watson, Modern Analysis, third edition, Cambridge, 1920, p. 196. 
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In particular, if $(1) — (t — 1)" we have 
(T) — P(e) = [E ("P9 (0)/m!)] 
m=0 
1 
+ [(—1)" 24/1] f, (t — 1)» FD (at) dt. 
0 
1 
When lim (1/n!) { (¢—1)" FO) (et) dt =0, F(z) is analytic. 
π-»0ο A 
With the hypothesis made concerning F(s), it cannot be asserted that 
i 
lim (1/n!) Í. (£ — 1)" F (at) dt — 0, even if Σ q^ Po» (0) /m! con- 
n-»00 mz 


verges. 
Replacing in (47) z by 1/z we have: 


(48) — |o" (F(1/2) — X [(P™(0)/m!) - (1/29)]) | 


1 
= | (1/an!) f, (£— 1)” FD (£/2)dt | 


S [Psa/2 (n + 1) Π (Pa = | F™ (æ) | for all real z and n = 1, 3, ++). 
Hence the following theorem follows: 


Turongw VIII. Let F(x) be an indefinitely differentiable, non- analytic 
function such that F(x), F(x), F® (z),- - -are continuous and finite in 
the interval (0, x); let F(0), F (0), F™(0),--- be the initial values at 
z= 0; then for large values of x 


' © 
F(1/z) ~ X, (669 (0) /m) - 1/2" asymptotically. 
m=0 


COROLLARY. If a function F(x) with zero initial values αἱ α-- 0 
satisfies the conditions of Theorem VIII then for large values of x 


Σ (1/2) ~ 0 asymptotically. 
These results can be applied to the representations of section (2). 


7. General Observations. The methods of sections 8 and 4 have an 
advantage over that of section 2 in having the initial values less restricted 
(Theorems IV and VII), which advantage would be of importance when 
amy (such that mj,/m; > A 71) or y; (such that y;j/yj > A > 1) are fixed, 
since when the restrictions on the initial values are removed it may be neces- 
sary to have m; increasing more rapidly, or y; decreasing more slowly (to 
satisfy equations (12) or the modified sets of equations (12)). The method 
of section 2 offers a greater multiplicity of representations, since there are 
infinitely many functions of class (À). - 
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The Abstract Identity of Modular Systems and 
Ideals. 


By Duncan HARKIN. 


Introduction. The object of this paper is to show the abstract identity 
of two theories: one, the Theory of Ideals, first developed by Richard Dede- 
kind in 1871; the other, Leopold Kronecker’s Modular Systems, made known 
in the famous “ Festschrift ” of 1882. The method followed is one of abstrac- 
tion and transformation by formal equivalence,* in the spirit of E. H. Moore's 
“ General Analysis ”. 

The terminology of the paper agrees closely with that of Kronecker. 
The theorems, however, follow Dedekind for the most part. By this dual 
scheme, where the notation and external form is apparently that of Kronecker 
but where the root idea and fundamental meaning is taken almost bodily from 
Dedekind, the two theories are seen to be two instances of one and the same 
general theory. 


1. A field Ẹ is defined as usual.[ Given a set of numbers [a] and two 
fundamental operations S8 and P (called addition and multiplication), such 
that either operating on a pair of numbers produces an unique number of 
the set, and if O stands for either S or P (disjunctively), the field properties 
may be briefly characterized by the four postulates 1.01-1.04. 


1.01 O (41, σι) = a = O (as, αι) 
The operation is commutative. 
1.02 O (O (αι, dz), ds) = O (as, O (a5, as) ) 


The operation is associative. 
P(S (t, a2), αὐ) = S (P (as, αὐ), P(a5, aa) ) 


Multiplication is distributive with respect to addition. 


* E. T. Bell, Algebraic Arithmetic, American Mathematical Society Colloquium . 
Publications, Vol. 7 (1927), Chap. V, §§ 1-2. 

1 E. T. Bell, Algebraic Arithmetic, pp. 6-7; L. E. Dickson, Algebras and their Arith- 
metics, Chicago, 1923, p. 201; G. Scorza, Corpi Numerici e Algebre, Palermo, 1921, 
pp. 3-13. ‘ 
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1.03. There exists in the set an identity element 4 such that, for any 
number a@ of the set, 
Οία, 9) — a. 


1.04. For every number a of the set there exists ia the set an inverse r, 
such that 
O(a, r) — i. 


1.1. From these postulates the uniqueness of the identity and inverse 
elements may be proved. The unique identity element under $ is written 0, 
and, under P, 1. It is also easily shown that cancellation of like components 
from the two sides of an equality is permissible, 1. e. if O(a, ὡς) = Ο(αι, as), 
then dz == a. 


1.9. A special variety * is produced by modification of the postulates. 
Whole numbers are defined by so restricting postulate 1.04 that under multi- 
plication the only number having an inverse is the identity 1 itself. A further 
restriction of 1.04, so that there is no inverse under either addition or multi- 
plication, except the identity, defines the set of positive whole numbers. 


1.8. The indeterminate or arbitrary number «, due to Gauss but first 
taking important place in the work of Kronecker, is defined as any number, 
in the sense that its having once stood for a particular number a, does not 
prevent it from standing for another number, distinct or the same. This 
definition of indeterminates leads immediately to the theorem: 


1.81. In an equation in n indeterminataes (or powers of the same inde- 
terminate), coefficients of like indeterminates (or like powers of the same 
indeterminate) are equal. 


By hypothesis, we have 


1... - η 1...m 
Σ αι eis. 
i 4 


Since the w; are arbitrary, this equation must hold when t 40 and u; = 0 
(t= 2,8,* - +, n); therefore 
41 = 02. 


Similarly, for u 25 0, u: — 0 (19 1,8,* τη), 
ιο = 022; 


* E. T. Bell, loc. cit., p. 5. 
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$0450 or. In general, 
lii = αρ (t= 1, δ,” ty n). 


The alternate form of the theorem is proved in like manner. 


1.4. Further elements l; are adjoined, subject to no other restriction 
thar that of combining in the usual way under S and P. An integir - 
don ain ¥ is then defined as the set [y(/i;a;)] of all rational integral "a .- 
t on, of these elements with whole-number coefficients. That Ν ix prope ^ 
c.lid an * integrity-domain ” is seen by observing that the y; satisfy ell 1 
postulates for whole numbers. A rationality-domain $ consists of the .: 
|) οἱ all rational functions of the elements l; with whole-number coeflic (r^ ~, 
Corsequently, every $ can be written as a quotient ψι/ψ., and the set satisi 
t = postulates 1.01-1.04. 


1.5. Following the nomenclature of Kronecker * and, before him, ( πι 

v hc first introduced into mathematics the terminology of the natural scienc s. 
v> veine class, genus, and species. A set of n algebraic quantities (4h '- 
uton) Ac (19 1.2,* - *,n) are said to constitute a class © of algebre 
quantities if their elementary symmetric functions are equal to quantitics «i 
a g ven rationalitv-domain &. If the domain is restricted to an inteyrs v- 
domain 3, then the class © consists of algebraic integers. The n algebrc:e 
(19 itities A (or integers α) are called conjugate algebraic quantities (or 
i icuers). 


"ES 


1.51. If a class © of n conjugate algebraic integers αι (i = 1,2,7 στ, . 
sutiofy the system of equations 
be Σαι--[, D u= fcc, Mee a= fns 
chere the fi ($— 1, 9, - >, n) belong to a given integrity-domain X, then 
cn, algebraic integer a =a; (i= 1, 2, * * *, n) of the class satisfies the 
equation 


e: a — frat fart — s 38 fy 0 
Or 
(2) q^ — ari Ὁ a, + ar? E da=’ th a 'αι--0; 


cnc this last is equivalent to the equation 


1... 


3i TÍ (a — a) e; 
4 


“L. Kronecker, “ Grundzüge einer arithmetischen Theorie der algebraisehen 
Crissen”, Orelle’s Journal für Mathematik, Vol. 92 (1882), pp. 1-122; Werke, JI, 
237 387. 
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We proceed first with the demonstration of the first part of the theorem. 


By hypothesis, 
1... η 
Σαι--[ι--0. 


Multiplying this by αι, we get 
leet 
αι x αι — [αι = 0, 
which can also be written "T 
αι — ho de = αιαι == 0. 
Since 


fo nu 4 x Xij 
tj 
this last equation can finally be put in the form 


2...9H 
a? — haa + f — 2 9,0; = 0. 
as. 


Again, multiplication by αι gives 
2...n 
a? — fray? + [μαι — 2 αιαιαι = 0, 


which, as before, can be put 
> 
αι) — fas? ++ fot. — fs + à. 2,005, = 0. 


This easily leads to the empirical formula 


1...r 2..." 
x (—1)* [ια + (—1)* Σ Quo ttr a= 0, 
LEER 


which is proved by mathematical induction up to, as the notation indicates, 
r=n. Forr—n, 


1...4 2... 
Σ C-10haut-(—1)* X «mco ar 0. 
i $...,.ER 


This is obviously the same as 


1... 
Σ (—1)* fnit + (—1)" ma, ^ * : an = 0 
t 
or 


1.45 
E'C Dant (71) fa 0, | 
whieh ean be written 


b C2 sims = 0. d 
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By varity, 


0... 
Σ (—1)! faiai = 0 (j= 1, 2, ZEN n) 
or; Íx-aj (j71,29,-:-:,m), 


θε ν τπ 
ΣΙ) fiat =0, 


as was to be proved. 
The last part of the theorem is proved by expanding the product 


1... η 
II (α--- αι) — 0. 
a 
Thi- gives the equation 
at — qi Nai + a2 Ὁ aia; — «1 ik A: ctn Za — 0. 


By means of the Galois theory of equations, equations (1) and (2?) 
ni be shown equivalent. 


1.92. The sum, difference, or product of any two algebraic integers z 
and x, of a class © is an algebraic integer of the same class. 


1.6. A genus Œ is composed of all rational functions of the algebraic 
quantities of a given class © under a rationality-domain &. Under a given 
integrity-domain, J, all the rational integral functions of the algebraic in- 
tegers belonging to a class © constitute a species ©. Given an integrity 
doniain and, under it, a class © of algebraic integers and a genus ($, then a 
principal species S* is defined as the totality of all the rational integral 
functions of the integral algebraic numbers which (functions) also belong to 
the genus (9. 


1.61. For every principal species &* there exists a finite basis ® (w, ω., 

**, 094) of S* such that any quantity of the principal species 655 may be 

expressed linearly in terms of the elements ωι of the basis with integral 
quantities y, of the integrity domain κ for coefficients. 


1.7. Conjugate algebraic units are algebraic integers whose product is 
unity. This is equivalent to saying that the norm of an algebraic unit ε is 1, 
or that an algebraic unit is an algebraic integer satisfying an equation whose 
first and last coefficients are both 1. 


9. Forms and their Properties. 


2.1. A form F is a linear combination of algebraic integers, belonging 
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to a given species and genus, with indeterminate coefficients. More gener- 
ally, F may be regarded as a form in the indeterminates with integral alge- 
braic coefficients. Thus 


F = Mas = δν wits (t= 1, ϱ, °°, mn). 


A form F is said to contain an algebraic integer α if « can be expressed 
linearly in terms of the elements of the form. More generally, a form F, 
is said to contain a form F, if each element of the second form can be ex- 
pressed linearly in terms of the elements of the first form. 


2.11. A form P= Xj wm; (ἐ--1,3,'  *, n) contains each of its ele- 
ments αι (b= 1,9, * -, n). 
2.12. Every form is equivalent to itself. 


2.121. A form; remains unaltered by the addition to its elements of any 
quantity contained in the form. 


By definition, 


P a0; H- usos -H e  ' + Vas. 
Consider 
BY — ναι F ὑιψα; + Uto FH e Un’ An. 


This may be written 


P == ΠΟΛ + (ων ψ + Ue’) Me + tot + Un’ n 


or 
E” = μαι + ας + * '[- υκᾶη, 
where 
Ug = Uy’ + Us’ and Ui = ων (t=1, δ, 4,-°°, n). 
2.18. The sum of two forms is a form. 
By definition, 
E 1...r-r 1...8 P 
P,— > ua’ and F,= X va” 
i i 
1..." I 
F, + F: = 25 ici, 
i 
where n =r +s, and wig; = uses’ (ἰ--1, - cc, 7) or Witi = viai" 


(ἐ--τ--1,-' -, ο). 


2.14. The product of two forms ts a form. 
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Defining F, and F, as in (9.19), we have 
FF: = X wisi, (i—1:- yn) 


Bere z -— 7$, and wie, = UVER m (hR=1,°° T; kl, 1, 8). This 
sib:titubon is permissible by 1.52 and the fact that the product of two inde- 
iecuninates is again indeterminate. 


3.19. The sum of two forms contains either form. 
2.16. The product of two forms is contained in either of the componer > 


F, and F; being defined as in 2.13 and their product F,F, as in 2. t. 
sulticient to show that F, contains Ε,Ε.. To show this, every elem :” 


23 " of FiF must be linearly expressible in terms of the elements αι’ οἱ °, 
1.. xa” — δα (ἰ--1, τν r). This is possible by putting wu.’ =- 
4 UU, 


2.14. Given two forms F, and F, then, if there exists a form F sw 
t'a the product Ε.Ε is equivalent to Fi, t follows that F; contains Py. 


By 2.16, F. contains F.F which, by hypothesis, is equivalent to Fy. 


The converse of this theorem, namely: If F, is contained in F», there 
cibis an unique form F such that F, is equivalent to FF, is not owdent. 
validity will he the aim and the conclusion of the present section. 


a 


2.18. If a form F is contained in a quantity ψ of the original doma +, 
Uer there exists a form F’ such that P = yF”. 


By hypothesis, y contains F = >) uix; and therefore contains cach z. 
ie, αντ Wa. Since F= X uia; = y X uai, it is evideni that F’-= X v.7.. 


2.19. If uF, — Fs, then Fy = Fo. 


2.9. The norm T of a form F is the product of F and all forms con- 
jugate to F. 


2.21. The elements of the norm T of a form F are rational integra! 
(ur atit ies, 


By definition, 


1... 
NF =T = [I (ναι) F Uj + + 7c + Unda). 
4 


Sirve this product expanded involves only symmetric functions of the z;;, 
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it follows by 1.51 that the resulting coefficients will be quantities of the ori- 
ginal field. 

The reduced norm T of a form F is the quotient of the norm Τ' of the 
form divided by the G.C.D. d of its rational integral coefficients, i.e. 
T —r/d. 


2.22. The norm of the product of two forms is equivalent to the product 
of the norms of the forms. 


Write NF, = FP, where BP, = ουσ. “Fin, the Ps (j— 1, 9, ες ,n) 
being conjugate forms. Then 


NFNF,— FF, FF, = FFF PF, = FF, 
where F = Fafa and BP = οι Pa Fog" 7 | Fa. 


9.8. A primitive form E (Hinheitsform) is a form whose norm is 
equivalent to 1. 


2.31. Unity 1 contains every form. 
3.89. A primitive form E contains every form F. 


By 2.16, E contains its norm NE which, by definition, is equivalent to 1. 
But 1, by 2.31, contains any form F. .'. E contains F. 


9.33. Every primitive form E is equivalent to 1. 
By the proof of 2.32, E contains 1 and, by 2.31, 1 contains F. 
2.84. The sum of two primitive forms E, and E, is a primitive form. 


By 2.18, E, 4+- E, is equivalent to some form F and is therefore con- 
tained in F. But #,+ E, contains Γι, by 2.15. Hence F contains Κι 
and, by 2.22, NF contains NE, — 1. Since NF is also contained in 1, by 
2.91, NF = 1 and F is primitive. 


8.85. The product of two primitive forms is equivalent to a primitive 
form. 


By 2.14, E,E, is equivalent to some form, say P; and, by 2.22, NE,NE, 
== NF. By definition, NE, —1 and NE, — 1, therefore NF = 1 and so F 
is primitive. 

2.86. The sum of a primitive form E and of any form F is equivalent 
to the primitive form E. 
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The sum E -+ F contains E, by 2.15. Tt. remains now to show ‘hit 
cavains E+ F. But Æ contains itself and, by 2.32, # contains F: thei ^ 
{ contains B+ F. 


2.87. The product of a primitive form E and any form F is equali a 
t 7 


ya» 


F contains EF, by 2.16. It now remains to show that EF conteii: 
Ts. follows from 2.12 and 2.33 
These theorems justify Dedekind’s definition of an ideal and bev v * 
tis fo his “remarkably sharp-witted method of deduction ?,* for in the τ o 
poccertics which he makes definitive lies the germ of the whole develo is 


Τη οι κια) definition F can he summarily put 


T ία. n) == f 
11 P(s,a) =a 


€ . 2 the notation here used, 
S(FE,F) =F 
P(E, F) =F. 
2.30. If Fy -- Fis equivalent to a primitive form E aud if Fy (co +s 
one product PaF., then Fy contains F3. 
By hypothesis, F, contains FF, and, by 2.16, F, contains F,F,: thi .<- 


we Fy contains FiF + FF, = Fa (Fi + Fa) which, by hypothesis, equals 
‘a. But, by 2.37, FE — Εἴ. whence the theorem. 


2.39. The set of all the forms which can contain a given form is fin te. 


By 2.21, the norm of the given form P is a rational quantity y, wh: -h. 
v 2.16, is contained in F. Let F’ == Ñ uiz; (t= 1,2, +, n) be any form 
otaining F. By 1.81, 


= ty (Yara + ases of ain) ot Ἔ Un (Unis eb ia.) 
where (9i, 05,7 7 7, on) isa basis. By 2.121, since P" contains y, we may put 


Κ΄ us (pno ero e aues) ecc R^ (ψπιωι R00 P saos) bY 
= τιν (piro t n aslea) Rt Rs (miles ero E alea) — V. 


^ Kronecker, Grundzüge, § 21. 
+R. Dedekind, “Sur la théorie des nombres entiers algébriques”, Bulletin de. 
Ne. aces Mathématiques εἰ Astronomiques, t. 8 (1876), pp. 278-288. 
4 
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where y;;' are the residues (mod. y) of the y: But, since the wij are 
rational quantities, the number of residues (mod. ψ) is finite. Hence the 
theorem. 


2.4. A prime form P is a non-primitive form such that, if any form F’ 
contains P, then F” is equivalent (disjunctively) either to P or to a primi- 
tive form £E. 


9.41. The sum of two prime forms P, and P, is equivalent to a primi- 
tive form E or else (disjunctive) the two prime forms are equivalent to each 
other. 


The sum P, + P, is equivalent, by 9.18, to some form F which therefore 
contains P, -+ P, and, consequently, by 2.15, each of P, and P; separately. 
By the definition of a prime form, this leaves two alternatives: either F is 
equivalent to both P, and P, (hence P, equivalent to P;) or F is a primi- 
tive form Æ. 


2.42. Every non-primitive form F is contained in some prime form P. 


Either F is already a prime form (and the condition immediately 
satisfied) or, by 2.39, F is contained in a finite set of forms. But among 
this finite set there is some form, say Fa, of smallest norm. Hence the prime 
form P sought is Fh. 


9.48. For every form F there exists a form F such that their product 
FF” is a quantity of the original field. 
This is satisfied by choosing W = F, where FF = NF. 


This theorem is the crux of the theory. Its importance is pointed out 
by both Dedekind and Kronecker, as well as by subsequent writers.* 


2.44. If F,— FF. then F, is primitive. 


By hypothesis, ΕἸ — F,F,; but, by 2.43, there exists an P" such that 
ΡΕ =y. Therefore y = yF», and so F, — E, by 2.19 and 2.88. 


2.45. If FF = PES, then F, = F}. 


By hypothesis, ΕΙΡ; --- F,F; and, by 2.43, there is a form F’, so that 
F", F, F = FFF, gives yF = yF; which, by 2.19, implies P; = P. 


* See, in particular, A. Hurwitz, “ Ueber die Theorie der Ideale,” Göttinger Nach- 
richten (1894), pp. 291-298. 
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2.46. If « form F, is contained in a prime form P, then there e? 
4n unique form F, such that F, = FP. 


By hypothesis, F, is contained in P, and so F,F'in PF’. But, hv 2 13 

F” can be chosen so that PF’ = y, and 2.18 implies an 15, so that FF’: F 
fiom this, Z,F'P = PF .P and therefore yF, = PF, or, by 2.19. F * PT 
To show the uniqueness of Fa, assume another F”, so that F; PE 
PF", or F'PF, — FPE”. By 2.43 and 2.19, this gives yP, = yF” ve 


E ae F”. 


2.47. Every form F is uniquely expressible as a product of prime fo: «^ 


By 2.42, F is contained in some prime form, say Pa, and, by 2.16 


SPEO By parity, Fi = PaPa tt Era = PH. Thus Fee δι. + w 
To show the decomposition unique, assume another decomposition. st 


F = P,P te > Py= PP! +++ Pe. 


"A 2.16 and 2.14, P, contains PyP.--+-P, and also δι δή +--+ Ps Foor 
thi. it follows, by 2.38 and 2.41, that P, = P. ence PPop, 
PD) Py. Dy parity, Pass DV, PR PSP, DP, (εξ, No 


y 244. Pia’ P == E and, finally, 
PEPPY ΡΝ Pz es Pg =P,’ a * xod PE = PP.’ 3 ud P r 


2.49. If one form F, is contained in another form F, then there ta sts 
Επ μια form F such thal Fi = FF. 


)v hypothesis F, is contained in Fa and so F,F' is contained τα F F* 
av 2.43. F' can be chosen so that F,F' = y, a quantity in the original doi in. 
Thus F.F” is contained in v or, by 2.18, there exists a form F. such that 
FOU. oF. From this PPL’ == YFF; or QFQ— YFF, The theororo 
rol ows by 2.19. 

To show F, unique, assume an alternative F”. But from Fy = FF, -= 
ear’ it follows, by 2.45, that F4 = F”. 

This completes the restoration of the arithmetic properties of unique 
a‘orization and decomposition. Thus the ordinary laws of divisibility again 
hold, 

In order to facilitate the translation from the present theory (5) to that 
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of Dedekind and of Kronecker, a dictionary of equivalent symbols and terms 
follows: 


D K 
Pp Ideal a Form 
E Order » Primitive form 
P Prime ideal p Prime form 
r Norm of ideal A’ (a) Norm of form 


3. By giving various interpretations to the symbols and relations, we 
obtain particular instances of the same abstract general theory. The develop- 
ment of section 2 made fundamental the composition of forms, as in the work 
of Kummer. However, this entire section could have been based on the 
Gaussian transformation of forms. In fact, the two ideas form two possible 
interpretations of the same general concept. Dedekind’s Führer or Bearer 
furnishes another possible viewpoint. 

Weber, in his Algebra, develops a theory of functionals, wherein integral 
associate functionals correspond to ideals; the product of two functionals to 
the product of two corresponding ideals; an integral number to a principal 
ideal; and units to the ideal or order o of Dedekind. 

Geometrically, an ideal may be made to correspond to a system of points 
on a fixed fundamental curve; and a principal ideal to the complete inter- 
section system of the fundamental curve and another algebraic curve. Brill 
and Noether translate the idea of equivalence into coresiduality. Hensel and 
Landsberg have developed an extensive application of modular-systems to the 
theory of algebraic functions of curves on a surface. 


ALABAMA POLYTECHNIC INSTITUTE. 


Concerning the Cut Points of a Continuous 
Curve when the Arc Curve, 4B, Contains 
Exactly /V Independent Arcs.* 


By Norman E. Ror. 


In 1925 Menger + introduced the term “curve” for those compact con- 
nected spaces which have the property that for every point of the set and 
every e > 0 there exists a neighborhood of diameter less than e which contains 
the point and has a totally disconnected [ boundary. A point of such a set 
is said to be regular if it is possible to choose these neighborhoods in such a 
manner that its boundary is finite, while it is of order n if for every e we 
can find the neighborhood of diameter less than ε whose boundary consists 
of exactly n points. In a subsequent paper he shows that in a regular curve, 
i. &, a curse containing only regular points, there is corresponding to every 
point of order m a set of n arcs having the point in common and otherwise 
distinct.§ It should be noted that every regular curve of Menger is also a 
continuous curve, that is, it is connected im kleinen at every point. Of course 
there are continuous curves which are neither regular nor even curves in the 
sense defined above. 

In this paper is considered a plane continuous curve in which there are 
two points a and b which have the property that there are in the continuous 
curve exactly n arcs from a to b which have no points other than a and b in 
common while it is impossible to find a similar set of n+ 1 arcs from a to b. 
Under these hypotheses it is proved that there are exactly n points in the 
curve whose omission separates a from b in the curve. This theorem provides 
a sort of converse to the theorem of Menger mentioned. The precise converse 
of the theorem of this paper is an easy consequence of the theorem itself, and 


* Presented to the American Mathematical Society, May 7, 1927. 

1 Cf. K. Menger, ' Grundzüge einer Theorie der Kurven," Mathematische Annalen, 
Vol. 95 (1927), p. 277. 

iA set of points is said to be totally disconnected if it contains no connected 
subsets other than single points. 

8 See “ Zur allgemeine Kurventheorie," Fundamenta Mathematicae, Vol. 10, (1927), 
p. 98. 

4 For fundamental definitions and properties of continuous curves see R. L. Moore, 
“Report on Continuous Curves from the Viewpoint of Analysis Situs," Bulletin of 
the American Mathematical Society, Vol. 29 (1923), pp. 289-302. 
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thus furnishes a proof of Menger’s theorem for more general plane continuous 
curves. In the course of the argument very important use is made of the 
are-curve (ab) of the continuous curve E with respect to the distinct points 
a and b, i. e. the set of all points [X] of E such that for every point x of 
the set there is an arc of E from a to b which contains z.* 

The statement of the principal theorem of this paper is due to Professor 
J. R. Kline, and it has been with his advice and direction that the proof has 
been constructed. 


1. GENERAL THEOREM. If there exists an integer n such that for 
two given points a and b of a continuous curve E there are arcs amb 
($—91,9,- - -, m) of E no two of which have any points except a and b in 
common, and such that by no means is it possible to construct m- 1 ares 
like these from a to b, then there exists a set of n distinct points pi, po, * * -, 
Pn of E such that E — (pı + pot: : c 4- gu) is the sum of two mutually 
separated sets Hy and Ey, Ea containing a and Ey containing b. 


Notation and definitions. Let F be the arc curve of the point set a + b 
with respect to E, that is, let F be the set of all ares that can be drawn in E 
from a to b. It is a continuous curve every complementary domain of which 
has a simple closed curve as its boundary. Let a particular set of n arcs 
axıb satisfying the hypotheses of the theorem be Mi, Μ.,- * *, M, (such a set 
will hereafter be referred to as independent) and let these be ordered in such 
a way that the simple closed curve formed by M; and Min contains in its 
interior (Μι), that is M; — (a + b), but not (Mj), where j—1,2,---,” 
and $—2,8,--:, (n— 1) and jz2^4. Let Mi; be the simple closed curve 
M: + M;, and let its interior be Τμ. Let Fi; represent Mij -- F X Liz. Fis 
is a continuous curve; 1 the arc-curve of (4-+ b) with respect to Fi; is 1/8 
Let any complementary domain of [πε whose boundary has at least one point 
on each of the ares (M;) and (11/11) be called a cross-domain or c-domain of F. 


* This notion has been introduced by W. L. Ayers in a paper which has been 
accepted for publication by the Transactions of the American Mathematical Society. 
Ayres proves that the are curve E(ab) is itself a continuous curve. For an abstract 
of this paper see the Bulletin of the American Mathematical Society, Vol. 33 (1927), 
p. 410. Ag this paper is as yet unpublished the numerous references to it throughout 
these pages“are somewhat incomplete. 

TW. L. Ayres, “Concerning the Arc-eurves and Basie Sets of a Continuous 
Curve"; see remarks above in introduction. 

+H. M. Gehman, “ Concerning the Subsets of a Plane Continuous Curve,” Annals 
of Mathematics, Vol. 27, 1925, No. 1, p. 34. 

§ W. L. Ayres, “‘ Concerning the Arc-curves and Basic Sets of a Continuous Curve.” 
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fa what follows ordinarily c-domains will be represented by small Greek 
ot ys y, ὃς their boundaries by the corresponding capitals Γ, A. 


I(a) THEOREM. At least one of the complementary domains of Fin, i 
o cross-domain of F. 


v 


$ 


Proof: Consider the set Fie — Miz If this is vacuous the thevrem ° 
(oi lous as then J.. is a c-domain. Since Fy. and Mis are both continue: 
curves and Mis C fy, if [ιτ My, is not vacuous, it consists of a cet à 
aber of maximal connected parts. Suppose that one of these, say Λ΄. 
feet ποιαῖς both upou (1) and upon (M). If both α and b are also an .- 
οἱ ^ there must in A be an are from a to 0.* Either this is an n + bs? an 
rua g to b contradicting hypothesis, or it is one of the arcs Mj, ; > ὃν ι 
^a 7 to the convention used in ordering Mi, * ^ c, Ma Suppose ther the + 
ot a limit point of K. As the limit points of K form a closed «ct win 
esentative points both upon (111) and upon (M) there is a tirs Li oo 
tS ope and a first B. on the other. Now Mis— (ki + Xe) is diseoiac! 
ς (Why) aud (δν), The ares (να) and (k,bk,) will thea occur να 
the same maximal connected subset of Fis — (ki + kz) only if some maasinma! 
cor pected subset of FZ,,—4M,, has limit points on both (kiako) and (54 |. 
Su. pose one of these, say L, has one, la, in (kiak) and one, ln in (9 uh i. 
Mew an are (με) in K and one (fh) in L, as these must intere: 
` tior to {ο and thus K be identically L, a contradiction arises which she + 
Γι’ Fy — (kıt k) is disconnected. But then kı and ἐν are on °» 
int udary of a certain bounded complementary domain of Fi.f 
Suppose then that no maximal connected subset of Fy, — Wie has a linut 
pot on CM.) and another on (Me). As before F;.— (α--- 0) is discon 
o ed aud so @ and ὁ lie on the boundary of some bounded complement. e» 
dorain D of Fis The boundary of this domain is a subset of Fis and is a 
επι ple closed curve which is divided into two ares (ayb) and (azb) by ‘he 
ports «and b. As neither of these ares has any points exterior to M:s li i~ 
cle: rly impossible for them both to have points on either (4111) or (119), or 
ior one to have points on both (441) and (M). But if (ayb) has no pont 
ca (Mi) it must have at least one on (M) as otherwise 1t is an (n -iis 
erc irom a to b in F. Then similarly (azb) has a point on (411). Thus us 
one of the two arcs has a point on (Jf,) and the other one on (Ma) the domain 


f 


tw 


u L. Wilder, “Concerning Continuous Curves,” Fundamenta Mathe mati, 
Vol T, p. 342, 
FG, T. Whyburn, Abstract of an unpublished paper in the Bulletia of the 
Aur rican Mathematical Society, Vol. 33, p. 388, No. 10. 
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which they bound is a cross-domain of F. The same result of course follows 
when (ayb) has a point on (11). 

The theorem is thus true for F,,.. But as the argument used in the proof 
involved only Fs itself it evidently applies immediately to each set Pj; 
(j—23,83,-- -, n —1). 


Notation and definitions. Let ὃ be any c-domain of Εμ, that is of F 
in Τη. Its boundary A has a first point a; on JZ; and also a last b;, likewise 
it has a first and last ajm and bjn on Mj. It may happen, (1) that 
Qj = Q= 6544, (2) that b; = b = bjn, (3) that aj =a = jn and b; = b = bj. 
In these cases it will be convenient still to speak of these coincident pairs as 
if they were distinct points. 

The symbols aj;vaj,. and b;yb;,, each represent two arcs or points of Δ; 
of these one from the first pair and one from the second have at most end 
points in common, and these two will be called the a- and b-arcs of 8, ^, even 
although they may reduce to points. If y and ὃ are c-domains of Fij and y 
precedes ὃ these two will be said to be adjacent when the b-arc of I, the a-are 
of A, and the subares of M; and M;,, which their ends intercept either fail to 


form a simple closed curve or form one whose interior contains no c-domain 
of P. 


I(b) ΤΉΕΟΒΕΜ. If y and ὃ are adjacent c-domains of Έα, y preceding 
δ, then from. a point of the b-are of Y in [μι to a point of the a-arc of A in 
Γη. there is an arc of Fijn — Mijin having only an end point in common 
with either T or ^. 

Proof: The argument will be given only for P12. Let the a- and b-arcs 
in question be b,yb, and αιζα,. I£ (biybe) Χ(αιζας) AO any point of the 
intersection will be considered to satisfy the theorem. If this product is zero 
the two arcs involved in it form with the ares of (Jf,) and (M;) which their 
ends intercept a simple closed curve C with interior J. If I contains no 
constituent of F with limits on both (b,yb;) and (a,2a.) by an argument like 
that in I(a) I contains a c-domain of F. Hence the theorem. Clearly the 
theorem is similarly true in the special cases y + T = a, and 8 -+ A = b. 


I(e) ΤΉΞΟΒΕΝ, If the c-domains of Fij form an infinite set this set 
must have at least one limit point not already a limit point of some finite 
subset of the set, and only a or b can be such a limit point. 


Proof: That one such limit must exist is evident from the fact that the 
domains in question form a bounded infinite set. Suppose 6 is one distinct 
from a and b. At least one of the distances c to (Mj), c to (Mj,1) is not zero; 
suppose the first is e. Let c be the center of a circle of radius e/2. Within 


πρ --- - 
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circle an infinite number or the e-domains in question must have po t 
us cach of these must also have a boundary point on (W) each ¢ doa: 
this infinite number must have diameter greater than ¢/2, an evid 
or iradi¢tion. 
It may also he noted that if a is one of the limits of the c-domain- ^ 
SO (at can not be a boundary point of any c-domain of F;;4, fori 1 
ες αἴ ob A aud if p, and pja are points of A on (Mj) and (Mia). (i (y 
e i arc or à. pyb one on 1; and pja420 one of Mj... then e αν exte 
to che simple closed curve p,ep; i20yp, while all but ὃ of the set οὐ c-dom. w 
a Fo. of which v is a set limit are interior to this curve. It is chat : 
‘© theorem may be stated equally truly for the boundaries ot the c-dom 


Nelutioas and definitions, Owing to I(c) the c-domains of Fa nur » 
resorted assy Bigs 00,83 δίι. δο, δι. 8, 7 ty Omt .δο having be: 





Fic. 1. 
The heavy line is N} From the sum have been omitted the dotted loups. 


- αρ“ at random, The Le-domains y,u1, 7 7 ὃς Yia iii WH be said to ir: 
then op Fai trom Mj to Mii if (1) one and only one ot them >è g 
p mentary domain of each of the curves Εναν t 7c, Fi ueg and (25 “Ὁ 
hais at least one point of (Wg) in common with Poga (y=/+1.° τον j4-i--1 
ντ +s PL, sui will be referred to as links of the chain, and the pomis « 


C , on CV;) and of Faiy on (Mii) as end points of the chain. 

I(d) THEOREM. If Q is any subset of (Mj) there are in Fjj |, i «ot 
poudeut ares Nia, Ng coo. Nya from a to b, Fiat containing. A. 
(5s 1 Ίντο, ΓΕ Ds; where Nja X Q=0, aud Ne X (Mi) isa subse! i, 
[o cad points on My of the chains of Fje which have at least one oppositi ci 
prat among the points of Q. 

For the -ake of simplifying the subscripts this theorem without lo-s : 
2 acrality will be proved for Fii: The proof will be by induction. Dura. 
tie first part refer to fig. 1. 
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Proof: Let the set of all the c-domains of F in ΕἼ» be represented by 
Du b =t .---δρ--- +h 4-289: - ' - and the set of their bound- 
aries by X4 Aic δει: '{-Δο-Ἴ---ἜΔι----:'. Let {A} be 
the subset of Σὲ A; consisting of all and only those for which A; X Q 40. If 
a is not a limit of the set $5; δὲ it will be convenient to consider it the first 
of the set 9; Δι, under similar circumstances to consider b the last; under this 
convention $u; A; will necessarily contain three or more members. If Διι 
and A; are adjacent elements of δη A; let bj-.a; be the are of I(b) (of course 
possibly ὅ;.ια; represents a point, even maybe a or b) for every j, and let 
similarly ajb; be that are of A; for which ajb;XM,—0 if A;X@Q=40 otherwise 
for which ajb; X M26 0. Now the sum aj_1b;-, + για; + a,b; is either an 
arc from aj, to b; or fails to be one only because (@;.1bj-1) X (ajb;) £0 In 
the latter case, however, a proper subset of aj.1b;.,. + ajb; is an are from 
44. to b; and the sum above will be then supposed to represent this arc; the 
same meaning is to be assigned to the more extensive sums below. Thus 
ὐ κι a F acra0 e F να νι foe et Ό ναι + α δι + Dixy + dodo + boti 
+ αιδι + bito +: + + + Danas + dsbs + belln is a simple continuous arc from 
b. ο 05,4 say No for which NX Q=0 and NX (M3) —(A) X (M5) by reason 
of the choice of ajb;. If a finite r and s exist for which Ar ==4 and 
Ag == b the first step in the induction is now established. If one or both 
subscripts fail to exist continuing the process indefinitely toward a or b gives 
rise to a set which becomes an are upon the addition of its limits which by 
I(c) are at most a or b. In all cases then is the first step complete. 

Assuming now that in F,» from ἃ to b there are k — 1 independent arcs 
Nat + +, Ny where 1 < k< i, Na X Q —0, and Ng X (My) is a subset of the 
ends on (Mx) of those chains of Fix among the ends on (Mi) of each of which 
there is at least one point of Q, the same thing for one greater subscript is 
to be proved. Let Σι γι represent the set of c-domains of PF, and let 
Qu = Ny X (My). By the first part of the proof there is in Kj; from a to b 
an arc Npn for which Nrs X Qr — 0, hence an are independent of Λο," - ., Nx, 
and for which Nra X (Mz) is a subset of (Tja) X (Mia) where (Tui) 
represents the subset of all the boundaries T; of domains of Si γι for which 
T:X Q540. But if DX Q0 then T,X (My) includes an end of some chain 
from (Mı) to (Mx) and y; is a last domain of a chain from (Mi) to (My) 
so ῬιΧ (Mra) consists of ends on (Mz) of chains of F1 whose ends on (111) 
include at least one point of Q for each chain, since the points of Qs are the 
ends of similar chains of Fz. It is to be noted that this construction makes 
N: X (Mi) not a proper subset of the end points on M; of the chains specified. 
The induction, however, is complete. 


ο μα. 
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((e) COROLLARY. If Qt. = (Mei) X Qual(t—L23,::,'—'; 
fe Qs (Mia) X Νεα and if (Dra) = Xi Ti— (Tua) then 


Nea X (Mt) = Qua) X (Ui) C (τι) — Qi. 


The construction used above demonstrates this. 
I(f) COROLLARY. In Fi, there is at least one chain from (Mi) to CV}. 
For suppose not and apply I(d) to Fin with Q = (Mi). Then ἡ J 
© are n — 1 independent ares from a to b, namely Mj, NS, Ns: ο ον N 
AN ond M, as clearly (111) X Αι — 0 and Na X (Win) = 0. 


Remarks; The general theorem is now proved, except for the tinel sie τό 
$4, in case both « and b are on the simple closed curve which forms * 


«© * boundary of F; for in this case M, and M, may always be choses .- 
* $0 ares into which ἡ and b divide this curve and the statements Iqa + 
1 melusive still hold. The unbounded complementary domain o^ F 


| ather with any chain of Fa, existing by I(f) constitute the set of n doriai is 
0o odl in $5. In 88 2, 3, 4 it will accordingly be assumed that cithy : 
v^ is not on the outer boundary of F. By transformations of simple so “> 
~ou» of the cases in which this is true can be reduced to the case ο ον 
tured, but as these are special it seems not worth while to treat thu. 
s pi rately. 

The points of F,, which are either end points of chains of Fy, or i v 
rel is common to two links of some such chain are of special importarce a e 
ydo be called iveariant, As already mentioned, if Fin== F the argumert o 
$5 applies without any further discussion with the consequence that tbe =t 
or i variant points of Fin is a subset of every set of n independent arcs of F. 
Loin a to b. 

?. An analysis of the non-vacuous set F— Fin must now be maws. 
Ls n he G; it consists of a set of maximal connected sets of which at nos’ a 
ΓΗ number are of diameter greater than any assigned positive number c^ 
and each of which has at least two limit points in Mint Let G6 --Π- T 
---'-+ K where, H consists of those constituents of G all whose boundary 
pod fs are in either (M,) or (2,) but not both, and none of which conta»: 
¿2 ore Which with an are of (V4) (or of (Ma)) forms a simple closed curve 
Faxing Jin in its interior (the sets making up HM are at most countably 
inf nite) ; J consists of sets at most finite in number differing in no respec! 
vom those in H except that a simple closed curve as described in connecturt 





W. L. Ayres, “Concerning Continuous Curves and Correspondenees," An: οἷν 
cr .Tathematies, Second Series, Vol. 28, No. 3. 1927, July, p. 396. 
* W. L. Ayres, “ Coneerning Are Curves and Basie Sets of a Continuous Curve.” 
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with H now exists containing Iı» in its interior; J is made up of all those 
constituents of Œ among whose boundary points are a or b but obviously not 
both, it consists of subsets A, all whose maximal connected parts have a as 
limit, and B, similarly defined; K is composed of all those constituents of G 
not already included in Z and having at least one limit on each of (Μι) 
and (Man). 


I (a) THEOREM. The set Fin + H possesses all the properties of Fin 
that were derived in section 1. 

Let any maximal connected part of H be H;. Now Hi, the set plus its 
limit points, is a continuous eurve.* As Fy, is a continuous curve and as 
for every i, H; Χ Fin Æ 0, Fin t Di H, is a continuous eurve.] But since 
Σι H,— H C Fa, Pin + X4 --- Fin + H and so Fin +H is also a con- 
tinuous curve. The are curve of æ + b with respect to Fin + H is Fin + A, 
so the outer boundary of Fın +- H is a simple closed curve. This simple 
closed curve must have a point on each of (Mi) and (Mn) as otherwise H 
must have contained constituents properly belonging to J or K. Let now 
H 4- My, be inverted with center of inversion a point of Im, and Min as 
invariant simple closed curve. The unbounded complementary domain of 
Fy, + H becomes a bounded cross-domain of Π (111 -+ H) and as H had no 
constituent with limit points on both (11) and (Ma), W(Min + H) —Min 
has no constituent with limit points in both (W) and (Μα). Thus as in 
I(a) α and b are on the boundary of a bounded complementary domain of 
Ti (Msn + H) which is also a c-domain of it. When a c-domain of this type 
exists it is clearly the only possible c-domain and so must be the inverse of 
the unbounded complementary domain of Fin + H which accordingly has a 
boundary containing a and b. The two ares into which a and b divide this 
boundary may be taken as M, and Mn. The theorem is thus proved. Hereafter 
F will represent Fin + H so that G—I -- J +K. 

If A =< 0, it has last points 444 and ine on M; and M, respectively perhaps 
not both different from a but clearly both different from b. With regard to B 
there are similar points. 


Il(b). A contains ares (azia), (tina) and B contains similar ares. 
: For a is a limit of every constituent of A and if 44 were not a limit of 
some particular one there would be a contradiction. 


* See second footnote referred to in section 1 and in the theorem there used read 
“exterior” as well as “ interior.” 

+H. M. Gehman, “Some Conditions under which a Continuum is a Continuous 
Curve," Annals of Mathematics, Second Series, Vol. 27, p. 381. 
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htc). AH the limits of J occur ou an are of (Mi) [or (M )]| «v 
perhaps ut ifs ends contain no limits of I or K. 
Πα). The only limit. points, not already limits of a particular on 
sa eat, which K can have are a and b. 
The set K needs to be discussed in detail. Obviously the limits οἱ ᾱ 
` situent of it on (Αντ) or (Va) occupy an interval whose interior τε’ 
«© none οὗ them limits of any other constituent. In everv Aj draw a: 
ες τα lmit on (Mi) to one on (Mp). This are forms with an ere οἱ 
Lory through a a simple closed curve whose interior will be called Z. ftn 
lo pen ior some ares in K, that /; contains /,, and for some not; chs 
(07 one constitutent of A’, can have this property, if such a coustituent ον <> 
U be represented by Ay. For each of the remaining constituents Α ο 
( r [, never contains Aaa in which case j will be considered negati 0 
«© Ys contains J,, in which case j will be positive. If i and jare noyat 
εν CLE, then let i and j be integers such that i < j, whereas if iao | 
wsitive and ΟΙ; let i and j be integers and i < j. In view 0^ Itt 3 
| οὖν ous facts, this representation is possible and may be taken ος 
εντ το Kay Δι. Wo, Κπὶ RS occ, νο +, where of course Ke wi 
vecdous. Precedence among the constituents of K will hereafter be determi: | 
Ly eferring to their subscripts. 
"he constituent A, has on (M) and (Ma) first limit points σι, aud ^, 
.. last limit points ba, and b,,. On (Mi) the interval b,;a.3,, Will be ca] 
. on (Ma) the interval ρω will be called D;, and Cj. D, will he reter » o 
to rea pair of corresponding intervals. If Ky==0 Cy and CL, will repres st 
‘he same interval, Dy and J , likewise. If 4 540 there is a first constitu mt 
K say K; and a first pair of corresponding intervals (ra = bet, naro 
Dy > data, -1, one but not both of which may begin with a. Even whe 1 
~ .acuous there may of course be a first Κι with both (ra and D 
“canning ata. Relations between K and B of course present no features ot 
20 sible between A and A. Obviously C; and D; may reduce to points bti 
wil nevertheless be referred to as intervals. When a (or b) is end of w 
pt rval the interval will be assumed to lack this point. 


11(6). Any pair of corresponding intervals ix on the boundary οἱ € 

ro «mon complementary domain of F. 
Assuming K and J vacuous the theorem is obvious as then hain (C. 
il leise == Do are the only corresponding intervals and are on the oute 
t dary of F. It J = 0 but K 0 invert F — P X Για from any point ο. 
. leaving Mın invariant and getting a set F. By the same argument ες tn 
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of the first caze of I(a) any point c of C; and any point d of D; are on the 
boundary of a common bounded complementary domain of #, and any other 
point ¢ of C; ean fail to be on the same boundary only if a constituent of 
F— My, has a limit point interior to C;, which is ridiculous; similarly any 
point d' of D is on the boundary of this same domain. Hence C; and D; are 
on the boundary of a common complementary domain of F. If the arc of 
II(c) occurs on one of a pair of corresponding intervals as it may if J 7240 
it can occur only on C, or D, and on one of these only if Kẹ = 0. In this 
case it again separates Co = Cı (or Do = D_,) into two distinct sets both of 
which are easily praved to be on the boundary of the same domain as D, == D., 
(or C, = C4). 

The relation of the chains of F,, to the pairs of corresponding intervals is 
of critical importance. Let C and D be any corresponding pair. If at least 
one chain of Fin has ends on both C and D, these two are said to be joined. 
If no chain has ends on C (or D) then C (or D) is said to be free. If the 
only chains having ends on C (or D) have opposite ends all preceding D (or 
C) then. C (or D) is said to be a-joined; if all following, C (or D) is said, to 
be b-joined ; if both preceding and following, C (or D) is said to be ab-joined. 
The following is a complete list of the possible relations of C and D to the 
chains of Fin: 


1 C free, D free 10 C a-joined, D a-joined 

2 C free, D a-joined 11 C a-joined, D ab-joined 
3 C free, D b-joined 19 C b-joined, D b-joined 

4 (free, D ab-joined 13 (b-joined, D ab-joined 
5 Ca-joined, D free 14 Cab-joined, D a-joined 
6 C b-joined, D free 15 C ab-joined, D b-joined 
7 C ab-joined, D free 16 C ab-joined, D ab-joined 
8 C a-joined, D b-joined 17 Cand D joined. 

9 C b-joined, D a-joined 


The object of the next two sections is to show that the fundamental 
assumptions of the theorem imply that at least one pair of corresponding 
intervals is joined (relation 17). Section 3 is devoted to some preliminary 
considerations. 


3. In any chain of Fy, an are may be drawn from an end of the chain 
on (M) to one on (Ma) by way of domains of the chain with the exception 
of precisely n points one on each of the ares (M;)(j— 1,: : -,m) neces- 
sarily invariant. Such an are will be called an arc of the chain. Two 
important ares may also be drawn on the boundaries of domains of the chain. 


o 
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Let an are he drawn from the last end of the chain on M, to the last end on 
f, κο as to contain the b-are of every link of the chain, this will be called th» 
t-b wndury arc of the chain. It may reduce to point b. The a-boundury ore 
is » milarly defined. Special cases of no significance arise if more than owe 
domain of the chain has a or b as limit. 


IIT(a) TuzgonEM. If on M, there is the order ac,d,b and on Maad, b 
ene €. Ca are ends of a chain γι," * ὃν Ya- ἄν, da of a chain δν, 7 ', ὃ, 0: 
Dii cs d, are ends of a chain, also Cn, dy. 


Proof: Construct an are cc, of γι," * ^, yas and one did, of 8,7 5,8. ι. 
Ον ng to the given order of their end points these two arcs intersect in /,, 
Coi nting from οι let p be the first common point. If p is interior to some 
au e Mia (J= 1,2,* © +, (n — 1)) then y; and ὃ; coincide as p is interro" 


to woth; accordingly γι ^ ^ ^ , yj y = δη δα, * +» 944 and δι.’ τν a 
È yoyias © c. Yn- are the chains fulfilling the requirements. If p is on 
24 chen pis in each of the sets Aj- Aj, Γ 1, and Tj. But then γι,’ s c, y. 4 
δ. c «δρ and δι,’ °°, δις yj, © c; Yn answer the theorem. 


This theorem shows that cases 10 to 16, inclusive, at the end of section 3 
all «duce to 17 and from now on will be omitted. A common feature of cases 
1 tc 7 inclusive is the occurrence of at least one free interval. Let us consider 
the situation, 

Any free interval must be a subset of some maximum free segment οἱ 
last one end of which (but not necessarily both, as one may be a or b) is av 
een of a chain. Let (if:) be a maximum free segment with fı = b. Let y 
l the last e-domain of Fin which is a link of a chain having /, on D. If r. 
cavals b complete the chain γαρ © ^, yi in any convenient way. Tf not ia 
y | the last e-domain of F4 which is part of a chain from al, C M, to (M ò 
for which T, X re 0. Either T, contains b in which case complete the chain 
yov c ta yn- In any convenient way, or it does not. In this case let y, he 
tue last e-domain of Fg, which is part of a chain from al, to (M,) with 
T.STS720. If b is on P; complete the chain at random, if not repeat the 
process above, and so on until a link of a chain is thus found with b cn its 
bou idary. or a complete chain consisting of last possible links is found from 
| to an extreme point 7, on (M,). Draw the b-boundary are of the chain 
above until it reachés b (call it then 1110) or until it reaches (M,) (call it 
ther HIT). 

If /, is a, then a similar construction working toward a results either in 
ante fifa or an are fiffa. If al, and f; 6 then either J, and f, are on 
tie boundary of some common c-domain of F,» or there is from !, an are 
whivh is b-boundary are of a chain consisting of last possible domains to an 
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extreme point In on (Ma), and from f, io f, (an extreme point of (Mn) 
toward α) an are which is a-boundary are of a chain of first possible domains. 








Fie. 2. 
Pockets are enclosed by heavy line. 


The ares hln and fifn may not intersect but if they do proceeding from 1, call 
the first common point p and in the sum of the arcs draw the are lpf., where j 
possibly ln = p = fn. 


Rorr: Concerning the Cut Points of a Continuous Curve. 229 


Now by means of the minor * arcs of Min complete the following simple 
closed curves; (1) if |, and f, are on the same A join them along the minor 
are? of A and the minor are of Min, fig. 2(2) ; (2) if there is only one chain 
and are, 1,/bl,, LUnbl., fafafa, fiffrafr, fig. 2(b); (8) if there are two ares 
intersecting, pf, fig. 2(c); (4) if there are two ares not intersecting, 
Llnfnfil:. These curves and the subsets of F,, which they enclose will be called 
pocket subsets or pockets of Fy, determined by ({1}ι). Clearly maximum free 
segments on J£, as say (lafn) will determine similar sets in connection with it. 
Evidently the boundary of any pocket of Fi, with respect to Fin consists of a 
finite number of invariant points unless the point p happens to exist and be 
not invairant, fig. 2(d). 


III(b) TuzomEM. In the pocket subset of (lifi) (or (Infn)) the arcs 
M, Mo: ++, (or Mn, Μπι, c +°) may be diverted in such a way that 
M, X (lf) =0 (or Mn X (Infa) == 0) and yet the set remains independent. 


Proof: The theorem is obvious in case (1) above as there M; may merely 
follow the minor are of A, M., ` > -, Mn being undisturbed. The other cases 
will be handled by I(d). Let Q= (Lhfi), and construct the ares V2, Να, 


N,,-::-. Suppose lz, ἴα, - +, are the last points common to successive links 
of γι: * ^, yai the chain described in connection with the pocket above, and 
fo, fast © >, the first points common to the successive links of 8:,° ' , 8n-1 


the chain of first links also used. As seen in the discussion of pocket subsets 
above one or other of these chains may fail to exist so that the corresponding 
set of points just mentioned reduces either to æ or to b; but as this circum- 
stance has the effect of simplifying matters special treatment of such a case 
is not necessary. Now if not vacuous Q2==N2 X M: ==M: X {Aw} 1 and 
so, Lf, being an are of Ms, θε C lafa — lafo X (Τι + Δα), as otherwise, re- 
ferring to III (a) and the supposition that (11) is free, a contradiction arises. 
Therefore evidently l, precedes 6)», and Qs precedes f». Likewise if lfs C M, 
and Qs 240, then Qs C lafa — lafa X (Ts + ΔΑ), and so on. But by suppo- 
sition (111) is free and so Qn = 0, hence some last Q, say Qx(k « n), is 
non-vacuous. Here also if are kf, C My, then Qr C lyfy — life X (Yn + Ax), 
evidently with l, preceding Qa and Qy preceding fg. As the boundary of the 


* By minor arc of M „ will here be meant only that which does not contain both 
a and b; by minor are of A is meant that are of it which with the minor are of 
HM, forms a simple closed curve not containing δ. These definitions can cause no 
confusion in this connection as a, l, f,, b are all on M,. 
+ The symbol {Διο} has a meaning similar to QD) in the proof of I(d). 
5 


230 Rurr: Concerning the Cut Points of a Continuous Curve. 


pocket with respect to P, is a subset of * ἐν -- Σ fi + p and as by I(e) for 
1-1 251 


2S] S klat fia CN; X Mia it is now clear that between Jj. and fj 
N; is interior to the pocket. Moreover, since Qj, = 0, News skirts all the 
c-domains of Fu, by way of My, and thus clearly does not leave the pocket 
between l» and fe. Between l; and f; let M; coincide with Ni, and be 
unchanged in position elsewhere (1541). The are M, thus avoids 
(hfi) ; M», +++, My remain independent of each other, are unchanged in 
position outside of the pocket, and are independent of Mi.1,° :-, Mn which 
have remained unaltered. It is to be noticed that M; may possibly now pass 
through the perhaps not invariant point p, fig. 2(d). 





Fie. 8. 
Switches /s,t,/ in heavy outline. 


Cases 8 and 9 when they occur imply a condition of different significance. 
This will now be discussed. 

Let C and D be a pair of corresponding intervals of type 8. There are 
on C end points of one or more chains of Fin but all the opposite ends of 
these precede D on (Mn), the last such point preceding being say sn. On the 
other hand there is on (11) at least one end of a chain whose ends on (Mn) 
follow s, for D is not free. Let 4, be the first point of (M;) which is an end 
of a chain among whose opposite ends are points following s,. That is ¢, is 
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the first end of some chain à, * * -, 84, with a-boundary are tit, - " - ἑπ-ιίη, 
i, not preceding s, but perhaps coinciding with it, whose links are the first 
ones possible satisfying the other requirements. 

Two possibilities arise with regard to é. (1) Perhaps ἰ, is a last but 
not only end of a chain of last domains γι,’ * +, γι (γι 5 δι evidently) with 
b-boundary arc 8:8. ° * * 4.484 (tı = 51).* Here s, is not on C but other ends 
of this chain may be. This chain may have ends on (M,) preceding s, but 
none following. (See fig. 3(a)). (2) Otherwise ¢, is an only end or is not 
an end of chains whose first links precede δι and whose last opposite end is Sn 
Here as ἴι is not on C it must be preceded by some last end s, of a chain of 
last links yi, * - * yn-1 and b-boundary arc $155,* ᾿ ^ , Sn-aSn (81 > tı), fig. 3(b). 
The segment (s;£) is free. The supposition that ¢, is a limit of preceding 
end points of chains reduces easily to (1). 

With regard to s, there are also two possibilities as follows: 

(1) Ana X Snb D Ana X Mn D s, and 25$, where sab is an arc of My; 
and (2) s, precedes An-ı X Mn hence (sntn) is free, tn being first point of 
Asa X My. The chains y and ὃ can neither cross nor have a common link. 
The subset of F composed of s,s, (b-boundary arc of y), Sain on Mn, tsi, 
(a-boundary are of ὃ), ts, on Μι, and the subset of Fin, if any, which is 
included between them will be called a switch subset or switch of Fin. The 
notation for it will be /snt,/, s, and tn being omitted altogether as of less 
importance even when distinct from s, and 1.. The bar / indicates that C 
is a-joined, D b-joined, and makes the property of III(c) below easier to 
remember. 

The discussion above was referred not only to the corresponding pair 
C D but also to M, and point a. A similar discussion for C'D referring to 
point b and M, determines a similar set but not necessarily the same one. 
If, however, the sets are not identical a particular pair of intervals (no longer 
corresponding) may be chosen instead of C D which will when discussed 
from M, and b give the identical set /s,t,/. Similarly 9 on C D either from 
a and Mn or b and M, may be used to determine switches, the same or not, 
for which the symbol will be Ns, t; N, as above s; preceding t; (i= 1, n). 

The most important property of the switch is the following: 


* Although s, itself is a point of the b-boundary arc of a chain with ends on 6, 
8,8, +++ 8, ,S, is not necessarily such an arc; the chain determining it may have 
all its ends on (f) following C. It is a convenience however to introduce the 
symbol s, at once, before indicating which of the b-boundary arcs of which it may be 


an end is the most important. 
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Ill(c) TmxonEM. In the Switch /snti/ the arcs M», Ms, © * - , My can 
be shifted from the points Sa, Ss,* - `, Sn to the points ἐι, ta, + <, tu without 
losing their independence, and in such a way that M, reaches M, first at ty 
and M, leaves its original position for good at Sn. In the switch \sita\, the 
arcs Mı, Mo, © © ©, Maa can be shifted from s1,82,°° 7, Sua 0 lo, la c +, ἐπ 
without losing their independence, and in such a way that M, leaves its original 
position for good αἱ s, and M, reaches Mn αἱ tn and not before. 


Only one of these statements will be proved as the procedure for proving 
the other is similar. 


Proof: Refer to I(d) and I(e), and to prove the first let Q be the are 
(atı) of M,. Construct the arcs Να,’ . Nn. For either supposition con- 
cerning 7, clearly the y chain is one having an end in Q whereas no domain 
of the ὃ chain can be a member of a chain having an end in Q. Thus 
No, ++, Nn coincide with Ma, - * +, M, at the points $5, * * +, Sp, but with 
Mı, © ++, Maa abt, co, tuu. Let Ma, © ., M, follow No:  -, Nn from 
85,85 10 ντ τν tna. Ms hence meets M, first at & as t, is the first 
point of M, on the boundary of a c-domain of Fy, which has no point of Q 
on its boundary. As s, is the last end of any chain having an opposite end 
in Q, Nn and with it M, as diverted leaves the original position of AM, at Sn. 
Na, + +, Nn having been independent so are M», - - -, M, as now diverted. 

In the next section of this proof it will be necessary to make various, even 
an infinite number of, switch and pocket constructions simultaneously. In 
what ways these constructions may affect each other is accordingly an essential 
problem. "Various observations follow. 


On Switches. (1) Any switch and its associated chains occupy on both 
(M) and (Ma) more than one point, for in /s,5,/ if s, = 4, and (ası) C M, 
then T, X (ası) =£ 0, and if Sn = tn and (tab) C M, then A44 X (trb) 54 0.3 


(2) Given /snti/, no point of (at,) arc of M, is joined by any chain ofF i, 
toa point of (Sab) are οἱ Mn. Also given \sitn\ no point of (ata) is so joined 
to one of (διὸ). These follow from the nature of the sets. 


(3) If among the point pairs δι, δι, ti, ti’, Say Sn’) tn, tn’ one pair is 
non-coincident then /snt:/ and /s,’t,’/ have at most n points and these all 
invariant in common. This is the argument for one case. Suppose {τ΄ follows 
tı on (Mi); then δι’ does not precede i, as (δι ἐν) is free. If sn’ were to 
precede tn, then a point, ἐν, preceding t,’ would be joined by a chain to a point, 


* Notation here is as in the discussion immediately preceding III (9). 
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é, following s,' which contradicts (2). But then the links of the chain y 
joining δι’ to Sa’ follow or at most coincide with those of 8 joining t, to ἐν. 
Hence the switches have in common at most the points s//—1; (i—1,2,:-:,n) 
which are invariant. 

The same thing is true of /s,4,/ and δι δν if ty’ follows tn, or δε’ 
follows δη, or if s,’ precedes δι, or ¢,’ precedes ἰ,." When i,’ follows i, the 
proof is this. As (Sn’tn’) is free sn’ does not precede tn, and if δη’ — tn then 
ln Æ Sn by observation (1). But then if s,’ precedes ¢, a point, namely δι΄ 
preceding ἔι, is joined to a point, namely s,' following Sn. This contradicts 
(2) and the statement follows as above. 


(4) From (3) it appears that in any set of switches of the same type 
the switch construction may be made simultaneously as any two have in 
common only invariant points, the two sets of diverted arcs having in no wise 
interfered while changing position. Also from (3) it follows that two switches 
of different type when determined by pairs of corresponding intervals may 
have the switch construction made independently in both, as if C D determines 
/Snti/ and C" D' following C D determines δι ἐν then some chain from 
M, must have ends on M, following C and preceding C’ so O X C’ == 0, and 
as t, does not follow D while ἐπ’ follows D’ ἐμ’ follows ta, even though D 
and D' reduce to coincident points. 


(5) Only a or b can be the limit of an infinite set of switches, for among 
any infinite set must be an infinite subset of the same tvpe and between any 
two of the same type is a chain; then apply I(c). 


On Pockets. (1) In /snt,/ if (s,5,) is free the switch contains a pocket, 
otherwise a given switch and pocket have only invariant common points as 
between the two lies a chain. 


(2) Pockets of the first of the four sorts enumerated are simple and 
cause no difficulties. Given then a set of pockets made up of the other sorts. 
Such a set if infinite can have only a or b as set limit. If between any two 
of the set there is a chain then any two have at most invariant common points 
and in all of the sets simultaneously and without interference the pocket con- 
struction can be made, as it does not affect invariant points. What then is the 
relation between two pockets not having a chain between them? Evidently 
one must depend on a maximum free segment (lfi) of (141), the other on 


* Other relations between switches of these types are possible and for these the 
statement is not necessarily true as may be seen by drawing a figure, but for using 
switches of these sorts fortunately no need arises. 
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one (In’fn’) of (Ma). But the y chain of the first pocket precedes the second 
pocket and the y’ chain of the second precedes the first, so these two chains 
must coincide. Similarly the 8 and δ΄ chains must coincide. Hence 1; == 1,’ 
(j= L,,2,** +, n) and f; —f/. The common points of the b-boundary are 
lis, * * Isl, of the y chain and the a-boundary are fifa, © * ^, faafs of the 
8 chain are not invariant, as the two pockets have no chain between. If there 
is more than one such point the two pockets have no common point, if there 
is one such point they have it in common, if there is no such point actually 
there is but one pocket of sort (4) (see pocket classification), but it will be 
convenient still to look upon this set as two pockets. Now if (his) X (fifa); 
these symbols representing the chain boundary ares in question, is vacuous or 
but a single point, evidently pocket constructions in each of the pockets may 
interfere, fig. 2(d). Such a pair of pockets as well as the free segments 
determining them will be said to be opposite. Evidently their sum is a switch 
of either type, /Lf;/ or \Gfn\. 

(3) In section 4 pocket constructions will be used when available to 
divert M, or M, from one or other but not both of the intervals in each pair 
of a given set of corresponding intervals. Among these intervals certain ones 
by being contained in maximum free segments, for example (Lfi), will 
identify an associated set of such segments and pockets. Suppose in fact that 
(Lf) D Οι, +s ++ 4+Cu+- H CV (i uda) but no others of the set, 
while (lafn) the opposite of (1111), if it exists, contains Dj, +° : : -- Ds 
+: eDi (jeSvS jr). The circumstances under which pocket con- 
structions may and will be subsequently used to divert M; or Mn and the 
other ares affected from one of each pair of corresponding intervals in the set 
is here summarised as condition (P).* 


(P): Among the given set of corresponding intervals at least one of 
each pair is free, and one at least of the free ones of each pair is in a maximum 
free segment, as (1ι]ι), which either (1) has no opposite among the pockets 
determined by the intervals of the set (that is (Infn) fails to exist or fails to 
contain intervals of the set), or (2) has an opposite in which a pocket con- 
struction can be made independent of that in itself, or (8) has an opposite 
containing intervals corresponding only to those in itself or an opposite con- 
taining every interval to which an interval in itself corresponds, (that is 
i, S je and ἠὲ S it, or fo S d, and ir ji.). 


* This condition can be made some what less restrictive but not without difficulty 
out of proportion to the benefit accruing. 
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These conditions not being satisfied, if fs < is and therefore j; < tn the 
sum of the pockets will be taken as the switch /Inf,/ or /Sati/; whereas if 
i, < js and hence i; < j; the sum will be taken as Nf, N, or ἊδιέαΝ. 

The next section will be devoted to the proof of the theorem mention d 
at the end of section 2. 


4. THEOREM. If none of the pairs of corresponding intervals of Min «5 
of type 17 then F contains n + 1 independent arcs from a to b. 


Assuming that none of the pairs is of this type construction of the n -+ 1 
arcs, to be designated as Li, Ds, * * *, Lm Lair, will be attempted. Convenienc > 
divides the argument into the following three cases; in case 1 it will L^ 
assumed that the arc of II(c) does not occur upon C, or ο, and that tk» 
entire set of corresponding intervals satisfies (P); in case 2 that the samo 
are is not on C, or D, but that (P) is not satisfied ; in case 3 it will be assume! 
that the arc of II (e) is on Co. 


Proof: Case 1. Let G —I-- K+ Mın. The topological properties of 
G are precisely those of any set P;;,,, in fact by a transformation of the type 
described in II(e) G is converted into such a set. Let * C; be the set of 


4=-00 


+00 
intervals of M;, and >| D; those of Mn. Subsets [C] and [D] will now be 
4 


--ο0 
chosen as follows from these. For each j let [C] contain C; if (1) C; is free 
but D; is not, or if (2) both C; and D; are free and the pocket determined 


+00 
by C; either has no opposite in the set of pockets determined by X, D; or has 
4=-00 


one in which the pocket construction may be made independently of one in 
itself or has one containing only intervals which correspond to intervals con- 
tained in itself; and let [D] contain D; if D; is free and C; is not or if both 
C; and D; are free and either the pocket determined be D; has no opposite 
among those determined by 5 C; or has an opposite in which a pocket con- 
struction can be made independently of one in itself or an opposite containing 
only intervals corresponding to those in itself but not all of them. As the 
entire set of intervals satisfies (P) this analysis for each pair of intervals puts 
C; into [C], or D; into [D], or both. Moreover, pocket constructions may be 
made simultaneously in all of the pockets determined by all the intervals of 
[C] and [D], and independently. 
Let the cross domains of G be * -p,° * 45 4.546650» ^ ^ Φῳ 
tt, ($a $o if K,— 0). From the definition of K and from II(e) 
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S δι κ (i) =S Cand Σ 6X (My) =S Dj. Let [2] be the subset 

4=-00 i=-00 4=-00 4=-00 

of Σ ®; for which Σ $; X (Μι) = [C], then by the classification deter- 
4=-00 ic-oo 


+00 
mining [C] and [D] (X δι---[Φ])Χ (Ma) C [D]. Following IH (b) 
i=-00 
divert the ares M, © ' -, Mn from the original positions of M, and M, through 
the pockets associated with the intervals of [C] and [D]. The resulting point 
sets are still independent by reason of an assumption made throughout this 
case, and are ares owing to that property for pockets corresponding to (5) for 
switches. Call them Z4, ^ - +, La; evidently Fy13,, D D;(j— 2, 8,:°+,n—1), 
Fal, Fran D Lm; and IX [0]=0, LxI[D]-09, LX L; 
=a+b (ij). 

In G Lau will now be constructed. To do this use I(d) in G, j—1 
i= 1, and 0--Σ. on [C]. The set 6» which is clearly on (Mn) not on 
(M5), will ihn, since 5) οι-- [0] = È $; — [%]) X (Μι), be equal to 
the set om $; — [5]) X (M4), that is 0. C [D]. As Ne constructed by 
nO is be any Q such that N; X (Mi) C 2 ğı X (Μι) and Na X (Mn) 
G 3 δι X (Mn); for this particular Q, ΚΕ; X (11) -- [0] and so XN; 
Χ Tio = 0; also NX (Mn) Qe, hence Na X (Ma) C [D] and so 

n-i 
Na X (Ln) --θ. Likewise Na X (X (L;)) =0 as No X Iım=0 whereas 
-1 j-2 - 
1. Ὁ Ὁ (1). The set Ne is clearly an arc; let it be ζει. But then 
i=2 


Lj(j91,89,- < -, n+ 1) isa set of arcs in F from a to b contradicting the 
theorem in this case since independent and n -+ 1 in number. 


Case 2: "The suppositions on this case imply at least one pair of corre- 
sponding intervals belonging to type 8, or to type 9, or to types 1 to 7 with 
one or both free and subsets of maximal free segments determining pockets 


+00 409 
having opposites among the set of pockets determined by $3 Οἱ and Y Di, 
42-00 42-00 


the pocket constructions in an opposite pair not being independent and the 
pair itself being such that, (a) je < is and je < ir, or (b) ts < je and à; < ji. 
Both 8 and the free case with (a) imply a switch of the sort /s44/ with δε 
preceding D of the determining pair and t, following C; the construction for 
these two cases is identical and hereafter the two will not be kept separate. 
Similarly 9 and the free case with (b) yield to the same treatment; in fact 
these two cases need not be considered at the outset at all since upon reflecting 
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F with respect to any straight line parallel to the straight line ab and then 
renumbering the arcs M; in the reverse order, these two are the same as tho 
first two. If a contradiction is obtained when a start is made with the fi:st 
two one may similarly be derived for the other two. The procedure being the 
same whatever the corresponding interval pair upon which 8 or (a) occurs, 
suppose it to be C, Do. 


Let /s44/ be any switch determined by 8 or the free case with (a) in 
connection with CeDo. As ἐν follows C, it follows some last interval Cy. of 
M, 1, —1 20; and as s, precedes Dy it precedes some first interval Dm cf 
Jf,,m - 0. Deflect L, from M, into K, through a; in the switch Ls, © +, 
La, whose construction is thus begun, move from Ma, - -, Mn to Maece 
dM, Lo first reaching M, at t, while Ln leaves M, at sp. Finally from an; 
convenient point of Km introduce L,,,; upon M, at bam. The construction οἱ 
the n -+ 1 independent ares is now begun. Their continuation depends en: 
tirely upon the nature of the remaining pairs of intervals and for convenienc: 
various sub-cases will now be distinguished. As the situations met while 
constructing the n + 1 ares to a are no more general than those met toward b. 
only the construction to b will be completed as that to a follows the same lines. 


The following possibilities call for separate treatment: (1) there is no 
pair of corresponding intervals subsequent to Ci; Di,.,; (2) the next or some 
subsequent pair implies a switch \si’tn’\, with s,’ preceding C, t’ following 
Dı; (8) the next or some subsequent pair implies a switch /s;'/,// with 
Sn’ preceding Λι, and ἐν following Cu; (4) neither the next nor any subse- 
quent pair implies a switch; (5) there exist subsequent pairs which imply 
switches but none of these has the property explicitely added in (2) or (3). 


Case 2 (1). Observe in this connection that ἡ. is different from b; this 
is obvious if the switch is determined by 8 while if determined by (a) tı —5 
would mean (5,0) on M, and thus (sab) on Mn were both free and so ὃν — ji, 
a contradiction. But if 7,546, since no pair of corresponding intervals 
foliows Οι Dia, Ki = BAO. But L, being thus in B may be drawn 
through it to b, La, * +, L444 meanwhile following M,,- - -, Ma independently 
of each other and of L, to b, thus in this case completing the ην + 1 ares to b. 


Case 2 (2). Special circumstances attend the occurrence of this case 
also. Owing to note (2) on switches δι’ must not precede ż and so, since 
μι precedes ¢, and ΟἹ, follows sy’, 2,:, 5^ 611, This being the case proceed 
as follows. Let \s.’ta’\ be the last such switch with οι’ preceding Οτι. and 
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let the last interval of a corresponding pair preceding ἐκ’ be Digi, 1; >. In 
the switch \sy’to’\ let the ares La, * * +, Ln drop back from Mi, © > :, Mn+ 
to Ma,- © +, My; let L, return upon M, from K, through bı, the first point 
of C1, and thus independent of La which leaves M, at a preceding point namely 
δι; finally let ζην. follow Ma to ani, and there pass into Kı, quite independent 
of La which first reaches Ma at ta’ subsequent to d&4:, which is the last point 





Km (b) 
Fie. 4. 


of Dii, fig. 4(a). The n- 1 independent ares have now been carried on 
into the next pair of corresponding intervals, or a pair subsequent to these. 
Case 2 (3). This case is slightly more general than the two preceding 
as it imposes no conditions upon J or K. Two suppositions requiring some- 
what different handling will be treated separately. As /sy’t,// will at the 
outset be selected the last switch of this sort having s,’ before Di. Suppose 
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Sn’ does not precede Dm. Let C; be the last interval of M, preceding t’, 
12» Lh. The switch construction can be employed immediately. Let Ls, 
t0, Lau follow Ma^ > +, Ma from their last points in the switch /snt,/ to 
their first in /s,’t;’/, in so doing clearly they remain stationary or approach 
b owing to note (3) on switches, in particular are these statements true of 
Ln 88 δι’ does not precede Dm. Let them in /s,'&'/ then be raised from 
Ma: + +, Mn to Λιν - +, Maa, Dau leaving M, at δι’ previous to point bai, 
L reaching M, first at ἐν after a,1,; take Lo out into Κι, through αι,» and 
finally bring L, in from Kı, upon M, through bar. Last > +, Lau have mean- 
while remained independent and have been introduced upon the next or a 
subsequent pair of intervals, fig. 4 (b). 

Before undertaking the next case the previous one must be completed for 
the assumption δι’ precedes Dm; this may certainly occur as /s,t,/ was chosen 
as any switch having s» before Do, t, after Co; it can not occur if /sn’t,’,’ 
is the last switch having s, before Do, and consequently can not occur for 
Js ἐν / after /s,/5,/ nor δι ἐν ον after Ns;^L,^N in constructing after cases 
2 (2) and the first part of 2 (3) as /s,'&'/ and δι ον were selected 
as the last switches satisfying other requirements as imposed there. It is 
undesirable to pick /syt;/ with the thought of avoiding this case as doing that 
makes the construction toward b less general than that toward a. However, 
the situation Sn’ precedes Dm affects the fate of only one of the arcs involved 
and that are is Ln... When the switch construction is made in /S,’t,’/ 
Li,’ ©, Ln behave as above, but Dn, instead of remaining where it is or 
approaching b must turn from bam toward a along M, until it reaches sa’ and 
there be acted upon by the switch. Two difficulties seem to arise. It looks 
as if L,,, might have to go as far as s, before encountering Sn’ for possibly s, 
coincides with ὑπ; the independence of the arcs would thus be lost as Ln already 
occupies s, This difficulty vanishes upon referring to note (1) on switches 
where it is seen that if s, — ἐν then An_1 has a point on M, following ta which 
δι’ can not precede. The other difficulty is this. Perhaps in the next step a 
switch /s,"1,"/ will need to be used which has s," also preceding Dm so that 
L, to reach it will have to approach a from bıı thus encountering La at bam; 
this is impossible because /s,’t,’/ was the last switch for which s,' preceded 
Di, 80 {9441 / must have s," on or following Di, Or perhaps a pocket 
required on Di, depends on a maximum free segment having an end not 
following bam so that Lı might have to come to this point to enter the pocket 
construction thus colliding with L4,,; this is impossible owing to the situation 
on Ci, Di, for Di, either has a chain actually ending upon it (e.g. when Ci, 
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Dj, are of type 8) or is contained in a pocket which with its opposite forms 
a switch /s,’t,’/ which is followed by a chain from ĉn» to £4, both which circum- 
stances prevent any pockets on Di, having an end preceding 11, much less one 
not following bam. The n+ 1 ares are thus successfully extended in such 
a way that subsequent construction along similar lines will not be interfered 
with. 


Case 2 (4). The statement of this case indicates that among the 
pairs of corresponding intervals C1,.Di1, CiiDia,: - “πο pair is of types 8 or 
9 and no pair contains only free intervals exhibiting (a) or (b) as described 
at the beginning of this section. Thus this set of intervals satisfies condition 
(P). Represent those of the set on M, by * C; and those on M, by * Di 


42i aly 
and using the same criterion as in case 1 select from these two summations the 


subsets [C] and [D]. Now in G with Q on M, equal to > Ci— [0] « construct 


i=l 


N by I(d). Since for any Q on M, and M in G, Ns Χ (3141) -5 C; and 


i=-oc 


Ne X (i) ex D, and since bu, b X Y Οι--Σ Οἱ and bab X A Di 


$z-00 izh 


-Σ», for this artius Q N,xbb)-—[C] and N2Xbni,b)=[D], dub) 


Mud 1a) representing ares of M, and M, respectively which lack the end 
point b. But the intervals of [C] and [D] are subsets of maximal free 
segments of Mi, all following f, and t£, in the pockets determined’ by which the 
pocket construction can be made simultaneously and independently. Once the _ 
ares (ο, "ὅπῃ can be brought to position at t, tz, © * *, tra, ὑπ without 
points upon [C] and [D] they may be subjected to this construction and 
carried on independently to b in such a way that LX [C] 0 ‘and 
Inga X [D] = 0. But the switch construction has already left La : +, 
Dy, at ty, + + *, πι respectively, so the only question is as to the whereabouts 
of ὅκα. The arc Ln, had been brought to M, at bam, the first point of Dm 
and clearly preceding any interval of [D], from Km. If the first pocket 
required by [D] is determined by the maximal free segment (pq) and 
bum = p then construction may proceed without any trouble; if p follows bam 
then draw Lr along M, until p is reached; if p precedes bam™ draw La 
along M, toward a from bam until it meets p. As q follows bnz, it follows 
bnm, 80 no difficulties arise. The pocket construction can then be used and 
Le + **, Lan taken on independently to b, with L.X [C]=0 and 


"Of course p does not precede £, and if s,— i, it can not coincide with t, 
Compare the situation here with that in the last paragraph of case 2 (3). 
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Lan X [D] == 0. But Na in passing from the boundary of $n, whose limits 
on M, and Ma are Οι, and, Οι, respectively, to the boundary of nı must 
pass through a point or limit point of Ki, which is clearly not on L; or Lan. 
Now L, when last heard from was in Κι,; join it then in K, to any con- 
venient point of N, and let it follow N» to b. The construction of n + 1 
independent arcs has thus been in this case as in case 1 completed to b. 


Case 2 (δ). Let C-D, be the first pair of corresponding intervals 

(r2 Lh) which belong to types 8 or 9 or form with the pairs Ci Di, 
Cia Dia, ^0, Οτι Dr, a set not satisfying condition (P). The pair 
implies a switch of type /sn’t:’/ or δι ἐν, suppose in order to make the 
discussion slightly less abstract, and for this reason only as the argument for 
either case follows similar lines, that the switch is /sn’t;’/. Let the symbol 
"represent the last switch for which s,' precedes D,, and suppose Di, is the 
We first that δι’ precedes 1, <la <r. The pairs of corresponding intervals 
C1, Duns © © +, Cui Dia satisfy the condition (P). Form the subset [C] of 

Ξ ο, aud the. but [D] of X Dk κος ὁ-- [0] uud proceed 


izh ich izl 
precisely as in (4) to construct Na. When N, is constructed join L, to it from 
K, and let L, follow N, toward b until it reaches the first limit point of K;,, 
that is necessarily dıt, Or 441, and then carry L, into K;, out of the way. 
Meanwhile as in 2 (4) bring La, * * +, Lau, with precisely the same circum- 
spection as regards Ln,1, on until they arrive at the switch /s,’t,’/ having on 
[ the way avoided all the intervals of [C] and [D] and thus independent of L,. 
In the switch then execute exactly the same maneuver as in case 2 (3). The 
n + 1 independent ares are thus introduced upon an interval pair subsequent 
to the pair Cia Dia. 


In summary upon ease 2 notice that in subcases (1) and (4) the prob- 
lem is complete, while in the other eases the work paused at the point where the 
next remark would be, “ there are now five possibilities," seen at a glance to be 
identical with the five just handled for the interval pair ΟἹ, Οι, and dispos- 
able in essentially the same way for the pair, say, Ci, Di, even although here 
they may follow a switch construction δι έν rather than merely /s;4/. 
So continue the process. Either eventually a pair of intervals is reached 
exhibiting ease 2 (1) or (4) at which the construction ends, or it runs on 
through an infinite number of stages bringing n -+ 1 independent arcs indefi- 
nitely near to b. To see that in the limit these arrive as independent arcs at b 
consult II(d), note (5) on switches, and the first few sentences of (2) on 
pockets. 
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Accordingly if the limit points of J are not on C, (or Do) one pair of 
corresponding intervals is of type 17, as otherwise from a to b in F there are 
n -+ 1 independent arcs. 


Case 8. Suppose then Κο is vacuous* and the limits of J occur on 
Co. Omit J from F. Then F— J contains on Mi; a pair of intervals of 
type 17. Restore J to the set. It will now be shown that if in F —J the 
intervals Co D, are the only corresponding ones of type 17 and that all the 
limits of the joining chains on C, occur between the extreme limits of J so 
that D, is no longer joined to either of the intervals into which as mentioned 
in II(e) J divides Ce, then a contradiction arises—there are n -+ 1 ares from 
atobin F. For assume these conditions. For J the notation attached to Ko 
will be used as far as it applies. There is at least one chain from Dy to 
(αιο b10) and from any convenient point of that constituent of J which con- 
nects dio and bi) and any convenient points invariant and n in number one 4 
from each of the ares Λι," + +, M, and common to the successive links of such 
a chain n -+ 1 arcs will now be constructed. When the extra arc arrives in 
Km,m > 0, troubles cease, as no subsequent corresponding intervals are of 
type 17 and so previous methods apply. 


Now D, is not free. Suppose C, is free. If the pocket containing it has 
+00 

no opposite among the pockets determined by the intervals $, D; or has an 
i=0 


opposite for which ù > je pocket construction will be used depending upon . 
the maximum free segment (pq) p preceding Dio, q following Co, in fact fol- 
lowing some last interval (πι... From the points indicated in the last para- 
graph extend Lı,’ `, Ln and let them be diverted from Λι," ' +, Mn only 
when in the pocket (pg) in which case let them follow its pocket construc- 
tion; they are thus independent and {ΙΧ (pq)—= 0. From the chosen point 
of J bring Lan in through bio upon M, which let it follow to dim last point 
of Cm. from which it passes into Km(m > 0). Farther construction now 
follows previous lines. 

If C, is not in a pocket, or if when in one is in one which has an opposite 
with i: < je then a switch Ns, £4 N, is determined with s, on (dio bio) and tn 
following Dm.i(m > 0). This switch drops the arcs L4,*::, L4, from the 
points at which they are begun to ᾖ.,:"', Mn L, leaving M, at δι, La 
reaching Mn at tn; let meanwhile L4 leave My at anm for Km(m > 0) and let 


ΚΕ K, is not vacuous the limits of J must occupy a subinterval of a, b,, or of 


10 10 
«λρὂηο OWing to the nature of the set K, see section 2. 


Rurr: Concerning the Cut Points of a Continuous Curve. 243 


Lan come in from J upon M, through big. As the n -~+ 1st arc is now in Kn 
instead of J nothing farther need be said. 


The procedure toward α is similar, it being noted that although J redi- 
vides C, into C_, and C, it does not reseparate D , and D which still coin- 
cide. Thus there are n + 1 ares in F from a to b in this case also unless a 
pair of corresponding intervals is joined. 


5. THEOREM I. F posseses n complementary domains, of which one may 
be its unbounded complementary domain, Mis, dos," * ^, Anim, Aes, Where 
Ayj-1 18 a subset of [μι and An; is exterior to Min, such that: 


(1) Άμα has at least one point in common with Aj.. ; and at least one 
in common with Ajag but none whatever in common with und of the others 
"inless possibly a or b (subscripts reduced mod n), (j==1,2°** n— 1). 


(2) all the points common to Δ} and Ajj. are on the arc ΜΙ, 


(3) at least one of the common points of Ajay and Azja, is on (Mj), 
that is, is different from a and from b; this point will be designated as pj. 


Proof: Any chain joining two corresponding intervals plus the domain 
of whose boundary these intervals is a subset form a set of domains satisfy- 
ing these conditions. 


Let any one of the points of Aj. ; X Ajja X (My) be called p;. 


THEOREM ΤΙ. P — ἃ qi consists of two mutually separated sets F, and 


—— 7 


Py nate D a and Fs 5 b. 


Proof : Let jj. be a point of λγμι. As any boundary point of a comple- 
mentary domain of a continuous curve is accessible from any point of the 
domain there is an are (py Cjj11 pj) in ληα. Draw all n of these ares. As 
they are finite in number, join only at their ends, and join in an order deter- 


mined by part (1) of theorem I above, the sum Σ Pi Cija Όμι is a simple 
closed curve C, having only the points 2 pi in domsa with F. Moreover 


a and b are separated by this curve for suppose both are interior. Then 6 
must be interior to one of the following simple closed curves with mutually 
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exclusive interiors mi Pı Ciz fa fh2 0, & Me pa Coa Pa Mg," °°, GT Pa 
Cn-1n Pn Mn A, Q Mn Pn Cni Pı Mı ὦ Where m; is some point of M; between a and 
p; Suppose for instance that it lies in ami Pı Cız Pe Mıa. Then M; 
(j==38, 4,°° -, m) must to reach p from a cross a m4 pi, OF pi Cis po, OF 
fs, none of which it may do; or else lie already within M> entirely, 
which the preliminary ordering forbids. Similarly it is proved that not both 
a and b lie outside the simple closed curve. Thus F consists of two parts Fe 
and PF Fa Da and Fy D b, one exterior to C and one interior, and of course 


the points 5 pi. The theorem is thus seen to be proved. 
έξι 


ΤΈΠΟΒΕΜ III. [---- Ὁ pi is the sum of two mutually separated sets Es 
i-i 
and Ey where Ea D a and Ey 2 b. 


Proof: Suppose not. Then a and b are points of some maximal con- 
nected subset of E -Σ pi in which there can be drawn an arc W from one 
to the other. This αν C in some point p, as a is separated from b by C. 
But p is not a point of F as it is not a point of = pi. Proceed along W 


from p toward a and toward b until reaching the first points pa and py in 
these directions which W has in common with F, these must be distinct as W 
is an arc, and must exist as a and. Ὁ are in F and F is closed. But then 
(pa ppo) is a part of some maximal connected subset of E — F which has at 
least two limit points, for example pe and p», in F. This is a contradiction.” 


Cononnany I. Under the hypotheses of the general theorem E possesses 
a set of complementary domains having the property of Theorem I above.t 


THEOREM IV. If among the subsets of the Continuous Curve E whose 
omission from the continuous curve separates it into two mutually separated 
sets E, and Ew Ea a and Es b where a and b are given points, is one 
consisting of n distinct points but none consisting of fewer than n, then there 
is a set of n independent ares in E from a to b and no set of independent arcs 
of E from a to b consists of more than n. 


* W. L, Ayres, “ Are Curves and Basie Sets of a Continuous Curve.” 
t For F has such a set and then see W. L. Ayres, “ Concerning Arc-eurves and 
Basie sets of a Continuous Curve." 
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Proof: Obviously if the set of independent ares from a to b in E were 
n+ 1 in number, F — X pi would not be separated between a and b, as at 
least one of the n +- 1 ares would fail to contain any point of x pi, 50 in 
this case Σ f; could not separate E in this way either. On the pm hand, 


if the are curve were to contain at most n — j (0 < jn) independent ares 

from a to b, then by the general theorem there would be (n — j) < n pointy 

whose omission would separate E between a and b into two mutually separated 

sets one containing a and the other b. As this contradicts hypothesis, the arc 

curve of a -+ b with respect to Æ contains for some construction n independent 
res from a to b but for no construction more than n. 


TuzonEM V. Under the hypotheses of theorem IV there is a set of n 
complementary domains of E related to any chosen set of n separating points 


n 
in the manner of the domains of theorem I and the points > pi. 
i-1 


Proof: For by theorem IV the arc curve of a + b in E contains a set of n 
independent ares but no set of more than m. Let a set of n be Mi,  ., Mn 


ordered as heretofore and for each ἡ let p; be on (Mi), > pi being the chosen 
i-1 


separating set; evidently one point of this set must be on each of the arcs M; 
and no more than one can be. Now the set Fijn as previously described must 


be cut between a and b by the omission from it of * pi as it is a subset of F 
i-i 


containing α and b and hence must also be cut by the omission of the points 

. n 

p; and pj, which are the only ones of Σρι which it contains. But then as 
1-1 


before p; and pj, are on the boundary of some bounded complementary domain 
of Γι, hence also one of F like Ajj and finally one of E. The set of domains 
thus determined is easily seen to possess the properties of those in theorem I. 


THEOREM VI. Wither under the hypotheses of the general theorem or 
under the hypotheses of theorem IV, there is a simple closed curve C whose 
interior contains either a or b and such that CX E = Σ pi where Sp; is 

i-1 i=l 


anu set of n points whose omission divides E into two mutually separated sets 
one containing a and the other b. 
6 
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Proof: ‘As the sets of n points dividing the curve E are identical with 
those dividing the curve F, the theorem follows upon the application of 
theorem V and the process of theorem II. It is to be observed that C can not 
enclose a or b chosen arbitrarily as the set of domains of theorem V may 
possibly not include the unbounded complementary domain of F. 


UNIVERSITY OF PENNSYLVANIA, 
PHILADELPHIA, PA. 


A Direct Treatment of Systems of Linear Differ- 
ential Equations whose Coefficients have 
Uniform Singularities. 

By J. A. NYSWANDER. 


A complete theory of solution of linear differential equations of the form 


d"z An) dig Pahi) = 

di^ + t—t, diet τ (t—t)* oM 
in which the ρι(ί) are analytic about t= ο was given by Fuchs" about 
1868. He treated exhaustively the various cases that can arise, classified with 
respect to the nature of the roots of the characteristic equation 


f(A) —A(A—1)::: (A—n+1) + A(A—1) ves (A—n-+ 2)p (0) 
Too pia (9) + ρε(0) = 0. 


The more comprehensive problem of obtaining, under completely general 
hypotheses with respect to the roots of f(A) — 0, a fundamental set of solu- 
tions for the system of differential equations 


t(daz;/dt) = ba (t)z +++ + Oin(t) On (ἐ--1, ΓΤ n), 


Lu first solved by Horn about 1891. In his theory Horn employed a prin- 
ciple originally due to Frobenius + and later developed by Grünfeld.[ The 
treatment given by Horn is based on the use of sequential transformations; 
the various cases that arise being classified in terms of the elementary divi- 
sors of the characteristic determinant D(A). 

The present paper gives a direct and relatively simple treatment of the 
general problem, and shows how to obtain the solutions in all cases without 
recourse to either transformations or the theory of elementary divisors. 


1. Consider the system of differential equations 


(1) t(dai/dt) = 61, (t)a, + +++ + Oin(t) an (ἱ--1,--., 8) 


* Horn, “Gewéhnliche Differentialgleichungen beliebiger Ordnung"; Sauvage, 
“Théorie Générale des Systèmes d'Équations Differentielles.” 
+ Crelle’s Journal, Vol. 74. 
iGrünfeld, “über die Integration eines Systems,” Denkschriften der Wiener 
«mie, Mathematisch-Naturwissenschaftliche Klasse, 1888. 
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in which the 6;;(¢) are analytic for £ — 0 and hence may be written in the 
form 


$;() = X eoe (hien, ++, η). 


Suppose, also, that at least one 6;; = 0. It will be shown, first, that under 
certain conditions system (1) will have a solution of the form 


oo 
(2) a= D Σ aO Dm MP: A) (---1, .'', n) 
450 


in which the λ and a; are constants to be determined. 

On substituting (2) in (1) there results the following relations, which 
must be identities in ¢ if (2) is to be a solution of (1): 

fe 1 oo 
HAC ο πο. 


=1 k= . 
(191,7, n). 


(3) λίλΡι(έ: χ) + D 


EM 
o 


On equating the coefficients of corresponding powers of { in (3), one obtains 
as sufficient conditions that (2) shall be a solution of (1). 


(04 ον A)a, O + Oia Oa 4 ο + Gyn ay, = 0 
a a, + (822° — A)ag+- cone + Oon Pan V m 0 


(4) ας 122) A eee -- 
64,00, 0) cc (An — A)auQ0 = 0, 
(6,9 —A — p)ar bes - + Oya, — FP (aj, +++, gj 071) 
Bo, ay? ee s+ Ban ay? — Py (aj, +++, ag PP) 
ος VA. Se^ Go ο E» Sip? Gk εἴ, tee Sa λα 
On A? + EUM. + (Oun ®— A— 0) ἂν P = puo? (αγ, x ü 
(p= 1,2, 
where 
n 2 
(6) FP =— Ὁ yaj (ἐ--1,:.' τ). 
ji ka 


Equations (4) which are linear and homogeneous in the a;? will have 
a non-trivial solution if and only if A is a root of the characteristic equation 


6,09) —A, O12, ey RCD 
6,09, 8.9 — X, rcs, Aon 
(7) D(A) = |: . . é Ν , : à == 0 


An, Ano, ΠΣ; Onn O — À 
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We shall first dispose of the simplest case, in which the n roots of D(A) = 0 
are distinct and no two of the A; differ by an integer. For each A; at least 
one first minor in D(A;) will be different from zero, and hence the solutions 
of equations (4) may be written in the form 


ο ο ο ο η), 
where the 41; are the first minor-cofactors in D(A;) which arise in the solu- 
tion of equations (4) by determinants. 


In view of the hypothesis regarding the roots of D(A) = 0, it is evident 
that 


Ῥ(λι + p) #0 (j= 1, +++, 0; p= 2,7). 
Thus equations (5) determine the a  (i— 1, ::-,"; p—1,2,-::) for 
each Aj and consequently one obtains n solutions of system (1) of the form 
(2). These solutions can be written in the form 


"n 
ο ο 1 


where 
Pa (t) = aij + ayt + aOR ντ. 


The conver~ence of the solutions obtained in the present and later sections 
will * ~d in Section 7. It will be shown in Section 6, under entirely 


ὃ ses in regard to the nature of the roots of the characteristic 


the n solutions obtained by the method of the present paper 


Í fundamental set. 
2 


. “ovvu. ions when two Roots of D(A) =0 differ by an Integer. It 
may happen that two or more of the A; differ by qn integer. 

Suppose that A, — A» = d, where d is a positive integer, and that there 
are no other congruences (mod 1) among the Aj. Assume also that A, and A. 
are simple roots. Starting with a possible solution of form (2), one arrives, 
as in section 1, at equations (4) and (5). Clearly D(A, +p) #0 
(p = 1,2,+-+) and consequently a solution of form (9) for A=~ à, is ob- 
tained exactly as in section 1. 

In attempting to arrive at a solution of form (2) for A — λε one observes 
that D(A; + d) = Ὀ(λι) = 0, and hence equations (5) are inconsistent for 
A = àz; p= d unless the corresponding #', satisfy certain linear relations. 
Designate by Di(A-+p) the result of replacing the elements of the ith 
column of D(A+p) by F,, +++, F,G. Obviously equations (5) for 
À = A, and p — d will be consistent if and only if 


(8) ῬΡι(λε + d) —0 (i=1,°°+, n). 
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Case I. Assume that relations (8) are satisfied. The values of the 
αι ὢ as obtained from (5) may be thought of as a sum of two terms, one 
carrying an arbitrary constant as a factor, the other an expression involving 
the #,. It is readily seen that the terms involving the arbitrary constant 
are exactly the values previously found for the αι of (4) with λ--λι. 
Since these terms if retained in determining the αι, p — d +1, ἆ-- 9, ''' 
would give rise to the solution of system (1) already obtained for AX, 
it is desirable to omit them in computing the αι. For p > d, it is seen that 
D (As -|- p) 50, and consequently a solution of (1) of the form (2) exists 
in Case I. 


Case II. Suppose that the FP; do not satisfy relations (8). We shall 
show that the desired solution of system (1) is of the type 


(9) wi — P (Qi (t) + Ρι(ἑ) log t) TON ο Y 


where P, and Q; are of the form 


oo 

Pi(t) = Σ αι t (i1, η), 
oo 

f Qi(t) — 2 6, ($291,: * τη). 


On substituting (9) in (1), it is seen that the resulting relations will be 
identities in 7, t — 0 being excluded, provided that the a,” and b;™ satisfy 
the following relations: 


n 
(10) ($49 —a)a" 4. $ Opa —0 (dA, ni bud, 
k-i 
(11) (84 —A— p)a;9 + > Bi. ay? ---- PO (aj, +++, aj 070) 
k=1 
(i—1,:c0.n;bkz4; p= 1,2), 


(12) (849 —A— p)b. -- Ὁ, On — uD Fy (bj, +++, 0,072) 
k=1 
(—1 c, n ki; p= 0, 1 8)" ), 


where 

Εἰ =0 (i=1,---,n). 
In order to determine the a; and b, satisfying (10), (11), and (12), 
start with the n cofactors ηι(λ), ''» m(A) of the elements 6,90, ° * 5, 


Onn — X in the determinant D(A). Assume, for simplicity, that the first 
n— 1 rows of D(A;) contain a non-vanishing first minor; then g,(? = 
yi (Az) ($—1,:--*,mn) is a solution of (10). Equations (10) are homo- 
geneous in the a; 9, and hence will be satisfied for 


‘(py tut... T =t) 
LOY) cay fb * ων (ΣΥ) f^] aor + «5*9 = 


Is 
NX (Yg/ (X) 10) c»! & -- "ex(vg/ (X) at) (d — x — @ #9) (91) 
sj[nsei aroy} Y — v Surjjes pue v 0j 19θάδοι yya (91) Sunenueregrp 103y 
(14 Ut.. T=?) 
(Y) a-b (X) ott) ctr C — X) τ 
Tct 
(0) cto X + (X) —X — 8). (er) 
*fgorytjuepr οἱ] ΘΊΠΙΔι 0j euo e[qeuo (TT) suonenboe p Sd πο] ospy 
(Ue T=) (9) ESQ) 9th — (Y — Y) (9/0)] = wt 
seq euo p >d 101 'pensres ore (gr) suorenboe jeg; usos ATISBa SI 31 
(fep fu Sse. Toa) Ee) atn] = ta (51) 


980019 OA TT 
"Y = Y 101 ‘poutezqo Aprerye wor} 
-n[os ay} ποτ] ATWO 10309] quejsuoo 8 £q siegrp puse (τ) παιο]θάς Jo uorjnjos 9 st 


(uf. tpe) PESE (v :2)!d v] — 7 
1511 queredde sny} st 3T 
"uo os pue ‘p = d 105 (9) Kjenes (2Υ) crap)?” eq : (y) £pues (Y) oy» eq 181} 
pejou ὅπιθη 4: ^v — Y qy (g) pue (y) suorenbe Ajsryes (... τ H- pp —d 
fuf...fp—2) (Ύ)ωγν SMU, Y= Y 101 0167 er? qorgA το Te you (v *. . 
*J —23) (Y),5'9 Ὕ jo suoroung eats (11) suoyenbs p < d jo senqpea Τε 10,7 
"(bY SUS... Ts) 
τα 
0 = wT = 00)" < + ow? (p — * — o0) 
suorjenbe aq; 
Jo uopnjos yeratsy-aou Ὁ ppp "Y = v soy yora (ἡ... fp—2) (Χ)ων 
^X 10 suorjoung u 9418 (TT) suonenbe yey} saotoy 3t *(w *. . - τπτ) Ca-»fo 
“+ ε΄ωγίο) cyt qova JO estaexi pue (p--v)q jo 10487 ο st y — Y urg 


'(1—2*...fg'T-díuf...'po23) (Y) (Ex — y) = (Y) ων”υ 


9jLIA UBI IUO 
(61) 10 səra ΠΤ Ὕ JO suorpung se Jo 4q3noyg eq 03 918 (γ) ωγῦ OY} ureze 
aroy *(. . gT — d) «10 θη} 10r eA[os pue (TT) JO sxequieur yS əy} ojur 
(gI) eqnsqug Ὕ jo suonoung se Ῥοριεβοι 94 0j 918 (Y) OY} 919141 


“(v= Y fu κ... T =t) () co? (Y — x) = (Y) qt» (er) 


Tez ‘suoyonhy qwuuasafig snauvy fo 
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from which it is observed that the values of the 5, in (14) satisfy (12) for 
pd. Note that the aP (àz) — 0 for p=1,2,---,d—1. If p>d 
equations (11) give the identities 


n λ 
(69 —A— pas? (A) + θα αν (A= Fy (aj (A), ναι οί 


; ^ "P" 
(17) =—> 6:3 aj? (A) — (A— λοὴ Σ 4A, fu Py Q) 


(i=1,: n; k: 
On differentiating (17) with respect to A and setting A — As, one obtains 


(64,9 — A; — p) (Bai (A) /Όλ) rary + 5 65,9 (Bar (X) /OA) ja, 
k-i 


n p-d n 2 
=H (Az) — E Σ 605990, —Y X 0,0509 (ry) 
ότι kl +1 


251. k-p-d 


= ai (Az) + Pi (Bj (Az), τς) (A2)) 
(i— 1, n; ki). 


Thus it has been shown that (14) yield the values of the b;” satisfying (12) 
for ρ--0,1,3,’ - -, and consequently (9) gives as the solution of system 
(1) associated with A = Az, 


$4 = tS (3P: (t: A)/80X) + Pi(t: X) log ἐ]λ-λε (=i, e,n). 


The methods of this section (Case II) have been presented in considerable 
detail because of their basic importance in the more general cases treated in 
later sections. 
. — 

3. Solutions corresponding to a Group of Roots of D(A) -- 0 mutually 
Congruent (mod 1). Let A,,-:::, Ae be e simple roots of D(A) — 0 such 
that 
(18) à — A; = di (}--1, edic) 


where the dj; are positive integers. Suppose further that no other root of 
D(A) = 0 differs from any one of the foregoing roots by an integer. A solu- 
tion of system (1) of the form 


(19) zı = ἐλ Pi, (t) (i21, j y), 


is obviously obtainable by the method of Section 1. Solution (19) may, in 
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exact analogy with the scheme of Section 2, Case II, be represented by each 
of the e forms 


(20) Ti = Ao [Pie (t: λ) ]λ-λσ G= lh enio de 


where the Ῥισ({:λ) are power series in ¢ which will now be defined. Let 
the constant term of Pis(t:A) be (A—Ag)9a ys (A), the ai (A) having 
been defined in section 2. The coefficients of ἐς are derived from equations 
(11) after choosing g, so that the coefficients of t vanish for k < dio, while 
for k = d, at least one coefficient of # in Pig(t:) ($1, --,n) is differ- 
ent from zero. The value of g, depends upon the vanishing or non-vanishing 
of the Di(Ag+ djs) ($95 1,:-:,n; J= 1, ,σ--- 1), and will be given 
explicitly in the subsequent discussion. 

In considering the solution associated with A — A4 it is seen that this 
solution will be of the form 

ai = t^ Pit) (i1, n), 

if and only if 
(21) Di (λε + diz) =0 (i=1, τ τε). 
Conditions (21) will in general not be satisfied, in which case the solution 
in question, just as in Case II of section 2, will be of the form 


gi = ὑλο[(9Ρι͵(ἑ:λ}/9λ) + Pilt: A) logth-as (t= αν τν). 
If we assume for any one of the group of e roots of D(A) = 0, say for A = Ag, 
that : 
(22) Di(rg + dis) FO 
for at least one of the values i=-1,---, n when j—1,2,: '»σ--1 re- 
spectively, then corresponding to A= Às, one readily verifies the following 


solution of system (1): 


9-1 —1\ 6e Ῥιο(ἐ: λ) 
2 ;L fÀ 9 BLU ο κα h 
(23) 31 = d { Σ h ) vx) log^í ps 





(t= 1, *7,n), 
Clearly gg = o — 1 in the Pic(t: A) of solution (23). On substituting (23) 
in (1) it is observed that the coefficient of log ^£ vanishes for h = 1,2,* >, 
c — 1 respectively. The vanishing of the coefficients of the respective powers 
of log £ is a consequence of the consistency of pairs of equation-sets of pre- 
cisely the forms given by (11) and (12). 
If it should happen for any root, A = àe, of the group that 


Di(re + dje) -- 0 (i1, c.m) 


for j= 1,2,- ' +, e— 1 respectively, then equations (11) will be consistent 
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when A — A, for all values of p. The corresponding solution of system (1) 
is therefore of the form 
mi = De Put) (i=1,- ` ʻa), 


in which the Pie(t) (i= 1,:'',n) are power series in ¢, at least one of 
which has a non-vanishing constant term. It is observed that the factor 
(A—~A,z)%e is introduced in the constant terms of the Ῥισ(έ:λ) for the pur- 
pose of forming consistent sets of equations (12) when p takes on values dje 
for which the determinant D(A, + dje) = 0. Thus go is reduced by one for 
each value of j for which 


(84) Diet dye) =0 — (i—175,2); G— 52, ,0— 1). 


One can now generalize solution (23) and write for any root A= Ao of 
Ρ(λ) —0 


0r Pis (t: A) ) \ 
. — fio h 
ane) M {ΓΣ h=0 h "C ars” ve ) λ-λσ 


ο 0 
where, in view of the foregoing discussion, 


g =o —l— p, 


p being the number of times (24) holds for the values j == 1,2, © *,c — 1. 

Before treating the most general situation that can arise, namely, the 
case for which one or more of the λι, * : *, Ae are multiple roots, we shall 
take up in some detail the method of obtaining the solutions corresponding 
to a multiple root which is not congruent (mod1) to any other root of 
D(A) = 0. 


4. Solutions corresponding to a Multiple Root of D(A) =0. Let 

== λσ be a multiple root of D(A) == 0 such that Ac does not differ from any 

other root of D(A) -- 0 by an integer. The nature of the solutions of sys- 

tem (1) for the present case depend upon the properties of the determinant 

D(Ac) and will be obtained from hypotheses regarding D(Ac) and its minors, 
that include every special case that can arise. 

Suppose (A) that A = Ac is a root of D(A) —0 of multiplicity so and 
(B) that all Ist, 2nd, : > +, (q— 1)st minors of D(Ac) are zero,  ΞΞ so, 
while at least one qth minor of D (Ac) is different from zero. 

In consequence of hypotheses (Α) and (B) equations (10) will have q 
linearly independent solutions each of which gives rise to ῃ solutions of (1) 
of the form 

σι = Do Pas(t) ο k-—1,7,0), 
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where the Pizg(¢) are power series in ¢ of the form 
oo 
Pig (t) =È α irg Ud (4 1,:*:,n). 


The method of obtaining the a xq has already been given in section 1. 


The remaining s, — q solutions, as will be shown, occur in groups of the 
form 


D FAP (iA) —— log^t 
. — the CASERNA SRC SOE ET,” E mc 
(HR — pest P D ΕΤΕΙ, 
h ο ο k =1," 0), 
where 


Pift: A) = >> a4, 02 (λ) th. 
15ο 


The integers r and o, and the coefficients a, (A) will now be determined. 

On substituting (26) in (1) it is seen that (26) will be a solution of 
system (1) for k = 1,2,- - *,w provided the a; (A) can be determined so 
as to satisfy the following conditions: 


n 
(27) — (Bix =u (A) + X Gina (A) = 0 
i=l 
(—1,--,n; ἐπεὶ; A= λα), 


9 ud m-1g (0) 
(28) | (049? —2) Par) -+ = Bax am a PaT (rtm) 9 os ο) 


(1,0; kAt; A= s; m= 1," γω). 


It will now be shown that under certain conditions equations (27) and (28) 
will be consistent and that the sufficient conditions for their consistency are 
implied in the hypotheses of the present case. 

From the determinant D(X) one verifies the identities, 


" λ 
(64,09 — A) (A) + Σ birr (A) = 0 
-1 


((—1,:::,n— i; k se i), 
(29) "n λ 
(064,0 — A Jè (1) + ἃ Oir Sra (X) ΞΞδι,1-ι(λ) 
1 

(i— n—j-F1,:,ni k Æi), 
where the 8:;(A) (¢=1,:-:,%—j-+1) are the jth minor-cofactors respect- 
ively (of order n — j), of the elements 000, j4,¢ (t=1,''+,n—j+1), 
in the upper left ({--- 1)st minor of D(A) ; and the 84,4 (à), (i= n— j+ 1, 
**, n) are the upper left (j— 1)st minors of D(A) obtained by replacing 
the (n— j-]-1)st row by the (n—j+i)st, (n—j+2)nd,°°-, nth 
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rows respectively. For the foregoing particular choice in the position of the 
(j— 1)st minor-cofactors occurring in (29) the & (A), (e=n—j+2, 

+, n are identically zero, by definition, and have been written for the pur- 
pose of securing generality in notation and logic, and also for the purpose of 
making the coefficients in (29) agree exactly, in form, with the coefficients 
in the left numbers of equations (27) and (28). This specialization in the 
position, in D(A), of the (j— 1)st minors in question has been employed 
solely for the purpose of effecting simplicity in presentation; all subsequent 
work, however, is entirely general and applies to any minor-cofactors satis- 
fying certain conditions which will now be specified. 

Suppose (a) that (A—A,)* is a factor of every (j— 1)st minor (of 
order n— j + 1) of D(A), while at least one (j — 1)st minor does not con- 
tain the factor (A — A5)**1; and (b) that (A — A4)" is a factor of every jth 
minor in D(A), while at least one jth minor does not contain (A— Aj)", 
where obviously s — r = 1. Let identities (29) be differentiated s — 1 times 
successively with respect to A, setting A = A, in each of the s sets of relations 
thus obtained. By hypothesis (a), the right members of the resulting s sets 
of relations vanish and, by (b), each term of the left members of the first r 
sets of equations also vanishes. There remain, however, the following s— r 
non-trivial sets of relations: 











9! δ'δυ 07x; . 0r 18i; 
(614° — Az) ET T 2 04,0 ΤΩ m S =0 
ο nki | 
(30) (i=1, sn; ἐπε) 
θτηιδ. Qr*^ 8, 9r*-18, 
(θείο --λο) ^ + X Oa TUM = (+h) ee 
(i=1, n; k Ai; h=—1,:::,s—r—1) 
where ΄ 
0"6i, eA [Ae ] : 
0A" an A-Àg B 


On comparing relations (80) with equations (27) and (28), it is seen 
that, under hypotheses (a) and (b), the latter equations have as solutions 


or ij . 
moa) =) (i—1, an; A= X) 
(31) arg, (A) = grim su (A) 
A" κα anrem 


(i1, -,n; mai, s—r— 1; X= àc). 
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| vhich the value of r is defined by (b) and where @==s—-r--). Tais 
| ressumptious (a) avd (b) one obtains o == s — r — 1 solutions o^ «3s v 
ΓΤ: which are given by (26), for k == 1,2, ^ c Ντ r— 1. 

In consequence of hypotheses (B) of the present section all de s.t 
“ith respect to A, up to and including the (q— j— 1)st. of all ith rn. 
af (A) vanish when A =A, for j21.2.:::, (q— 1). This follows r sn 
‘ly tart that the A-derivative of every (j — 1)st minor οἵ D(A) is à sum i, 
cb minors of (A). Hence (B) implies that (A — Ag) is a factor of w 
“γα]πον οἵ D(A). j- 1. c.g — I. Tf there exists at least one gre αἱ 
eC D(A) which does not contain (A—— A4)? as a factor, then in view o 
going discussion the remaining sy— q solutions of system (1). a--0 τι 

Fa Ae are given by (26) with 





S-=%, P=g—l, j=l, ως αυ τι. 


I: may bappea, however, that (A — A5)? where a È q is a common o o 

À πι minors of D(A) in which ease there are fewer than s, - ἡ i 
‘sof systam (1) which are expressed in terms of first minor-cos to's 
1) and their A-derivatives. In fact a similar special situation mov w 
int the jth minors of D(A) tor j= 9,- + +.q— 1. The assumptions wot 
je oct to this question will therefore be generalized so as to include ev 
posible special case. 

Hence let it be assumed (C) that every jth minor of P(A), has tli» τι 
(A C Ag)?! while at least one jth minor of D(A) does not contain (A - A 5? 
G6. Ίντι τν). where obviously s; È q— j and sj4— s 21. Hypoth 
(C are identical in character with the assumptions (a) and (b) πα νι s, 
tos derivation of (31), and consequently form (26) gives solutions of «sto 
(1 in which the coefficients of the respective powers of f are exom «s: 
tu as of minor-cofactors in D(A,) and their A-derivatives. In obta/ninz τα 
fors of system (1) for which the a;! are expressed in terms of th whe 


cor. ctors of D(As). (J = 1,° + τν) one makes the following substitutions 
(26) and (31): 
(32) Sz-8,41 T—585,j o= δι — 8; — 1S oj. 


Th: total number of solutions, corresponding to A= às, which one obtains ie 
tais way is clearly given by 
eios be fog = 
= (Rea sı — 1) + (s —s:— 1) ες tH (Sa — sa 1) 
== Sq — 8g — Q — 89 — | 


by (B). sg — 0. 
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Thus we have obtained s, solutions of equations (1) associated with 
A= Ag which is a root of D(A) = 0 of order so. These solutions may be con- 
veniently represented by the notation 


gq g cj 
(38) m= 2 Cok Pe Ping(t) TX Ὁ έσω; Be Ῥιωι (1) (îi = leen), 
vci j-1 wzi 


where the P«cE;,;(1),« = 1, ' +,0; are the w; solutions given by (26) in 
terms of jth minor-cofactors of D (ào) and their A-derivatives. 


5. Solutions Associated with a Group of Multiple Roots. General Case. 
Let A’ + +, Ae be a group of multiple roots of D(A) = 0 of orders Bi,- © *, Be 
respectively, such that 
λε Aj = dij (j=l τον i<j), 


where the di; are positive integers. It is also assumed that no other root of 
D(A) = 0 differs from any one of the A; (j—1,- * ο) by an integer. 

The results of sections 3and 4 enable one to obtain, without difficulty, 
the βι +: * * H- B, solutions of system (1) corresponding to the foregoing 
group of multiple roots. Consider Às, any one of the e multiple roots, and 
assume that D(A;) has properties (A), (B), and (C) of section 4. Set 
Bj == So, in order that the results of section 4 may be applied with as little 
change in notation as possible. 

On referring to equations (11) and taking p= du, (k= 1, °, σ--- 1) 
it is noted that D(A -+ drs) contains the factor (A—A,)* but does not 
contain the factor (A — A,)9v*1. It may happen that some power of A— àe 
is a common factor of the n determinants Di(A + dre), (t= 1,*::,n). We 
shall therefore assume that (A—-A,)% is a factor of every Di(A + dre), 
($—1,:-::, n) while at least one of these n determinants does not contain 
(A—A,;)7#+1, The foregoing hypotheses apply for k= 1, 2, :::, σ--]. 
Let 
(34) (Bi + Ba ++ cc + Be) — (yi t+ ye +° * be ye) 

=9g(o; δι(λ)) == g, 
and choose 
(35) a4 (A) = (A — λσ)θ δι(λ) (i=1, n). 


In view of the hypotheses (A) and (B), equations (10), for A — às, have q 
linearly independent sets of solutions which are expressed in terms of gth 
minor-cofactors of D(A;). Replace the A, by A in these solutions and thus 
obtain q sets of functions διᾳ(λ). 

Set δι(λ) = Big (A), (k—1,: τν) respectively, in (35), giving q 
sets of values of the a: (A). Equations (11) now determine the αι (A) 
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(p==1, 2," }) as functions of A. Substitute the q sets of values for the 
coefficients αι (5) in the series 


eo 
Püag(1:A) = X a;9 f (i9 1,:,n), 


and indicate the resulting series by the notation 
oo 
Pag(15 A) = X αι) (A) ^ 
2-0 
(ἐ--1,''γη; τς I,+++,q). 


Since, in general, the value of g depends upon the choice of the δι(λ) 
we shall designate by αι the value of g corresponding to δι(λ) = δια(λ). 
One can now write q of the desired s, solutions of system (1) in the form 


- an Qah Pirg(t: A) log Me \ 
-- πμ τν στο πο 
(36) di i^c { 2 Oak (αι — h) ! h ! λ-λσ 


(i=1,; n; ε---1,'.,ᾳ). 


In order to obtain the remaining se — q solutions of system (1) choose 
for the δι(λ) in (35) exactly the A-derivatives of jth minor-cofactors of 
D(A), (j—1,::,9) given in (31), which were used in setting up the 
Riai(t) of (33). Designate by p; the value of g resulting from the choice 


δ: δι)(λ) 

Ons 

Let the corresponding sets of infinite series in ἡ be represented by 

Raj (t: A) (t= Ίντι η) and set 
$ Qu B; (f: A) log *** 1 
& 0e (hFE)! (uy — hy! 
We shall find that the remaining s, — q solutions of system (1) correspond- 
ing to A = A, can be expressed in the form 


δι(λ) = 





(37) 


Hig(t:X) EO Ri(t: A) log *"£ 
$ i= EX, J 3 
46) ite LET πο DT 


(i21,::,n; km1,5:5,95 j=l, rt. q). 


The hypotheses regarding D(A.) and its minor-cofactors are identical with 
those underlying the derivation of solutions (33) and hence the results of 
section 4 show that (38) gives s; — q solutions of system (1). 

If the αι of (88) be substituted in (1) the coefficients of log™ t 
(m-—0,1,-**, uj -+o;—1) vanish in each of the resulting n equations. 


= Hiu(t:A) ($1, “αι: 
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For each of the foregoing values of m, the coefficient of log " 4 when equated 
to zero, gives identities of exactly the forms (11) and (12); while for 


m == pj +; the coefficient of log ^? vanishes in consequence of identities 
of the form (10). 


6. Independence of the n Solutions of System (1). Let 
(39) Li = gi; (t) ($—1,--5;j—1,-c:,n) 


be a set of n solutions of system (1) obtained by the foregoing method. These 
solutions will form a fundamental set if and only if their determinant 


A(t) =| ga (t) | #0. 


The n solutions given by (39) occur in groups of the form 
(40) —Á ο Vigo® (t) log 1) 
1 (j21:05,Q950—1,;,2; i1, η) 
where 1zxh;zm and Σ Σ loj == n. 
σι j=l 


Thus A(t) may be reduced to the form 
(41) A(t) = | Vig (t) | = E(t) 
(j—1:::5,0459— 11+, m3 ὑπ 1, +++, n), 
where the V;;5,(? (1) are the’ power: series in t, that are not multiplied by a 
power of log t, in each of the n solutions; and W is the sum of the n roots 
of D(A) »— 0. 
t t 
Clearly A(¢) = 0 if and only if K(¢) ==0. Since K(t) is an analytic 
function of ἡ in the neighborhood of t = 0, K(0) 0 implies that A(4,) 75 0 
for | ἐν | sufficiently small. Thus the independence of the n solutions off 
system (1) is established if it can be shown that K(0) 0. 
If we write 
Vig (t) = Bigg + lija Pt + lije PE + e.’ 
(G=1,°°+5 903 σ--Ἰ,-' 5} i= 1, n), ) 


it is observed that 
(42) ; K(0) TE | Qija CO? | (j= 1, +++, G03 c=], η; ἐ--1,--' η), 


where aij, — 0, by definition, if there are πο Vijo(t) in which the 
dij are expressed in terms of jth minor-cofactors of D(A,). 
Now consider the system of differential equations 


(43) dzi/di == uz, + shige + Qum. C (i ποτ >, n), ) 
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obtained from system (1) by omitting the factor ¢ from the left members and 
retaining as coefficients of the z,, - * ', z, the constant terms of the 64 (1), 

» Oin(t). The n solutions of system (48) as obtained by a direct method 
due to the author,* are shown to form a fundamental set. The proof of this 
property of the πι solutions, in the paper referred to, is effected by showing 
that the determinant F(t) = Ε(0) 


exp f È budi 


of the solutions is different from zero for (— 0. The determinant E(0) is 
identical with the determinant K(0) of the pront paper, except for a con- 
stant non-zero multiplier. 

Hence the independence of the n solutions of system (1) follows as a 
consequence of the corresponding proof for the solutions of a system of linear 
differential equations having constant coefficients. 


7. Convergence of the Solutions. Let it be assumed that the 6:;(¢) of 
system (1) converge for |?|- H. Choose tt) any point within the 
domain of convergence. Let 
(44) ti = piz (t) (íj—1:,n) 


be a fundamental set of solutions for the regular point t= to Make ana- 
lytic continuations of the $;; about t — 0 along paths which neither enclose 
nor pass through any other singular point. 

Let $4 (/) become $:;(t) after making this circuit. Since the $i; that 
result from this circuit are also solutions of system (1), one can write 


| 
Re u(t) =È cy pult) ο n) 

for j=l, t5, f. 
We shall raise the question of the existence of a solution of system (1), 


gi = φι({) (61,77, n), 
having the property 


(46) pilt) — rd (t) (--1,---» n). 


If such a solution exists it can be written in the form 

(m &0—Xbs() A), 
where, after a circuit about ¿= 0 one has 

(48) δι() = Σ δ, δα(1). ! 


* American Journal of Mathematics, Vol. 47 (1925), pp. 257-276. 
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After expressing both members of (46) as linear functions of the φε;(ἑ) by 


substituting from (45), (47), and (48), there results 


(49) εῬδεφα--Σ δι ( * os gult) ) (i=1, > 
k=1 k=1 151 


n). 


Relations (49) may be regarded as a system of linear homogeneous equa- 
tions in the b; (i=1, ' ., n); and they will have a solution other than 
bi = 0 (ταν 5, n) if and only if the determinant of the coefficients 


(50) T(r)A(r) = 


Cii — T, Ciz; ttt, Cin Qu, Piz, "o0. pin 
Cary Coz — T, * * * , Con φοι; dos) © * ^5 hon 
Onis πο >t ta Cn — T Qui Qu» C073 Pun 


5-0. 


Since, by hypothesis, (44) is a fundamental set of solutions of system 
(1) it is evident that (50) is equivalent to T(r) — 0. Thus for each root of 
Τ(τ) = 0 there exists a set of values of the b; given by (49) which upon 
substitution in (47) yield the solution σι — ¢;(t), satisfying condition (46). 
Suppose first that the n roots ri, * °°, Ta of T(r) — 0 are distinct and 


that the corresponding n sets of solutions of system (1) having property (46) 


are given by 


(51) σι = ya (t) (5j—1,- 
where 
(52) Pult) = ri yu (t) (i—1- 
Let rz be any root of T(r) = 0 and define A, by the relation 
(53) Tg = gre, 
from which one has 
(54) a = (1/3) log το + h, 
where h is any integer. Consider the function 
U,(t) = be 


which, after a circuit about the point == 0 becomes 
(55) To(t) = rU (t). 


Thus one observes that the ratio 


yu (£) /U5(t) = Pu (t) ο. 


", n), 


sn n). 


sn), 


J 


On Related Difference and Differential Systems.* 


By Witiiam M. WEYBURN. 


1. Introduction. Sturm’s + work on difference equations has been recon- 
structed for the most part by Porter,] Bocher,§ Fort, Merrill,| Carmichael,** 
and others. In addition numerous authors including Hilbert {1 and Fred- 
holm 11 have made extensive use of the intimate relationship that exists be- 
tween algebraic and transcendental problems. Porter f was the first to actually 
carry difference equation results over to the limiting differential equations. 
Others have carried this limiting process through, but all previous results have 
been confined to the case where the coefficients of the differential systems are 
continuous functions. It is the purpose of the present paper to establish 
results for difference systems and to carry these results over to the limiting 
differential systems. This passage to the limit is accomplished for a differ- 
ential system with Lebesgue summable coefficients by making use of a sub- 
division of the interval of the independent variable. 

In parts 2 and ὃ, preliminary theorems concerning a system of two 
linear difference equations are proved. In part 4, we show that the equations, 
solutions, and many properties of a system of m difference equations of the 
first order go over in the limit to the equations, solutions, and properties, 
respectively of a system m differential equations with summable coefficients. 
Similar results are obtained for general non-linear systems. In part 5, the 
Green’s function and the adjoint system are defined for difference systems and 
. these quantities are carried over to the limiting differential systems. 

The notation of vector and tensor calculus is used in parts 2, 4, and 5. 
A capital letter denotes an m-dimensional tensor (square matrix) whose ele- 
ment in the 4th row and jth column is given by the same letter with the sub- 


* Presented to the American Mathematieal Society, September 9, 1926 and Dec. 
31, 1926. 

T Journal des Mathématiques, t. 1 (1836), pp. 106-186. 

t Annals of Mathematics, Vol. 3 (1901-1902), pp. 55-70. 

§ Bulletin of the American Mathematical Society, Vol. 18 (1911-1912), p. 1f. 

q American Journal of Mathematics, Vol. 39 (1917), pp. 1-26. 

|| Transactions of the American Mathematical Society, Vol. 4 (1903), p. 423 Β. 

** American Journal of Mathematics, Vol. 43 (1921), pp. 69-101, 232-270. 

+t Six papers in Göttinger Nachrichten, 1904-1910. 

ti Acta Mathematica, Bd. 27, S. 384. 
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script tj and whose vector component that makes up its jth column is given 
by the same letter with the single subscript j. A lowercase letter or a Greek 
letter is used’ to denote an m-dimensional vector whose jth component is given 
by the same letter with the subscript 7. To say that a vector or tensor has 
a certain property means that each of its components has that property. The 
dot product, A: B, of the tensor A by the tensor B is a tensor C such that 


τη The product A'u of the tensor A by the vector ω is a 
hel 


vector b such that b; = Ὁ άμα. The letters j, k, i, m, n, p, v, 8, are used 
kel 


to denote variables of iteration. All exceptions to the above notations are 
signalized where they occur. 

Throughout the paper we will suppose that our difference systems are 
defined with reference to the finite set of distinct points Ln : Yon == Q, tin, ton; 
tt, Zan =b lying on the finite interval X : ax c zb. Bold-faced type 
denotes a function that is defined on E, only. By f(4) we mean f(£in) and 
by Af (i) we mean f(i-++- 1) — f(i). We use the notation j = (k,r) to mean 
that j takes on the values b and r together with all positive integral values 
that lie between & and r. 


2. The Second Order System. Consider the second order difference 
system 





(8. 17) Pu —As(0n()-—An()nG)-—0 (j—42 
which we can write in the form 
(2.1) AS 40 -¥() = 0 


where A(z) is a two dimensional tensor and y(i) is a two dimensional vector. 
Let E denote the unit tensor which is defined so that Κι; = 0 for 54 j and 
Ej-1. Let B(i) = A(1) Az(?) + E and equation (2.1’) takes the form 


(3. 1) y(i T 1)—B()-y(). 
Throughout this discussion we will assume that | B(i) | 40 for every point 
of δν, where | B(i) | means the determinant (second order) of B(i). We 
will frequently use continuous functions f,(#) that are defined in the follow- 
ing manner: 

my dd quc un qud 
| fale) --- }(1) + ντο [e@—@in] On Gin SUS Tugun 
The notation f»(#) will be used consistently to denote a function of this type 
that is constructed from f(t). 
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Definition: If w(i) and v(i) are any two solutions of (2.1), then by 
the wronskian of these solutions we mean W (i), where 


4.  [mG) a(i) 
WO = |a) e|" 


THEOREM 2.1: W (i) either vanishes identically or it does not vanish 
at all on Ἐν and if | B(?) | > 0 on En, W(t) maintains the same sign on Es. 


Proof: Substitute u(i) and v(t) into (2.1) and write the resulting 
equations in component form. 


(a) w(t + 1) = Bu (i)u (i) + Bi (6) τει (4) 
(b) w(t + 1) = οι (i)u (0) + Ba (i) us (1) 
(c) v(i +1) = Bu (t) 0, (i) + Bis (2)vs (4) 

(d) v(t + 1) = Ba (1) οι (i) + Ba (i)vs (1). 


Multiply equation (c) by u,(i) and subtract this from (a) after the latter 
has been multiplied through by v.(i). Multiply (d) by πει(ἑ -+ 1) and sub- 
tract this from (Ὁ) after multiplying (b) through by vi(i-- 1). This gives 


v2 (i)u (i + 1) — us (i) m (i + 1) = Bu G)W (i), 
—W (i 4-1) = Ba( [m (i)o (64-1) — v(i) (i+ 1)] + 
B.) [us (ϐ) οι (i +1) — ve (i)u (i + 1)]. 


Combining these equations and replacing vi(?-- 1) and w,(i-+-1) by their 
values as given by (a) and (e), we get 


W(i4-1)—|BG) |W(). 


From this equation we conclude immediately that W (4) either vanishes iden- 
tically or does not vanish at all and if | B(?) | > 0 on En, then W (i) main- 
tains the same sign on Κη. 

Porter" proved many properties of second order difference systems that 
carry over without difficulty to our system. He proved that a necessary and 
sufficient condition that two solutions be linearly independent is that W (i) 
be different from zero on En. An examination of the matrix of coefficients 
reveals that the system (2.1) has a two parameter family of solutions since 
this matrix contains one determinant of the 2nth order whose value is 


n-l 
II | B(i) |40. It follows from Porters work that if u(i) and v(i) are 
0 


linearly independent solutions of (2.1), then u,(;) and e,(i) cannot both 


* Loc. cit., pp. 59-60. 
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vanish for any point of En. It is also true that υι(ὺ) and v(i) cannot both 
vanish at the same point of E, and, v,(?) and w,(i + 1) cannot both vanish 
for any value of 4. 


THEOREM 2.2: If u(i) and v(i) are two linearly independent solutions 
of (2.1) and (i) = «(2) -u(1), Ὁ (1) — «() v(i), where a? (i) + e? (i) 
Æ 0, then the zeros of φε(ο) and 0,(v) separate each other on X provided 
| B(t) | > 0 and {4,%2} is different from zero and maintains the same sign 
on En, where 


(9,95) = es (1) es (? + 1) Boi (1) + (i + 1)» (9) Bu (t) 
— a (4) &2 (i + 1) Boo (i) — o (i) os (i + 1) Βιι (1). 


Proof: Neither n(x) nor 0,(z) can have more than a finite number 
of zeros on X. For, if we suppose that n(x) has an infinite number of 
zeros on X, then there must be at least one pair of consecutive values of ẹ (i) 
that are both zero. Let e(r) == 0 and e(r-]- 1) = 0, then 


«(r):u(r) —0 

&(r--1): B(r):u(r) =0. 
The determinant of coefficients of u;(r) and us(r) is (9*5) which is differ- 
ent from zero. This leads to a contradiction when we note that u,(r) and 
u(r) cannot both vanish. 

n(x) and a(x) cannot both vanish at the same point of X. Suppose 
that at some point ¢ on Era S t SE Grin we have φη(ί) — 0 and 6,(1) — 0. 
It follows from the statement that we have just proved that Δφ(τ) 0, 
ΔΘ (7) -; 0 and hence we can solve the equations ¢a(t) = 0, 0,(t) = 0 for 1. 


e(r)Ac(r) ru ο 9(r)Az(r) 
At (r) e A9 (r) 





t = Ern — 


The foregoing equation yields 








or 


W (r) {0%} — 0. 


Since neither W (i) nor {αιοι} can vanish, our assumption that φη(ῳ) and 
6,(#) vanish simultaneously leads to a contradiction. 

If neither φπ(ᾳ) nor 0,(z) vanish twice on X, our theorem is trivial. 
Suppose that c and d are two zeros of $«(x) and assume that θη(α) does not 
vanish for any x between c and d. The function $,(2)/0.(v) is continuous 


Wuystrn: On Πε]αίου Difference and Differential Systems. «ο 
r: ri:d and has a derivative everywhere on this interval except ut in 
' ite subset of Æ. that lies on ος eld. 


(d,'d.c) [$ (7) /06, (7) ] = [8 (2) Ae (i) — 9 (i) A8 (i)]/0 (0) Aei) 
—JW(ifec/0;(zx)^z() OD Ein «mz «T. ο... 


s ice W(t) and {σια,} both maintain the same sign on .Y, we st 
© (7)/0,(z) is a monotonic, continuous, non-identically zero, function i 
a ¢22 a2 d and therefore cannot vanish at both c and d. This contra .4 
θες hypothesis that $,(z) vanishes at both of these points and hene 0 
nast vanish at least once between every pair of zeros of ġa(x). Tf wea 
-- above argument to θ.(α)/ϕι(α) we arrive at the conviusion that bin 
" ty pair of zeros of 8,(z) there is at least one zero of φι(ῶ). Ἠιτου ! 
os of 0. (x) and a(z) separate each other on X. 


CogoLLARY 1: If Bi) |» 0 and Βι.(1} maintains the sume siyi w, 
uril is different from zero on Ea, then the zeros of μι,(τ) ano r. 
τή euch other on X. 


Coronuary 2: If | B(i) | > 0 and Ba (i) maintains the same siga > 
s titterent from zero on Es, then the zeros of us (9) and ta (£) septo c - 
ul ier on X. 


TugOREM 2.3: If y(i) is a non-identically vanishing solution o? (2 + 
“Επ φ() == «(i):y(), (0) --β(Ὁ y(i), where 9 (D) à) 6 
4 (i) -Βρ( 2&0, (0,9.) 95 0, {RB} 40, then the zeros of ὁ (0) 
^ x) separate ench other on X provided that R(t) <0 end S(i) wrine: 
(co same sign on Es, where 


"P 


Sd (Bo); G-E1)8;() — αι () BG 1)] 4+ Beli) le (i - 1.8. 

— e (0B. + D] + Ba (i) [αι (Bs (i + 1) 
a(i -F 1)8.(0)] 

+ Ba (1) [8 (1) Bi (i + 1) — o (i + 1) Β (1) J" 
— id(id(i -- 1) ' B(?) | 

Si) = Ba)B)o(i-1) —RBiG-r1)2()] + [a(i =f 1) 8.40) 
— P«G + 1) 4: (i) ]B (1) 

di) :— w(i) B (i) — o (7) Ba (i). 








ΕΤΕ (2.1) is specialized to the forms used by these writers, this corollary heer «uic 
ih theorem on the separation of the nodes that was first proved by Porter, loe. +” 
p. 83, and later by Moulton, Annals of Mathematics, Vol. 13 (1911), p. 187: {αι 

* hacl, American Journal of Mathematics, Vol. 43 (1921), p. 80, and Dunkel, Bule: 
5^ the American Mathematical Society, Vol. 32, p. 333. 
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Proof: The same proof that was given under theorem 2.2 shows that 
a(z) and @,(@) have only a finite number of zeros on X. To show that 
n(x) and a(x) cannot both vanish at the same point of X, we assume that 
they both vanish at z = t, Ern < t S vr». Solving the equations œn (t)= 0, 
θι(1) ---θ, we get 
e(r)Az(r) zm 9(r)Az(r) 

Ae (r) d A8 (r) 





t= Urn — 


or G(r) = 0, where Q(1) is a quadratic form in y,(7) and y(i) that has its 
discriminant equal to R(i) and the coefficient of yı? (i) equal to S(i). The 
conditions on R(z) and S(i) are sufficient to make this quadratic form defi- 
nite on X and hence the equation Q(r) --- 0 cannot be satisfied for any real 
values of y,(r) and y(r). This contradiction proves that a(x) and θη (2) 
cannot both vanish at the same point of X. 

If neither of the two functions vanish twice then our theorem is mean- 
ingless. Let c and d be two zeros of ¢n(#) and assume that 0,(z) does not 
vanish between z — c and z — d. The function ¢n(x) /6n(%) will be con- 
tinuous on c E g E d and will have a derivative everywhere on this interval 
except at a finite number of points. 





d [$(2)] _ _ Q0) | 
da 6, (c) m 06,2 (z) Ac (1) On Lin CL « Zi 


Since Q(t) has the same sign on X, we see that φη(ῳ) /θε(ῳ) is a continuous, 
monotonic, non-identically zero, function on cz v z d and hence cannot 
vanish at both c and d. Since this contradicts our hypothesis that c and d 
are zeros of ġn(x) it follows that 6,(z) must vanish at least once between 
c and d. A similar consideration of 0,(z) /ϕε(ς) proves that between every 
pair of zeros of 0,(c) there is at least one zero of ¢n(x) and hence it follows 
that the zeros of θη(ῳ) and n(x) separate each other on X. 


COROLLARY: The following special cases of theorem 2.3 are important :* 


(a). If Ba(i) =0 and (i) —1, we get separation of the zeros of γι (2) 


and φε(α). 
(b). β»(ὐ) 21 and RB (i) =0 yields separation of the zeros of ya. (x) and 
$» (2). 


(e). αι({) 1, w(t) =0, Bı(i) 20, Β.(9) —1 yields separation of the 
zeros of yis(v) and Yon(@). 
* The conditions simplify very much in these special cases. Simpler conditions 


are derived if we assume that ος, 240, B, -:0 but in doing this we lose some of the 
above special cases. 
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Trreorem 2.4: If y(i) is a non-identically vanishing solution of (7. ^ 
a d 9(t) — «(i y(t), where ο. (1) > 0 and {4,42} 40, then the pro ^i 
s (¢)dn(x) cannot vanish more than once on X provided y(i) ord (7 — ' 
d: not both vanish for any i, T(2,1) <0 on ΧΕ," and P(z,i) main vi: 
ii o sume sign on XE,, where 


Po, Ὦ = [1 + 24 (i) (£ — vin) ] [(AB (4) /Az(i)) 
+ B+ 1)44() + An(t)] + 8G) Αα (1) 
|i) = Ga C) [BG 4-1) + BG) + 2(e— zu) [245 (BCE 1) 
+ (AB(é) /Ae(0) + An (2) 1} + As (1) + Aa (D 
+ 2(z— σι) Ars (1) Avo (2) P —4P(z, i) Au (0[1 + 2(. - 
{B(i + 1) 440) H4 (0))]. and B(i) = e (D), s. C). 


Proof: Let 9(i) = v (i) /v.(i). Clearly the product y,, (710 (e) 

. e the same number of zeros on X as the product yın (0) φι (7). The de is 
* ves of these products exist everywhere on X except fov a finite numh ^ o 

| gts. The derivative of y4.8, can be written as a qualratie fom T y! 
a l y(i) and this quadratic form has Τ(ω,1) for its diseriminant on 
P'a, i) as a corllicient of one of its squared terms. The conditions o 
T 2,7) and P(.c,7) are sutficient to insure that this quad"atie form have ih 
sane sign on X. It follows that the product yin(v)@n(z) is continuoas ^w 
monotonic on X and since it cannot vanish for two consscutive valucs c: 
it cannot vanish more than once on X. 


COROLLARY 1: If we let œ (i) == 0, we get conditions for the non-c ι 
ton of yis (z) ond ys (c). 


ConoLLARY 2: If Aji (t) = 4(i)z0, A(t) = 1/K (i), 4-0 
G i), the conditions for the non-oscillation of the solution become G(i; 4 
ecastant sign on En and 0 < G()/ K(i) < 4/ [Az()) 1. These emdit ο 
« ^e lo insure non-oscillation for the self-adjoint system when the pon! η 
KE are sufficiently close together. 


3. Existence Theorems. In this section we will consider the sec γπι 
or ler system 


(3.1) ay (i) /ac(i) — z(i) /K (iA) 
As(i),/Ax(i) = G(L,A)y (4) + (5 X) Az (D) (0) /K (i, λ) 
* This means for every œ on X and for every v, on E, 
1 If the requirement that y(i) and e (; ΞΕ 1) not both vanish is removed, the at cv 
`r, umeni shows that the product y,,(2)6,(z) cannot vanish for two distinct ve uc 
e£ 2 without vanishing for every w that lies between these values. 
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where K and G are continuous functions of A on L: L, < X < L; for each i. 
System (3.1) ean be written in the form 





(3. 2) =a [ Kia) κ — 6 Jy d: 3) 0; 


Equations (8.1) show immediately that y(i,A) and z(i, à) are continuous 
functions of A on L. The continuity of the zeros of the functions ya(®, A), 
2&(z, A), and ¢n(z,A) follows from the continuity of y(i A), z(i,A) and 
φ(ι,λ) in λ. We note that if fa(t, A) —0, then 


f(t, X) Az (1) 
Af (1 X) 
THEOREM 3.1: If y(i λ) is a solution of (8.2) and K(i, X) > 0, then 
the zeros of Yn(@,r) move to the left om X as X increases provided that 
G (i, X) /K(?, X) and y(1, 4)/y(0, X) are non-increasing functions of A and 
these ratios are not both constant over any part of the A-interval. 


ἐ(λ) = Zin — when tin < t < isan 


Proof: This theorem was proved by Fort (loc. cit., pp. 8-9). He stated 
his hypotheses in a slightly different form but they are equivalent to the above. 


THEOREM 3.2: Any equation of the type 


N(i, à) (Δ2Υ(0)/Δο (93) HECA) (Ay (3) /Δο(ϐ)) ++ M(i, Ady (i) — 0 
where N and [1 + M/N[Az(1)]* — L/NAz(1)] are different from zero, can 
be written in the form of (8. 2).* 


Proof: Let 
TI M (1, A) aa LG ot 
GG, A) — —M(i, 3) /N(i, 3) K( 4- 1,4) 


and our equation takes the desired form. 





THEOREM 8.8: Under the hypotheses of theorem 3.1, y(i, à) changes 
signs when it vanishes. 

Proof: Let y(i, ^) = 0. Neither y(¢—1,%) nor y(i -|- 1, 4) can van- 
ish and since these functions are continuous functions of A, we can determine 
an interval, X < ^ < A", such that neither y(t—1,A) nor y(¢-+1,A) can 
vanish on this interval. Equation (3.2) gives 


K(i—1, %)y(i—1, ἃ) + K(;»)y(i 4-1, X) —0 


* Porter (loc. cit., p. 60) proved this theorem by means of a change of variable. 
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ro since K(7,4) > 0 on E,L, y(i — 1, *) and y(@+1,4) differ in sic. 
"i ce these two functions do not vanish on the A-interval that we have cho : 
7( —-1,A) and y(t—1,A) differ in signs for every A on A «A « ^" 
Clore is only one zero of Yy, (£, A) on Gian Z8 9$ Z5 Vin, and this zero ur . 
“ο the left as A increases from A’ to A". For A! «A « À, y(i A) has the st mn 

an as y(i-+ 1,A) and for ^ « A « A", y(i à) has the sign of γ({--- 1. ὰ 
on! hence y(i, A) changes sign when it vanishes. 


COROLLARY: Yu(w,A) can neither gain nor lose zeros except el the i 
"he z-interval. 
Let (i, A) = «(5 A)s(5A) —B(G6A)y(5A), where a(i, λ) £0 am ^ 
w | B are continuous functions of A on L for each fixed i Compute e(t a 
ὃν eliminate y and z between this equation and the above equation tin Ὁ 
application of the transformation given in theorem 3. α yields 


Ha» RU [H(i A) EI ] —JG 3)e(i + 13) —0 





HG) = Th gU. eg - 0/0) 


OM =O) ES) — 9G + DIK) 460) -- νι 


KA) == — Bi + 1,2) [569—063 at 4) 
9()(0--1) , 
O Ol ae 


J 





Cl > above transformation demands that (9(i)) be different from zero. ^ 
ἃ make the zeros of $,(r, A) move to the left as A increases by impos te 
<r same conditions on H and J that were imposed on K and G by theo: i 
4.1, We will suppose that such conditions are satisfied and that the hy 2o 
‘noses of theorem 2.3 are met by ¢ and 9 for each fixed A on L, wl 
936,2) — »(5A)2(35 A) — S(i A)y(15, A) and ν and S are continuous rr « 

as of A on L. 


Definition: By a characteristic number of a difference or different ww 
-v.em we mean a value of the parameter for which the system has a ron 
de atically vanishing solution. 


THEOREM 3.4: The equation (3.1) together with the bound. 
5: ditions 


(3. 4) (0, 4) = (ma) —0 


274 — WmuxsunN: On Related Difference and Differential Systems. 


has n—-1 characteristic numbers, pi, Po, ^ ^ ^ pua, Such that if y(i pi); 
z(i, pj) is the solution that goes with p; then ys(z, ps) has exactly j zeros 
on X, provided condition (3.5) is satisfied. 


min C(i) — 9 for each fixed λ on In < À < ja, and 
min K (4) 
(8. 5) 
max G(i) — --ᾱ — M " 
mas K(i) = Tmax Az() for every fixed A on p « A < ly, 


where μα and pz are fixed points such that L, < pi < pe < Ls. 


Proof: We can choose a solution y(i, A), 2(4, A) of (3.1) such that 
y(0, A) — @(0, A) and (0, A) = (0, A) for all values of A on L. This 
solution satisfies the condition φ(0, λ) = 0 for all values of A on L. Con- 
dition (3.5) insures that φη(α, A) does not vanish on a < xb for any 
à on D, <A < m while this same condition, together with the fact that 
the zeros of ¢n(z, A) and yn(z, A) separate each other on X, assures us 
that ¢x(z, 4) has n — 1 zeros on X for every fixed A on ue < A < La" If 
we extend the interval X indefinitely and let the points of this extended 
interval be at a distance of one unit from each other, and if we let 
K(i, X) =1 and G(i, A) ==— 4 outside of X, we see that yn(x) and a(z) 
will have as many zeros as you please on this extended interval. As A in- 
creases the zeros of n(x, A), Which are continuous functions of A, move 
into the X interval at z — b and when ¢n(b, A) — 0 we get the characteristic 
numbers of the system (3.1), (8.4). Since no zeros of y;(z, A) and 
gn(z, A) are lost and since the only point where zeros enter the interval X 
is at c == b, our oscillation theorem follows. 


COROLLARY: φη(ᾳ, pj) has exactly j zeros on X. 


THEOREM 3.5: If conditions (3.5) are met, there exists a set of char- 


acteristic numbers, Q1, d», * * ^, Qu — 1, for the general self-adjoint system 
(3. 1), (8.6), where 
(3. 6) (0,4) = @(n, A) 
®(0,A)== 9(n, A) 
and 


& (0, 3)8(0, A) — B(0, A)¥(0,A) =a (n, A) (n, A) — β(η, A) v (n, A). 
Case I. &«(0)8(0) —B(0)¥(0) — 0. 


* Compare (3.1) with the equations: y(i+2) + 2y(i+1)+y(i) =0 and 
yG-F2) —2y 6G -- 1) 3-3 8) -Ξ0. 
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This ease can be reduced back to the case considered under theorem 3.4 
by making linear combinations of the boundary conditions. 


Case II. «(0)8(0) —®(0)¥(0) 0. In this case we make 
α(0)5(0) ---Β(0)Υ(0) =1 by division. 


It is easy to see that there is always a solution y;,z, for the system 
(9.1), (3. 7) and there is always a solution yz, Z2 for (3.1), (3.8), where 


(3. T) φι(0,λ) =0 (8. 8) φο(0,λ) = 1 
8,(0,4) —1 9.(0, A) — 0 
and 
Q9; = Gs, — Άγι, P2 = as, — By», 9, = Yz, — Sy, 9, = yz, — Ὅγ,. 


If we solve (3. 7) and (3.8) we get 
αι(0) — B(0), γι(0) = α(0), 5.(ϐ) ------δ(0), y2(0) =— ¥(0). 


yi 5 and Yz, ὅν form a fundamental system of solutions of (8.1) since 
W (i, A) = 1. We also have 


(3.9) Φι(α)θε(η) ---φε(η)θι (η) = — W (n) [.(n)8 (n) 
—B(n)v(n)] =—1. 
We write the solution of (3.1) as 


y(i, A) = ayi(5 A) + esys (4%, A) 
w(t, A) — een (9, A) + ess (2, A) 


and substitute this general solution into the boundary conditions. 


ei[9:(0) — $1 (η) ] + col2(0) — $2(n)] = 0 
οι[9: (0) — 9, (4) 1 + e;[85(0) —82(n)] = 0. 


In order that there exist a solution for the system (3.1), (8. ϐ) it is neces- 
sary that D(A) be zero, where D(A) is the determinant of coefficients of 
οι and c, in the above equations. If we make use of (3.7), (8. 8), and 
(3.9), D(A) takes the form 


D(A) =—2 + φε(ηι, X) + 8: (n, X). 


If all of the elements of D(A) vanish for a value of A, then that value of 
À is a double characteristic number of system (3.1), (3.6), since in that 
case both of the solutions y, z, and ys, s, satisfy the system. Let us 
consider the case where D(A) is of rank 21. Let p, pe ^^ ps, be the 
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characteristic numbers of the system (8.1), (3.4) and substitute p; into 
(3.9). "This gives 
P(n, pj) = 1/9, (n, pi) 
and 
: D( pj) = [1 — 9i (3, pj) 11/8. (n, pi) 


so that D(p;) either has the same sign as 9,(m, p;) or it is zero in which 
case p; is a characteristic number of our system. 

By theorem 4.8 we have that the zeros of $in(z,A) and 91n(a, A) 
separate each other on X for a fixed A. Also, *i(n, A) and ®, (n, à) change 
signs when they vanish. Since ¢,(n,9;) = 0, it follows that 9,(n, pj) ~O 
and that it is either positive for j == 1, 8, : : + , and negative for j = 2, 4, 

*, or negative for j— 1, 3, 5, - ++, and positive for j—2, 4,°°-. 
Since D(p;) has the same sign as 9, (n, p;) or else it is zero, it follows that 
D(A) has at least one root between (or coincident with one of the two) 
each pair of characteristie numbers of system (3.1), (8.4). This estab- 
lishes our existence theorem. 


4. The Passage to the Limit. In this section we will let the number 
of points in E, increase indefinitely in such a way that these points form 
a fine subdivision of the interval X, where by a fine subdivision we mean 
one such that the length of the maximum subdivision approaches zero as 
the number of these subdivisions becomes infinite. All integrals are to be 
taken in the sense of Lebesgue. 


19. The Method of Successive Approximations. Consider the m*” 
order differential system 


(dys/da) — X Αμήν =B; jesus) 
yi (4) = aj 
which we will write in the form* 
Ce) (dy/dz) — A .y — B 
y(a) =a 


following the notation described in the introduction of this paper. Aj, and 
B, are assumed to be Lebesgue summable functions of v on X and a; is a 
constant. We set up the difference system 


* An alternate form of (4.1) is γ(α) = uo y (0) + Β({) 1d£ + α. 
a 
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(4.2) SO — A) -¥() = BQ) 
y(0) --α 
which takes the form . 
(4. 8) yi+)= > [B(r) -¥(r) + €()] +¢ 
y(0)=« 
when we let B(i) = A(i)Az(?) and φ(1) = B(i)Ac(1). Let 
y 4-1) =+ S e(r), y(0) — 


and let y,(?) be determined by — 
NGHI) =at E [B(r) ' γο(τ) + φ(τ)], γι(0) — o. 


In general let y(i) be determined by 
ss dye 5 [B (9) "γκι (κ) -- Φ()]ν Ὑγε(ο) — a. 


We wish to show that lim γχ(ὺ) exists and is the unique solution of system 
k-»o0 


(4.2). Let 

5ο (1) = Yo(t) 
and 

zeli) = γε (+) — Yr (i) for k21. 
We see immediately thatifk>0 κ 

a(i +1) -- E B(r) sar) 

T= 

while γκ(ὁ ]- 1) is given by 


γε(ἑ 1-1) — S aj (i 1). 


£o 

Our problem is to show that the series 
z($4-1)-FmG- 1) Έτ 
converges to a sum y(i -|- 1) which is the solution of system (4.2). Let u(r) 
be the sum of the quantities | Bp;(r) |, αυ and ¢*(r) be the respective sums 
of the quantities | æ; | and | e;(r) |, and let the constant M be defined by 
rn ' : 
M — m [α. 4- Ze"(n]. 


The foregoing series is made up of m component series and when we say 
that it converges we mean that each of its components converges. We have 


[zi 4-1) | EM | 
[su GH- |S (n1!) Z u(r) 
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and in general 
(4.4) [5ω(ἑ-- 1) [S (m/t) [X a)! 


where ὅμ) is any one of the m components of z, In order to prove that 
(4.4) is valid for all positive integral values of k, we note that it is true 
for k= 0 and k= 1. If there are indices for which it is not true, then 
there is a first such index and we will call that one k. Now 


Is I= È E Bats SE n) Sl nest 
and making use of the fact that (4.4) is valid for k— 1 and σι(0) =0 
for k = 1, we get 

[a+ |S [mM /(k—1) ἢ Sut) FS κ) 1 
Let | i 

v(r—1) =$ u(s), 
then Av(r —1) — u(r) and 

Sut) [Σ uw) = È [o(r— 009 (0 — 1). 

Since 
A[v(r —1)]*— [v(r— 1) + Av(r—1)]* — [v(r— 1)]* 
= k[v(r—1)]** υ(τ--1) + k(k—1) /21 [v(r—1) ]*? [Av(r—1) ]? 
too [ao(r—1)]! 
and both v(r — 1) and Av(r — 1) are positive or zero, we have 


[v(r — 1) J'24v(r— 1) S A [v(r — 1) JE 
and hence 


[5 (2-1) | S (M/k!) S A[v(r—1)]* 
r=1 
S (M/k N [ο (1) ]*— [ν(0) 1! 
X (m*M/kI)[ X u(r)]*. 
7Ξ0 
Therefore (4. 4) is valid for Æ which contradicts our hypothesis that k is an 


index for which it is not valid and hence (4.4) is valid for all positive 
integral values of k. 


Let C; be defined by 
. r=n-1 
C; = (m*M/k!)| X wu(r)]*. 
v=0 
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Since e(r) = 0, it follows from (4.4) that | zi; (1 -- 1) | & Cx independent 
of the value of 7. Since the series of constants Ον is absolutely convergent, 
it follows that each of the component series of the series 


"S. ai 1) 
k=0 


is uniformly convergent. Let y(t-+-1) denote the vector whose components 
are the respective sums of these series. 


THEOREM 4.1: y(i) is the unique solution of system (4.2). 


Proof: The condition y(0) — a is satisfied since %(0) = α, %(0) = 0 
for k= 1. Also 


y(6--1)—y() == lim [y(i + 1) — y«(?)] 
peo [B (2) "γκι (?) + e (3)] 
=B(i) y(i) + (îi) 


and dividing by Az (i) we get the equation of (4. 2). The uniqueness of this 
solution follows from the fact that the difference between y(?) and any other 
solution of (4.2) would satisfy the system that is obtained from (4.2) by 
replacing « and β(2) with zeros. However, this system has no solution other 
than the identically vanishing one as is easily seen when we calculate y(1), 
y(2),: ++, y(n) successively by means of the equations (4. 3). 

Let us now define the coefficients of system (4. 2) as follows: 


Titi n Titu n 
| { Α./ (8) dt { By (4) di 
Ara (9) 5 LE o 2 8; (7) UD LM 
Az (1) Az (1) 
where A,;(t) and β;(ἑ) are coefficients of the differential system (4. 1). Let 
n become infinite in such a way that the subdivision of the interval X is fine. 


Definition: By a solution of the differential equation (4.1) we mean a 
set of absolutely continuous functions that satisfy this equation almost every- 
where on X. 


THEOREM 4.2: If v is a fied point of X and if the index p varies in 
such a way that at every stage of the limiting process tpn = £ S pan, then 
lim y(p) = y(z), where y(x) is the unique solution of system (4.1). 

"n-00 
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Lemma: If ζο(9) = ἃ] + fino di 


ου (2) = Γ T Aalten s(t) dt, for k= 1,2, τν 
G l 
then lim zy; (p-- 1) = (v) for every z on X and for k = 0, 1, 3, °°. 
1-00 


Proof of Lemma: Since 2;(p + 1) consists of only m terms, where m 
is finite and independent of n, it is sufficient to show that the typical term 
of zy (p-]-1) has the corresponding term of zw;(z) for its limit. We wish 
to show that 

. TD * 
lim [ay -- S ej(0)] = a+ f B) dt 
n-»00 τ-0 α 
(4. 5) 
lim [ Βμ(ν) zi (r) = { Aj (cas (1) dt, for k= 1 
n-»00 r-0 α 


(4.5) is valid for all values of kb and for every z on X. It is valid for 
k==0, since 


ἃ eO - f^" sop a- ("80a (7 aoa 


and the limit of the last integral is zero. If there are values of & for which 
(4. 5) is not valid for every x on X, then let r be the first such value and let 
p be associated with a value of z for which (4.5) is not valid. Consider the 
difference 


(4.6) S BOs f * Aje(t) ἐν ιο (t) dt 
i=0 a 


which we will write in the form I, -+- Ια + Is, where 


n= S Ast) Ὁ — nen 1 δὲ 


p 


i-p . +1, n 
L =X Βμν (νι (ϐ) --- { Ass (£)209),., (0) dt 


TP+, n 
I= f. Aj (£) 2094s (0) dt 
z 
and . 
20D, 1 ε(ἑ) = Zr-1,3(4) on in LEL Visine 


Let fn(t) = Ajs(t) [2 p1,6(¢) — %-1,e(t)]. It follows from the fact that 
(4. 8) is valid for k = r — 1 that lim f,(¢) = 0 for every ¢ on X. Further- 
1200 


Wursurn: On Related Difference and Differential Systems. 281 


more, of g(x) and B*(z) denote the respective sums of | Ας) | and 
| B;(z) |, then these quantities are summable and it is easy to see that 


Tuan ^b 
u(i) -f g(t) dé and M—m[a+ f B* (t) di. 
Tin a 
We have then 


b 
La ($4 - 1) |  (m*M/kI)[ f. g(t) di]: = Cy 


independent of n and i We also note that zx;(x) is continuous on X and 
hence it is bounded. Let G be the sum of this bound and Cy. The sequence 
of functions fa (t) is less than the summable function g(¢)G for all n and for 
every í on X. We may now apply Lebesgue's theorem * concerning the limit 
of the integral of a sequence of functions to get lim I, = 0. 


54-00 


Now consider 1». We see immediately that 


i-p Tinun 
I, = 2 f Aj. (t) [27-.,« (4) — 2P r,s (t) ]dt = 0 
ei Tin 


for all values of n since 205), ; ϱ({) = Zr- (1) on Lin < t « viaa 
Also 


I, = 2r-1,0(P) f andsa f "ht g(t) dt 


2ρη, ἡ 
and since f g(t)dt 15 a continuous function of z,,,,, and lim ἅρμη = T, 
T n00 


we have lim 1, = 0. 
ROO 


We have shown that the limit of the expression (4.6) is zero and hence 
that (4.5) is valid for & — r and for every z on X. This contradicts our 
hypothesis that (4. 5) was not valid for b — r and some x on X and hence it 
follows that (4.5) is valid for all values of v on X and for k=0,1,2,°°°. 


Proof of Theorem 4. 2: Theorem 4. 2 follows from an application of the 
above lemma and a theorem due to Tannery.] We have 


5ο (p) + zu(p) +: ' |- map) 


such that ζω (p) | ΞΞ Cx independent of n and the series of constants Ci is 
convergent. Also, from the above lemma we have that lim zy; (p) = 2x (2). 
n-»o00 


Hence by Tannery's theorem 


* Leçons sur l'intégration etc., Paris, 1904, p. 114. 
1 Introduction à l'étude des fonctions, Paris, 1866, Sec. 183. 
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k=00 k=% 
lim y;(p) = lim 3) 5. (p) = lim & (2) = y; (2). 
n=>00 "-00 k-0 n—00 ὧξθ 
By taking the limit of system (4.3) we get 


y(a)—= f^ [A - νῷ) + BO] dt +a 


for every z on X, or 

y (z) = A(x) 'γ(α) + B(z) 

y(a) —« 
almost everywhere on X. y(a) is a solution of (4.1). The uniqueness of 
this solution ean be established directly by & method that is the same as the 
one used to establish this property when the coefficients are continuous. 


929. The Coefficients Contain a Parameter, Consider system (4.1) 
where the coefficients are continuous functions of λ on L for each fixed z on 
X, summable functions of Ὁ on X for each fixed A on L, and bounded numer- 
ically for all z and A on XL by a function M(x) that is summable on X. 
Let α; be a continuous function of A on L. Let the coefficients of the differ- 
ence system (4. 2) be continuous in A on L for each ain of En, and bounded 
numerically for all A and Zin on LE, by a function w(t) such that lim u(i) 

"7300 


exists almost everywhere and is summable on X. 

We obtain the solution of the difference system by exactly the same 
method that was used in the preceding case. Each of the functions zez (7, A) 
is continuous in λ on L and since all of the series converge uniformly with 
respect to A and i, it follows that the limit functions y;(4,A) are continuous 
in A on L. 

If the coefficients of the difference system are defined as they were in the 
preceding case, we see that all of the above hypotheses are met. These coeffi- 
cients are continuous * in A on L and bounded numerically by the function 


Tun 
f. M(t) dt 
Tin 
Az (1) 
This function has the summable function M (æ) as its limit function almost 


everywhere on X. All of the proofs of the preceding case apply here and 
we get 


lim y(, 4) = (2,4) 
1-200 


* See Carathéodory, Vorlesungen über Reele Funktionen, Teubner, Berlin, 1918, 
Chapter XI. 
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where y(æ, λ) is continuous in the two variables z and A and is the unique 
solution of the differential system. 


39. A Non-Linear System. Consider the system 


(4. 7) dy/d« = f (v, y) 
y(a) =a 


where f(z, y) is the m-dimensional vector whose jth component is 


filz. γι (0), Yele) °°, Vm (2) ]. 


f(z,y) satisfies the conditions given by Carathéodory * in his general exist- 
ence theorem. The corresponding difference system is 


(4.8) AO ajiyo] 


Az(i) 
y (0) — c. 
If we define 


Titi 


σος 
hiyol ------ᾱ-- 


and apply the same method of proof that was used in treating the linear 
system, we get that the limit of the system (4.8) and its solution is the 
system (4. 7) and its solution respectively. 


45, Application of Theorem 4.2. Theorem 4.2 enables us to carry 
' over the results of parts 2 and 3 to the limiting differential systems. It 
follows from the absolute continuity of indefinite integrals that the coef- 
cients of the difference systems as defined in this section, have the summable 
coefficients of the differential systems as their limit functions almost every- 
where on X. Our conditions on B(i) go over into similar conditions on 
B(s). Theorem 2.1 goes over into a corresponding theorem for the differ- 
ential system when we note that theorem 4.1 carries W (ὁ) over into the 
wronskian of the differential system. If we define $(z) to be equal to 
&(c):y(r), where αι and «a, are absolutely continuous functions on X, and 
if we let @,(4) and «,(i) respectively be the values of e,(z) and es(z) at 
Zin, then 


ο (9495) 
28 AED 





= (e (©) ay (£) } = e (2) An (2) + e(2)as (2) [Ari (2) — Ass(2)] 
+ es (2); (2) — e (2)a (£) — αι (z) Ais (2) 


* Loc. cit., p. 672 ff. 
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almost everywhere on X. If we specialize our differential system to the self- 
adjoint form by letting Αιι(ῳ) = Αει(ϱ) --0, Ani(t) = G(x), Arle) = 
1/K (z), we see immediately that {αι (z)as(z)) is Bócher's* {φιφε} relation. 
Theorem 2.2 goes over into a corresponding theorem for the limiting system 
when we require that (e;(z)a.(z)) be different from zero. We can replace 
the proof for a finite number of zeros by one that does not depend on m. 
Theorems 2. 3 and 2. 4 go over for the differential system without introducing 
any difficulties. R(i)/[Az(i)]? and S(2)/[Az(i)] go over into similar ex- 
pressions. We note that for the self-adjoint system, the conditions that the 
zeros of y,(z) and y2(#) separate each other become that K(x) be positive 
and G(x) be negative. The condition that the solution of the self-adjoint 
system be non-oscillatory is that K and G both be positive. 


5. The Green's Function and ihe Adjoint System. In this section we 
deal with mth order systems. We write these systems in vector and tensor 
form for the sake of compactness. 

Consider the differential system 


(5. 1) (dy/dz) — A(x) : y — B(v) 
$[y(2)] — $[y(5)] —0 

where ó[y(z)] — R(z):y(v), E(z) is a tensor of absolutely continuous 
functions, A and 8 are summable functions of v on X. Let (5.1^) denote 
the homogeneous system obtained from (5.1) by making β(2) Εθ. Con- 
sider the corresponding difference system 
(5.2) AO — A) 0) = BQ) 

e[y(0)] —¢ly(m)] =0 
where e[y (2) ] =R (i) + y(t). Let (5. 2’) be the system obtained from (5. 2) 
by making (i) =0. 

If the system (5. 2’) has no solution other than the identically vanishing 
one, it is said to be incompatible. We suppose that (5.2’) is incompatible 
and proceed to define its Green's tensor } in the following manner: Let Y (4), 
be a tensor of solutions of (5. 2’) such that the (mth ordered) determinant of 
Y (4), | Y (1) |, is different from zero for all values of i. Let σεν be a point 
of En. We seek to determine a tensor G(i,s} in such a way that its vector 
components G; (i, s) will have the following properties: 


* Legons sur les Méthodes de Sturm, Paris, 1917, p. 45. 

+ For a discussion of the Green's tensor for differential systems, see my paper " The 
Green’s Functions for Systems of Differential Equations,” Annals of Mathematics, 
Vol. 28 (1927), No. 3, pp. 291-300. 
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1. G;(is) as a function of { satisfies the boundary conditions of (5. 2’). 


2. (48) satisfies the equation of (5. 2’) for every ὁ except for is—1 
and it satisfies this equation when G;;(s,s) is decreased by unity.* 
Let 
G(i,s) = Y(t) - C(s) fori<s 
G(i,s) = Y(i)- D(s) for izts 


and try to determine tensors C and D in such a way that 6 has the above 
properties. In order to have property 2, it must satisfy 
Y (s) - [D(s) —C(s)] = E, 
where E is the unit tensor and is defined so that E;;—0 for iz j, Ej; — 1. 
Since | Y (1) | 24 0, we can solve this equation for the unique value of D — C. 
This gives 
D(s) — C(s) = Y (s) - E = Y (s) 


where Y-! is the inverse tensor of Y and is defined by Y - Y-: — E. Substi- 
tute G; into the boundary conditions and let Q be the tensor such that 
Qui = *;[Y;(0)] —ex[Y;(n)]. Let S be the tensor whose general element 
is Sr; = ex [ Y; (n) ]. 
Q-C=8S-Y1(s) 

and since system (5. 2’) is incompatible, we may solve for C and substitute 
its value into the above equation for D — C to get 
(5.3) O(s) =Q: 8- Y3(s) 

D(s) — Qt - 8: Y (s) + Y3(s). 


Since D and C are uniquely determined by (5.3) it follows that the Green's 
tensor is uniquely determined by the properties 1 and 2. 


THEOREM 5.1: The unique solution of system (5.2) is y(t), where 
VO = Σ 60 (99) B(s—1)A0(s—1). 


Proof: It is evident that y(i) satisfies the boundary conditions since 
G;(i,s) satisfies these conditions. Substitute y(t) into the jth equation of 
(5. 2) 

& AG; (4, 5 rein : : à 
Στον, S AsG)6«6,9)]: Βίο--1)Δο(ο--1) — BG). 
8-1 Ac(4) T-l 
Using property 2 of G; we see that the left hand side reduces to &,(i) and 
hence the equation is satisfied. The uniqueness of this solution follows when 


* This is equivalent to requiring that G(s,s) — G (s,s) = E. 
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we note that the difference between any two solutions of (5.2) would satisfy 
(5. 2’) which is assumed incompatible. 

THEOREM 5.2: If the coefficients of system (5.2) are defined as they 
were in part 4 and if the number of points in En is allowed to increase indefi- 
nitely in such a way that the subdivision of X is fine, then the limit of G(i, s) 
is G(a,t), where G(v,1) is the Green's tensor for the system (5.1), pro- 
vided the systems (5. 2^) are incompatible for all values of n. 

Proof: It follows from theorem 4.2 that Y(i) goes over in the limit to 
Y(z), where Y(z) is a tensor of solution of the equation (5.1’) and 
|Υ(ω) 0 on X. Similarly Y-!(<) goes over into Y-1(z). Since S8 and Q 
are made up of fixed finite linear combinations of the values of the elements 
of Y (4) at a and b, it follows that Q, Q-! and S go over into corresponding 
tensors for the differential system. An examination of (5.3) shows that 
C(s) and D(s) go over into C(t) and D(t) respectively, and hence 


lim G(i,s) — G(x, t). 
51-00 
Let 





MyG1— 250} AG νῷ 


and determine a function v(i) in such a way that 

. : Aly(t)  v(? —1 

οἱ) -1[ν(ὸ]-- SWOPE 
We see immediately that v(i) must satisfy the equation * 
a4, Av(t-+ 1) —Ó— 
(5. 4) M[v(2)] = "A + v(t) -A(i) — 0. 
Equation (5.4) is defined to be the adjoint of the equation L[y(+)] — 0. 
Lagrange’s identity is 


v) Zi ()] Jy) pec] = 809619 
be Green's formula is 


= {w(t) ZDy()] + Y 0) anon Az(t) = y(t) o (i— 1) 


A repetition of the argument used in proving theorem 4.2 carries the 
adjoint system (5.4) into the corresponding limiting differential system and 
with it the Lagrange identity and Green’s formula are carried over. 


-n-l 


Tur UNIVERSITY OF TEXAS, 
AUSTIN, TEXAS. 


* Land M are m-dimensional vectors. 
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On the Motion of a Rigid Body about a Fixed 
Point in Space of Constant Curvature. 
BY JAMES PIERPONT. 


1. This problem, in a more general form, has been treated by Clifford 
and Heath * for elliptic space, and in two papers by de Francesco.| The first 
two papers are so general that it is difficult to have much of an idea what 
actually takes place. Clifford uses his biquaternions, which must first be 
learned to understand his paper. Heath’s treatment rests on six homogeneous 
line co-ordinates tied by two relations. De Francesco employs sometimes four 
and sometimes six co-ordinates. The problem is, however, carried out in much 
greater detail. ‘ 

In the present paper we restrict the problem to motion about a fixed 
point; moreover to get formulae we can handle we have supposed the body 
moves in a constant field of force. This latter assumption is the one made 
in classical mechanics. The lines of force due to gravity are of course neither 
parallel nor constant, yet the dimensions of the gyroscope or top are so 
small relative to the earth that no sensible error is made. Under these as- 
sumptions the problem admits a solution of remarkable simplicity, if we 
make use of a few ideas I have developed in earlier papers. 


9. We assume first a Euclidean space, whose points are defined by rect- 
angular co-ordinates x, y,2 for which the metric is given by 


do? = dz? + dy? + dz’. 
Let us set 
=r Hyt, A 4h? +r, p= 4h? — 2’, 


* W. K. Clifford, “Motion of a Solid in Elliptic Space,” London Mathematical 
Society, 1874. First published from posthumous notes in his Mathematical Papers, 
p. 374 (1882); R. S. Heath, “On the Dynamics of a Rigid Body in Elliptie Space,” 
Philosophical Transactions of the Royal Society of London, Vol. 175 (1885), p. 281. 

1D. de Francesco, * Alcuni Problemi di Meccanica in uno Spazio a tre Dimensioni 
di Curvatura constante," Atti della Reale Academia di Scienze di Napoli (2), Vol. 10 
(1900), No. 4 and 9. 

“The Geometry of Riemann and Einstein," American Mathematical Monthly, 
Vol. 30 (1923), p. 26; “ Non-Euclidean Geometry from Non-Projective Standpoint,” 
Transactions of the Siath International Congress (August, 1924), Vol. 1, p. 117. 
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Using the same co-ordinates, we may define an elliptic space by 





2 
a) diui d 
and a hyperbolie one by 
4R?do 
ds == ——, 
E 


where R > 0 is called the space constant. 

We shall restrict ourselves to elliptic space for the sake of clearness; it is 
not difficult to make the necessary modifications for hyperbolic space. For 
brevity let us read e- and E- as Euclidean and elliptic, respectively. 

The points of H-space lie within the e-sphere »==0. Two diametral 
€-points on a= 0 are regarded as one ÉE-point. The length of a segment of 
an E-curve is given by f ds and the curve is an E-straight, if the first variation 
of this integral is zero. H-straights appear to an e-observer as circles cutting 
µΞΞ0 in diametral points. H-straights are closed curves each having the 
length zE. Two points A, B, on an H-straight determine two segments. The 
length of the shorter one is the length of the segment A.B. We write 
$= dist (A,B).  E-straights thru the origin 0 are also e-straights. An 
E-plane is an e-sphere cutting p — 0 along a great circle. The angle between 
two H-straights, planes, etc., is the same in E-measure as in e-measure, i. e., 
an é-observer and an Z-observer measuring an angle would get the same result. 

If we introduce four new variables 


(9) δι --4[α/λ, α»--4Ε}ἠ/λ, Za = AR?2/A, — ο Bp/d, 


satisfying the identical relation z,? + z,? + z,? + z? = ΒΡ, we find that any 
linear relation 112, + 92. -+ ua?4 + w4,27,— 0 defines an H-plane. In these 
variables ds? = dzi? + dz: + dz; + dz,?. The four planes 2, == 0, + * , 2, — 0 
define a tetrahedron τ. We find 2; = E sin (8;/E), where δ; is the length of 
the perpendicular from z on the face 2, — 0, i= 1, 2, 3, 4. The distance ὃ 
between two points a, b or the #-length of the segment a:b is given by 


R? cos (8/1) — a,b; 4 Asbo + αιῦς + Qaba. 


If è = «(E/2) we say the points a and b are associated, a~ b. 
In the z co-ordinates the equations of an #-straight are 


zi =a; 008 (s/R) + b: sin (s/ R), (t==1,-°-, 4). 


Here a, b are two points on the straight and a~ b and s is dist (a, 2), 
measured in a given sense. 
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Let us subject the points z of E-space to a linear transformation. 
(3) Zio inks, 60 πα +, 4). 


whose determinant a= | aij|==-+1. If the scalar product of two rows are 
orthogonal i. e. if 


(4) Gii0ji -+ "ute + Qjshjs = 0, if E j 
e, i=j, 


we find the distance between two points is the same before and after the 
transformation. Such a transformation is called an #-displacement. Let 


ζ' = «2 + Bry + vie 
(5) of = ast + Boy + yz 
2’ = au + Bay + ys? 


define an e-rotation about 0. If we multiply these equations on the left by 
4R?/N 
A = AR? -- 2^? + y+ 2? 


and on the right by 4E?/A observing that A — M we have 


2^, ᾱχζι + Bite + Yı + 0z, 
Bo = üt + 8222 + y2?5 + 0z, 
a = agi + Bate + ya?s + 024 
2/4 — 024 --- 025 + 025 + δε. 


Thus to the e-rotation corresponds a linear transformation in É-space. Its 
determinant is -++ 1, its coefficients satisfy the orthogonal relation (4). 

It defines an E-displacement. All this is more easily seen by noting that 
(6) leaves do and A unaltered and hence ds. Since e-straights and planes thru 
0 are É-siraights and planes, and since angles have the same value in both 
measures we have a complete picture of an E-rotation about 0. This does 
not hold for any other point. 

Let us apply this to small e-rotations about 0. We see these as com- 
pounded precisely as in e-geometry. 

Thus three small rotations wz, wy, wz about the v, y, z axes produce the 
displacement, LK 


(6) 


82; == — Zoe + Z3wy 
825 = χω» — 2302 

() οκ 
Z3 = — ἔχων -]- Zoe 


δει == 0, 
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Consider the point a whose co-ordinates are 


4R?o, 4R*oy 4.1 ως 
καν. 








a= a= (Rp/d), 
where 
wo — os? -- ey? +o, λΞ 40” +07, p= 4k? —o?. 
If 1 is the E-straight thru 0 and a, the e-displacement (7) is an E- 
rotation about 7 thru the angle w. 
Let έηζ be an orthogonal e-set of axes thru 0 fixed in the body and 
defined by the customary scheme (8) 


x 4 z 
(8) ξ ay βι γι 
η Qe Be γε 
ζ 9s Bs Ys 
having the determinant -+ 1. The ἔηζ axes define a new tetrahedron τ΄. 
If we denote the E-co-ordinates of a point referred to τ and τ΄ 


by (2,7 * * 24) and (ζι,' ` > &) respectively, we have 


σι = 036 + ἄοζα + ἄεζα 
2, = βιζι + Bobo + Bats 
Z3 = γιξι + γεζο + yas 


Za = Ey. 
Let us give the body the displacement (7). Then 
(9) 84, — ζιδαι + ζνδα. + ζοδάι, ete. 
By purely analytical transformations we find as in e-space 
(10) δᾶ; — γιωγ---βιως, δά» = ywy — Bowz, δάρ = yswy — βεωα, ete. 
If we set 


p ως = ἄιὼς + Bioy + yi: 
(11) q = 0, = Foz + Bewy + yaoz 
T = gps Agel + βεων + Ύεως 


we find that ως Oy, ως ATE small E-rotations about the £, η, ( axes which 
together produce the displacement (7). 
9. The E-velocity v of a point is defined by 


v? = (ds?/dt?) = δρ + 22" + επ, -- 24. 
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The kinetic energy T of a body we define by 


2T => v?dm, dm — mass of an element. 
Now by (9) . . A . 
a= ἄιζι + Gobo + LAEN ete. Za = 0. 


Hence squaring and using (10) (11) we get, 
RT = Ὁ (p* (Eo? + £0) H PEE E) Hel + E) 
— 2pgeibe — Όρτξιζε --- 4 Τζοξε} dm. 


Set A— X (i? 4 - 6?)dm, B—X(£6^--06?)dm, Ο-- Ὁ (6? + &")dm, 
Di; — X ζιζεάπι, Dij =F, ζιζεᾶπι, D = > tdm. 
Then 


(12) 2T = Ap? + Bg? + Cr? — 2D,.pq — 2Dispr — 2Dasqr. 
By a proper choice of the ἔηξ axes we may make D;; = 0 and for such axes 
(13) 2T = Ag? + Bg? + Cr’. 


4. With Killing * we will suppose that the components of a force acting 

at a point (z,* * ', δε) are 
F; = F cos oi, ($—,.:::,4), 

where a; is the angle made by a plane thru z and perpendicular to F, with 
the co-ordinate planes 2; = 0. We can give F; a form which is at times more 
convenient. For if y is the point on the line F associated with v, we find 
F, = yı (F/B), 
and hence F = F? + F? -+ F} + Fe. 


The work done by a small displacement of x io 2’ =z + óz Killing defines by 
dW => Ειδσι, (ἐ--1,-:., 4). 


Hence aW = (F/R) £ yidz; = (1/19) 9 yi (z; + dai), as X siyi = 0, 
= (F/R) δ riy’ — F cos (r/R), r — dist (y, z). 


Now cos (r/R) = cos (mR/2) cos (ds/R) + sin (π5/9) sin (ds/R) * cos 


where ds = dist (xz, z’), | 0— Ang (F, ds). 
Thus 
(14) dW = F cos 0 - ds, 


as in e-mechaniocs. 


* W. Killing, “Die Mechanik in den Nicht-Euklidischen Raumformen,” Ovelle’s 
Journal, Vol. 98 (1885), p. 1. 
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We now find the work done by the force F for a small rotation about 0. 
Let the line of the force F acting on an element of mass dm at απ (21-7: σι) 
cut z,— 0 at the point a = (αι," + a4). 
Any other point 2’ on this straight has co-ordinates 2’; == a;l + zim, i=1 +t 4, 
where 





| sin [(z'z)/R] . sin [(az)/R] 
= sin[(az)/R] ? m= sin[(az)/R] * 
Suppose (az) = dist (a, Ὁ) =s, (zz') — — ds, then (az') =s— ds. Then 
ds/R cos (5/19) 
~~ sin (s/R)? wei sin (s/R) ` (49/8) 
neglecting small quantities of second order. Thus 
day = — [ax + Ty cos (s/B) | EOE š k =1,2,3 
iae COUR 


σα sin (s/R) 


These are the changes in the co-ordinates along the line of force F. On the 
other hand, a small rotation e, about the v axis causes x to describe an 
arc 0s; thereby x passes to x -+ ôs where 


δει = 0, 822 == — φως, 8a, = ἔρως, δά. Ξ-0. 
The angle ϐ between the arcs ds and ὃς is given by 
cos 6 = Σ) (dai/ds) : (δαι/55) 


m Ota — Azt 

= Finny eet» 
This in (14) gives the work done by the displacement wg- 

Let us now suppose (analogous to e-mechanics) that the lines of force 
F, all issue from α and that F is sensibly proportional to the mass so that 
F = mf. Then for the whole body 
= z,dm zs dam 
dW == (foo/R) (as 2 sin (s/R) ——üs > sin (s/R) 

with similar expressions for dW,, dW.. Now for any rigid body which a 
physicist in H-space would have to deal with, s is sensibly constant and in 
the present case equal 72/2. On this assumption, 


dW = (for/R) (a; Sj vadm — a; >) v,dm) 


and similar expressions of the two other components. 
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We note next that [σι] < R hence if M = $i dm 


zem « 1, numerically. 





We may therefore set this fraction — sin (p;/R). If further we set 
gı = sin pi/E we have 


È sdm = Mg,  i—1,2,8; gê =1— (g? +g? gj). 
This gives us 
dW. = f (M/R) (429: — a5g2) ως, 
(15) dW, = f (M/B) (ag; — ag) ow, 
aw. = 1311/19) (4192 m 0591) we. 


This shows that the work done by a small rotation about 0 is the same as if 
the mass M were concentrated at the point g. 

As a special case let us take a= (0,0, R,0). Then the lines of force 
F are all perpendicular to the z, y plane which we regard as horizontal and 


(16) dW — dW, + àW, + dW, — fM (gowa — gy). 


On the other hand w» gives g, the increment gowe, wy gives ga the increment 
9x, While o; leaves g unaltered. Thus the rotation e == (ws, wy, ως) gives g 
the inerement 


89s = θιων + θεωο. 
Comparing with (16) we have 
(17) dW == fM : 893. 
5. Το get the equations of motion we will use Hamilton’s principle * 


(18) f (8T + 8W)dt — 0. 


Instead, however, of using supernumerary variables as Killing and Heath do, 
tied by various relations, we will use independent variables which fix the 
position of the body. If q is one of these variables (18) gives 


(d/dt) (97/09) — (21/94) — (17/84). 
If we take Euler's angles as variables we find as in e-mechanics 


* W, Killing, loc. cit., p. 13. 
9 
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pu = j sin 0 sin $ + 0 sin $, 
= o, — y sin 6 cos ϕ — Ê sin $, 
r=v, = ψ 005 6 + ¢. 


These in (12) or (18) give T in terms of 6, ¢, y. To get dW we use (17) 
and observe that 


gs — £1 Sin φ sin 6 + & cos $ sin ϐ + é cos 0 


where £,- - : & are the co-ordinates of g referred to τ’. We see therefore that 
io an e-observer the body appears io rotate as if its e-center of mass had 
the e-co-ordinates 
4R? Xi (Edm/d), 4B* X (qdm/A), 457 3S) (ζάπι/λ) 
A= 4h? + (65 + 9? T, 
and the moments of inertia, 
2 2 
J --16Β' Ὁ ον rom ete, Afn = 165’ Ὁ) m , eto. 
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On the Prime Ideals of the General Cubic 
Galois Field. 


By CLAIBORNE G. Latimer. 


1. In a recent paper, Nowlan* treated the problems of determining 
the rational integers representable by two cubic forms. Each of these forms 
is the norm of the general integral algebraic number in a cubic Galois field 
of class unity. The problem is equivalent to that of determining the rational 
primes which are factorable in the field. We shall consider this problem for 
the general cubic Galois field. The discriminants of the fields considered by 
Nowlan are 7? and 9? respectively. If we let D =Y or D —9 and let the 
corresponding field be F, his results, except as to discriminantal divisors, 
may be stated as follows. A rational prime p, not a divisor of D, is the 
product of three conjugate ideals of F if and only if p is a cubic residue of D. 

The discriminant of a cubic Galois field is the square of a rational 
integer D. If p is a rational prime, not a divisor of 6D, we shall find a 
necessary and sufficient condition, in terms of D and p, that p be factorable 
in the field. When D is 9 or a prime and p > 3 our results may be stated 
exaetly as in italies above. It will also be shown that a necessary condition 
that the field be of class unity is that D — 9 or a prime. 

It may be shown, in a comparatively simple manner, that certain of 
Eisenstein's results on the canonical cubic and associated forms may be 
deduced from the results of this paper. 


2. Consider the cubic field F, defined by a root 6, of 
(1) x + az + b=0, 


where a and b are integers. After an obvious transformation, we may assume 
that there is no integer K > 1 such that a and b are divisible by K? and K* 
respectively. If a — 9a’, b = 9b’, where a’ and δ’ are integers, it may be veri- 
fied that 6 = (θα + 6,7)/3 is a root of 2° — 3a^?z — (22/5 + 35/7) = 0. 
The second and third coefficients of this equation are not both divisible by 
9 since b’ is prime to 3. We may therefore assume that 


* Bulletin of the American Mathematical Society, 32 (1926), 374-80. 
1 We shall use “ integer " and “ prime ” to mean “ rational integer " and “ rational 
prime” unless some other reference field is mentioned. 
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(A) there is no integer K >1 such that a and b are divisible by K? 
and K? respectively; and a and b are not both divisible by 9. 


By Woronoj’s method of determining a basis* of a cubic field, we 
find that 
1, b; = (6, — £) /8, Wi = (2 + a 4- ἔθι + 0,7) /σδ”, 
constitute a basis, where 8, c, é are as follows. If each of the following 
conditions is satisfied, 8 — 3; otherwise 8 = 1. . 
(9) a==— 8 (mod 9), + b==a-+1 (mod 27). 


c is the largest integer such that the congruences 
(3) «3 + az -]- b = 0 (mod δῦσ”), 32? + a = 0 (mod 8s), 


have a common solution é If d is the discriminant of (1), we find that 
the discriminant of F is d/8°o?. 

If 8 = 3, 0, = 80, + é It will be found that W, = m + (£0; + 82) /σ 
where by (32) m is an integer. If é were divisible by 3, 6,/3 would be integral, 
contrary to (A). Hence é is prime to 3. 6 is a root of g? -|- éx? -+ as 
+ 8 = 0, where α and β are integers. We have then 


THEOREM 1. The field F has a basis in the form 
1, 6, W = (s + 16 + 6) /o 
where s and t are rational integers and 6 is a root of 
(4) f(a) — αἳ + Pat + θα 4- R— 0, 
where P, Q, R are rational integers. If P —0, then 8 —1, Q =a, E —b, 


and if P0, then P —£&, Q = (86 4- a) /9, R = (ξ + αξ + 5) /27, and 
P is prime to 3. 


We shall assume hereafter that the discriminant of f(x) is the square 
of a rational integer A œ> 0. Then A==oD, where D? is the discriminant 
of F. It will be seen later that this assumption is equivalent to assuming 
that F is a Galois field. We have > 


(8) — 8o? D? = 4a* + 2707. 


It will also be seen later that 3Q — P? — fD, where f is an integer. By 
Theorem 1, P= 0 if and only if fD is divisible by 3, and 8fD =a or θα 
according as P = 0 or P — 0. 


* Uber die ganzen algebraischen Zahlen, die von einer Wurzel der Gleichung dritten 
Grades abhüngen, St. Petersburg, 1894. 


of the General Cubic Galois Field. 297 


Suppose 8 — 1 and that σ is divisible by 3. By (5), α--- 3a’, a’ an in- 
teger, and oD is divisible by 9. Then 44” + b?==0 (mod 27) or 4a + b? 
==— 8 (mod 9) according as oD is or is not divisible by 27. The first con- 
gruence holds only if the conditions (2) hold, whence ὃ --- 3, contrary to 
hypothesis. If the second congruence holds, a = 3a’ = — 8, b == + 1 (mod 9), 
and then by (8ι), & — 3£ + 150 (mod 9), which is obviously impossible. 
We have then (a) of the following lemma. Let k be the g. c. d. of fD and 


σης ko’. 





Lemma 1. (a) If è= 1 then o is prime to 3; 
(b) D==35D,, where j = 0 or 2 and D, is prime to 3; 
(ο) b contains no square factor and is prime to 30’; 
(d) k? divides a and b; 
(e) f= Fk, D — D'k, where f’ is prime to o’, and D’ is 
prime to c. 


If D is divisible by 8, fD = 3Q — δα, P = 0, è= 1 and by (a), σ is 
prime to 3. Then by (5), D is divisible by 9. If D were divisible by 27, 
& would be divisible by 9 and hence by (8) the same would be true of b, 
contrary to (A). This proves (0). 

If k were divisible by 3, as before 8 — 1 and we would have a contra- 
diction of (a). Hence f is prime to 3. Suppose p? divided o = ko’, where 
p is a prime divisor of k. Since 8 fD — a or θα, p divides a. By (82) a and 
é are divisible by p? and p respectively. Then by (31) p? would divide b, 
contrary to (A). We have therefore (c). If p is a prime factor of k we 
find, as in the proof of (c), that a and b are divisible by p and p? respectively. 
Then by (5) p? divides a. Since k contains no square factor, (d) follows. 

By (a), (d) and (5), k divides σ΄» and hence by (ο) it divides D. 
Suppose p? divided D = kD’, where p is a prime factor of k. Then by (5) 
and 8fD =a or θα, a and b would be divisible by p? and pë respectively, 
contrary to (A). Hence D’ is prime to k, and k divides f, since k? divides a. 
f’ and D’ are prime to σ΄ by definition of & This completes the proof of the 
lemma. 

It may be verified that if A — ασ + α 6; + a26,? then the norm of A is 


(6) y (o4) = aj? -|- agot? — ba? + ὃδαράτᾶ» 
---ααρζα» + a?a,0,? — abaia + bas. 








Every integer of F(0) may be expressed in the forms 


a= r +y (b —£)/8--z(£ -Ha H £62) o8 ᾿ 
= (40 + CACA -- 26,7) /σδῦ 
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where the z, y, z, αι are integers. Then 999?N (A) --ψί(αι). Furthermore, 
by definition of k, (3) and Lemma 1, k divides a and é It follows that a 
and αι are divisible by k. We also note that every integer of F'(0) may be 
written in the form A= (% + 4,6 + αρθὂ) /σ, where the a; are integers. 


3. It is known * that a second root of (4) is 


6 == (1/2σΏ) [2(3Q — P?) 6? — (9R — IPQ + 2P* + σΏ)θ 
+ 4Q? — P*Q — 3PR — PDc] 


It follows that Ρ(θ) is a Galois field. We shall now prove 


THEOREM 2. A rational prime p, not a divisor of D, is the product of 
three distinct conjugate ideals of F (6) or is a prime of F (0) according as 
the congruence 
(7) f(x) ==0 (mod p), 
has a solution or has no solution. 


It is well-known that every prime ideal in a cubic Galois field is of the 
first or third degree. Hence every rational prime, not a divisor of D, satisfies 
one of the conditions of the theorem. Suppose v == « is a solution of (7). 
If p were a prime of #(6) it would divide one of the three factors of 
f(a) = (a— 0) (a— 6’) (a — 6”). This is impossible in view of the basis 
of F(0) given in Theorem 1. The first part of the theorem follows. Suppose 
(7) has no solution. If PÆ p were a prime ideal factor of p it would have 
a canonical basis in the form [p,a — 0, b — W] where a and b are integers. 
Then.the rational integer f(a) — (a — 0) (a — 0") (a — 6") would belong to 
P and hence would be divisible by p, contrary to hypothesis. The theorem 
follows. 

By the last sentence in $2 and the above expression for the integral 
algebraic number θ’ we find 


(8) 3Q—P?—fD, 9R—PQ=hD, 


where f and | are rational integers. Let p be a prime, not a divisor of 6D. 
In (7) set 3: — z — P. We obtain by means of (8), 
(9) 23 + 8f De + (8h —2Pf) D = 0 (mod p). 


The discriminant of (9) is 390?D?7. Then from the well-known formula for 
the discriminant of a reduced cubic we find 


(10) — fD = (à + Bap) (A + 3op?) 


* Berret, Cours d'Algébre Supérieure, Vol. 2, 6th ed., p. 467. 
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where p is an imaginary cube root of unity and 24 = 2Pf +- 3(¢—h). By 
Lemma 1, k divides σ and D and contains no square factor. Hence A — ky, 
N an integer. From (10) 


— f eD = (X + Bop) (X + 830p”). 


By Lemma 1, σ’ is prime to f'kD’ and hence it is prime to A'. Then 
every prime factor Æ 3 of the left side of this equation is the product of two 
conjugate primes of F'(p), one and only one of which divides X + 30’p. By 
Lemma 1, & is prime to 3. Let 


k= 1 (si + tip) (si + tep?), 


Ρ’ = sp (8: + tip) (8: + tap”) 


where every δι + tip (i= 1, 2, " * - , n.) is a primary prime of F(p) which 
divides A^ + 8o/p? or A’ + 30’p according asim or $7» m. By Lemma 1, 
j=0 or j=2 Let —f' = 3t (A + Bg) (4 + Bg) where A-|- Bp is the 
product of the primary prime factors of F(p) which divide A + 30’p. Since 
3 = (1— p) (1— P) =— P (1— p)’, we have 


(11) λ΄ +- 3e'p = = p° (A + Bp)? (1 — p)?! 
x II (8: + tip*)? I (8: + tip), 
i-1 i=m+1 


where e = 0, 1 or 2. Let H = D(A + 830p) = kD’ (N + 30’p). Then 
H = p^ (A +- Bp)? M3 in (8; + tip)? (si + tip?) 


where M = + (1— p)#** I (s: + tip”). By a result due to Dickson,” (9) 
{51 


and hence (7) has a solution if and only if there exists an integer £ of F(p) 
such that == H (mod p). By hypothesis p is prime to M and hence we 
may replace H by Hı = H/M? in this criterion. 

By (8) and the last sentence of Theorem 1, it is readily shown that 
a and b are divisible by D; of Lemma 1. Then if D, were divisible by οὗ, 
q a prime = 3, σ would be divisible by g from the definition of e. There- 
fore by (5), b would be divisible by q? contrary to (A). Hence D contains 
no square factor 54 9. We have then (a) and (b) of 


5 Bulletin of the American Mathematical Society, Vol. 13 (1907), p. 2. 
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n 
Lemma 9. (a) D=9 or 81 TT (s: + tip) (si + tip?), where j — 0 or 
151 
2 and the imaginary factors are distinct primary primes of F(p). 


(b) If p is a rational prime, not a divisor of 6D, (T) has 
a solution if and only if there exists an integer £ of F(p) such that 


(12) Cham H, = gt CA F Bo)* IT (3: + tip)? (8 + 89^). 
(ο) j= 0 implies e — 0; j — 2 implies e 2. 
To prove (c) write (11) in the form 


(1) X. + ὃσρ = + p*(1— p)?! (8 + Tp). 


We have S + Tp — + 1 (mod 8) since it is a product of primary primes of 
F(p). Since o’ is prime to 3 and (1 — p)* = 9p?, it follows from (11’) that 
j+3tS3. If j= {--θ, the imaginary part of the left side of (11^) is 
divisible by 3 only if e= 0. If j= 0, t= 1, we find from the definition of 
A and (11^) that 


—h σ(-- 8) ἃ — zc Bhp [S -- T + (27 — S)p]. 


By (82) h is divisible by 9. But it will be found that the real part of the 
right side of this equation is divisible by 9 only if e — 0. The first part of 
(ο) follows. If j= 9 then £ — 0 and 


N + 80'p = $ 8p*1(8 + Tp). 9 


Since T is divisible by 3 and σ’ is prime to 3, it follows that e342. This 
proves the lemma. 


4. 1ἱ π is a prime of F(p) such that N(x) = 4258 and if η is an 
* integer of F(p) not divisible by π, by Fermat’s Theorem 


gà opes (yu —1) (yum) (a — p?) =0 (mod a). 


We shall use Hisenstein’s symbol, [η/π] — 1, p, or p? according as π 
divides the first, second or third of the above factors. It is well known that 
η is a cubic residue of π if and only if the value of the symbol is unity. 

From the definition of the symbol we have 


(13) [A7]? = [λ΄ «^l, [λ/π] [η/π] = [λη/π], [(η + kr) /π] = [4/7] 


where the primed letters represent the conjugates of the corresponding 
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unprimed letters. Furthermore, by the cubic reciprocity law * if η and π 
are primary primes of F(p), then [n/r] = [π/η]. 

If π is a prime of F(p), not a divisor of N(H,), by (18,) we have 
[H’,/7] = |H;/z']. Furthermore, since N(H,) is a cube, [H'/«] = 
[Hi/z]. Hence [H;/z] = [Ηι/π’]. Then if ρ---ππ' or π is a rational 
prime, not a divisor of 6D, where z is a primary of F(p) not a divisor of 
A +- Bp, a necessary and sufficient condition that (12) have a solution is 
that ΓΗ: /π] — 1. We may choose the notation so that m does not divide 
A+ Bp. For if p divided 4+ Bp, by (11) it would divide o’ and Y, 
whereas we have seen that they are relatively prime. Therefore by Theorem 
2, (b) of Lemma 2 and the cubic reciprocity law we have 


THEOREM 3. If p is a rational prime, not a divisor of 6D, p= mr 
or p= c where π is a primary prime of F(p) which does not divide A + Bp. 
Then a necessary and sufficient condition that p be the product of three 
conjugate ideals of Ε(θ) is that 


[π/(8ι + ἐνρ)][π/(8ε + top) ] ^ ^ ^ [n/ (sa -+ tp) ] 
= p*[a/ (s1 + tip?) ] [π/ (ss + top?) ] ^ ^ + [π/ (δν + tap”, 
where « = [N (r) —1] (e + 27)/8 and if n=0 each Eisenstein symbol is 
taken as unity. 


We shall next prove 


THEOREM 4. If p is a rational prime, not a divisor of 6D, a sufficient 
condition that p be the product of three conjugate ideals of Ε(θ) is that p 
be a cubic residue of D. If (a) D=9 or D—8q, a prime, or (b) F(0) is 
of class unity, this condition is also necessary. 


To prove the sufficient condition, suppose that p is a rational prime, 
not a divisor of 6D, and a cubic residue of D. Let p= mr or p==a where 
7 is a primary prime of F(p). If D is divisible by 3, p is a cubic residue 
of 9 and hence is in the form 9u+1. Then Ν(π) =1 (mod 9). If D is 
prime to 3, j— 0 and by (ο) of Lemma 2, e— € — 0. In either case 
o^ 1. 

Suppose p = mr’. Since it is a cubic residue of D, by (13,) we have 


[π/ (s: + tip) ] [π'/ (sid- tip) ] = [v/ (s: + tip?) 1[π'/ (δι + tip?) ] — 1 
(—1,89,:-:, n). 


* Baehmann, Die Lehre von der Kreisteilung, p. 198. 
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By (151) these equations are equivalent to 


[π/(εε + tip)] = [x/(si-+ tip?)] (ἁ--1,8,: --, n). 


If p= « we obtain these equations at once from our hypothesis that p is a 
cubic residue of D. The sufficient condition of the theorem follows from these 
equations and Theorem, 3. 

To prove (a), we note that n = 0 or 1. We may then retrace our steps 
in the above suffieiency proof and find that if a prime p is the product of 
three conjugate ideals of F(0) then it is a cubic residue of D. 

To prove (b), suppose F'(0) is of class unity and that N(A) = p, where 
λ 15 an integer of Ε(θ) and p is a prime, not a divisor of 6D. By the last 
paragraph in ὃ 2, 895?p — ψίαι), where the a; are rational integers, «, and 
αι being divisible by k. If D is prime to 3, by (8) and Theorem 1 it may 
be shown that α and b are divisible by D. By Lemma 1, k? divides a and b, 
and by (a) of Lemma 2, D contains no square factor. Hence a and b are 
divisible by kD. Then from (6) and the fact that «y = αρ’ k and αι are 
divisible by k we find 8°o°p == αρ) (mod kD) or 


sop = αρ” (mod D). 


By (ο) and (e) of Lemma 1, σ’ is prime to D= kD’, and by hypothesis 
à is prime to D. Hence p is a cubic residue of D. 

If D is divisible by 3 then D = 9D, and we may repeat the above argu- 
ment with D replaced by D,. It remains to show that p is a cubic residue 
of 9. From fD --- 90 — P? we have P —0, 8—1, Q=a=3a', RE —b. 
By (a) of Lemma 1, σ is prime to 3 and hence by (5), 49/9 + b? zx — 8 
(mod 9). Therefore a = 89/2 — 8, b = +1, (mod 9). Since o?p = y (ai), 
we find from these congruences and (6) that 


cp =z f° — 35 + 4° (mod 9), 


where É = ασ + 202, 9 = zp 0; — %. For the case ὦ 21 (mod 9), this con- 
gruence is essentially the identity used by Nowlan* who showed that the 
right member is divisible by 3 or is congruent to +1, modulo 9, for every 
é η. Since the left side is prime to 3, it follows that p== + 1 (mod 9), i. e. 
pisa cubie residue of 9. "This completes the proof of the theorem. 

The condition of Theorem 4, i. e. that p be a cubic residue of D, is 
obviously equivalent to the condition that p occur in one of a certain set of 
arithmetic progressions, T; + Dz, where the T; are rational integers. If D 
is prime to 3, the α of Theorem ὃ is zero for every p and it may be shown 


* Ibid., p. 379. 
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that the condition of Theorem 3 is equivalent to the condition that p occur in 
one of a certain set of arithmetic progressions of the above type. If D is 
divisible by 3, we may obtain a similar result; except that since a540 we 
have three sets of progressions instead of one, the set which is used in applying 
the criterion to a given p depending on the residue of p, modulo 9.* 

Westlund + treated the problem of determining the degree of the prime 
ideal factors of a rational prime p in the field defined by a root of 


p(y) = 9 —3gy —q4 = 0, 


where g is a prime, 4g = Α7 + 27B?, A==q=1 (mod 8). The discriminant 
of the field is g?. He found that if p is a prime, not a divisor of 69B, then 
p is the product of three prime ideals of the field if and only if ¢(y) —0 
(mod p) has a solution. This is implied by Theorem 2. However, Theorem 
4 gives a simpler criterion, namely that p be a cubic residue of g. 


5. We shall now prove 


THEOREM 5. A necessary condition that Ε(θ) be of class unity is that 
D=9 or D =q, a prime. 

Suppose F(0) is of class unity and that D contains two prime factors, 
one of which 4 3. Consider first the case where D is prime to 3. By (a) 
of Lemma 2, the prime factors of D are distinct. We may then determine 
integers, Ài, ni, of F(p) which are prime to D and such that 


[λι/(8ι + tip) ] = [n (82 + tsp?) ] = [λο/ (s2 + top) 17 
= [πι/ (s: + tip?) ] = p, 
Γλι/ (se + tip] = [m/ (δι + tip?) ] = 1 (t= 3, °° πι), 


where the last two equations are ignored if n= 2. Let 8 be an integer of 
F(p) such that 


Ss=A; (mod s: + tip), Oz qi (mod s, + tip?) ($—1,2,-:- , n.). 


After adding proper multiples of D io ὃ we may assume 82-2 (mod 9). 
Then 8 is prime to 9D. By a theorem due to Fanta f there is an infinitude 
of primes of F(p) in the form 8+-9Dz, where z is an integer of F(p). 


* Cf. Bauer, Archiv der Mathematik und Physik, (3), Vol. 6 (1903), pp. 221-4; 
Bulletin, National Research Council, Number 28, Vol. 5 (1923), Algebraic Numbers, 
p. 49. 

t Deutsche Mathematiker Vereinigung, Vol. 22 (1913), pp. 135-40; Bulletin, 
National Research Council, Algebraic Numbers, pp. 57-8. 

t Monatshefte für Mathematische Physik, Vol. 12 (1901), pp. 1-44; Bulletin Na- 
tional Research Council, Algebraie Numbers, p. 21. 
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Let π be such a prime which does not divide 6f/D. Since r= ô = — 1, 
(mod 3), π is primary. We have 
[π/ (8: + tip) ] = [λι/(8ι + tap) ls ἴπ/ (δι + tap?) 1 = Dn (δι + tp?) ] 
: (21,2,- * *, n). 
Then by Theorem 3 and the definition of the Ai, yi it follows that the rational 
prime p =~ or N (c) is the product of three conjugate ideals of F(0). But 


p = [π/(8ι + top) ] = [π/(8ι + hg) P = [v / (s: + ὑιρ)], 

and therefore p is a cubic non-residue of D, contrary to (b) of Theorem 4. 
'This proves the theorem if D is prime to 3. 

Consider the case where D==9D,549. Let Ai, η; be integers of F(p) 
prime to D and such that 

[λι/(8ι + trp) ] = e, [λι/ (δι + tap) ] = [Im/(s; + tip?) ] — 1 
(i= 2,° "e,n; Pa 9 n). 

Let 8 and π be defined as before, except that D is replaced by Dı Since 
82-2 (mod 9) it follows that N(z) — 123 (mod 9) and hence p* = p**!. 
By (e) of Lemma 2, e542. We then obtain as before a contradiction of (b) 
of Theorem 4. This completes the proof of the theorem. 
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On the Problem of Existence of Algebraic Func- 
tions of Two Variables Possessing a Given 
Branch Curve. 


By Oscar ZARISKI. 


I. Introduction and Statement of the Problem. 


1. The problem which we investigate in this paper is a direct generaliza- 
tion of the well-known existence problem in the theory of algebraic functions 
of one variable to the case of two independent variables, and may be formu- 
lated as follows: 


Does an algebraic function z of z and y exist, possessing a preassigned 
curve f as branch curve? 


This problem was first considered by F. Enriques in a paper published 
in 1923.*  Enriques finds that the assigned substitutions on the branches 
of the function z must satisfy certain conditions, which he calls conditions 
of invariance. In conversations, from which this investigation arose, it was 
pointed out to me by S. Lefschetz that the above problem is intimately bound 
up with the Poincaré group of f relative to its carrying complex projective 
plane, the conditions given by Enriques merely expressing the fact that the 
assigned substitutions must satisfy the generating relations of the fundamental 
group of the curve f. By making use of the theorem of existence of algebraic 
functions of one variable, possessing given branch points, Enriques proves 
that these conditions are also sufficient, and hence announces his existence 
theorem for algebraic functions of two variables. 

Enriques’ result, important as a principle, is nevertheless incomplete, 
since we do not know anything about the fundamental group of an algebraic 
curve. The complete solution of the existence problem depends upon the 
solution of the following purely topological problem: 


Given an algebraic curve, to find its fundamental group. 


In this paper we attempt to throw some light upon the structure of the 
fundamental group. Our investigation is far from giving the complete solu- 
tion of the proposed problem. However, the theorems established below settle 


* “Sulla costruzione delle funzioni algebriche di due variabili possedenti una data 
curva di diramazione,” Annali di matematica pura ed applicata, Ser. 4, Vol. 1 (No- 
vember 1923), pp. 185-198. 
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the problem in the most simple cases, and suggest a possible direction for a 
deeper investigation. 


2. Riemann announced the following existence-theorem: * There exists 
an algebraic function y(x) (determined to within a birational transforma- 
tion), which possesses in the plane of the complex variable a given critical 
points σι, a,* "απ, and the branches of which— with respect to a given 
system of consecutive non-intersecting loops Oa;—are permuted according to 
assigned substitutions Sı, S5- : :, Im, provided they satisfy the following 
two conditions: 


(a) S185 ` * * δη 1; 
(b) the substitutions S; generate a transitive group. 


In the case of two independent variables, we have an algebraic function 
z of x and y defined by an irreducible algebraic equation 


(1) Φία, y, 2) = 0. 


The branch curve f of the function z in the plane of z and y can be defined 
as the locus, as x varies, of the branch points of z, considered as a function 
of y alone, by letting z — const. The equation of f, 


(2) f (z, y) = 0, 
is obtained by eliminating z between equation (1) and 
05/02 = 0, 


and by neglecting the apparent branch components, which arise from ordinary 
multiple curves of the surface (1). 

Tf the curve f is given, and if we look for an algebraic function z, which 
should possess f as branch curve, we must first assign the substitutions on 
the branches of the hypothetical function z. This is done by considering the 
fundamental group, introduced by Poincaré, for the curve f, which is a two- 
dimensional Riemann surface immersed in the four-dimensional real space 8, 
of the two complex variables z and y, or, in more exact terms: the fundamental 
group of the residual space ὃ. — f. 

We recall that the fundamental group of f, which we will denote by G, 
is defined as follows: + 

The elements of G are all possible one-dimensional oriented circuits g in 


* “Theorie der Abelschen Functionen," §§ 3-5, Crelle’s Journal, Vol. 54 (1857). 
+See, for instance, O. Veblen, * Analysis Situs,” pp. 132-183, The Cambridge 
Colloquium 1916, (New York, 1922). 
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the residual space S,—f, which start from and end at a given point O. 
Two circuits are said to be equivalent if one can be carried into the other by 
a continuous deformation in 8, — f, the point O remaining fixed. Equivalent 
circuits are not considered as essentially distinct and correspond to one and 
the same element of the fundamental group. In particular, any circuit g, 
which can be shrunk into the point O, by a continuous deformation as above, 
is represented in G by the identity 1, and we write g — 1. The product of 
two elements gı, ga is the circuit obtained by describing first the circuit gi 
and then the circuit gə. Generally 61013 gsgi. From the definition it follows 
that g and g^! refer to one and the same circuit with opposite orientations. 
The choice of the point O has no effect on the structure of the fundamental 
group. 
A finite set of generators of G can easily be constructed. It can be 
` shown,” that any circuit g is equivalent to a circuit g’ belonging to a generic 
“line” Z, az + By + y= 0, through O (a two-dimensional manifold, homeo- 
morphic to a sphere). Let αι, ἄν,"  » an be the intersections of f with l, 
where η is the order of f. In J, the circuit g’ is equivalent to a product 
of elementary non-intersecting circuits (loops) gi, gs ' °°», gn, Which all 
start at O and surround the points 8,85, : : ' a respectively. Hence the 
loops gi (i= 1, 9,* ' -, m) can be taken as generators of G. 
The generators g; satisfy several relations, called generating relations. 
We will study these relations in the next section. Here it may be observed 
that evidently 


(3) 61ο Co Quac 1, 
and that other relations are obtained by letting the line 7? vary in the pencil 
of lines through O. Any generating relation is of the form: 


gg; EP gu ^g, go's Eu gn" abs 13g à 25. gs" = 1. 


Let us write down all the generating relations of 6: 


(4) φι(θι, 2 ' 75 Jn) =I, φείθι, 2) 7075 Jn) —1,75, 
or (91, 932» gn) =1. 


In assigning the substitutions on the branches of an algebraic function 
z of z and y, it is sufficient to assign the substitutions δι, 82,° ᾿ -» Sa relative 
to the generators gi. However, these generating substitutions of the mono- 
dromie group of the function z cannot be given arbitrarily. By (4), they 
must satisfy the relations 


* S. Lefschetz, L'analysis Situs et la géometrie algébrique, p. 33. Paris, Gauthiers- 
Villars, 1924. 
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(£) φι (δι, S2° ^0. Sa) = 1, 2(S1, 82° ^. Sa) πρ, 
. $r(S1 $2" * ^, Sn) — 1, 
analogous to (4). 

A knowledge of the generating relations (4), and hence of the funda- 
mental group G, is thus essential for the solution of the existence problem, 
which we are now in a position to formulate in an exact manner. It consists 
of two parts: 


1. Gwen an algebraic curve f, to determine its fundamental group. 


2. Does an algebraic function z of x and y exist, which possesses a gwen 
branch curve f, and the values of which are permuted—with 
respect to the above constructed set of generators gi—according 
to given substitutions δι, satisfying the relations (4΄). 


The second question is answered in the affirmative by F. Enriques (loc. 
cit.). The possibility of constructing the function, satisfying the above con- 
ditions, is, as was shown by Enriques, a consequence of the theorem of exist- 
ence of algebraic functions of one variable. This paper is hence dedicated 
exclusively to the investigation of the fundamental group G. 


II. General properties of the group G. 
3. Let 


f(z, y) -- 0 


be an algebraic curve of order n—irreducible or not. We consider the pencil 
of lines 
x = const. 


Let z — a be a definite line in this pencil, and let 
yi bi, (= 1, ὃν. +, 2), 


be the intersections of the considered line with the curve f. We mark in the 
plane of the complex variable y the points b; and we construct a set of non- 
intersecting loops g; = Obi, where by O we mean the point y == «co, center 
of the considered pencil. As we said in the preceding section, the loops g: 
form a set of generators of the group G. 

Let α traverse in its plane a closed path, starting from its initial position 
g= qa and returning to it. The set of points b; will move continuously in 
the plane y, and will return to its initial position, though the points 6; may 
be permuted among themselves. The variation of the loops gi is completely 
determined by the paths described by the points b; and by the condition that 
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they should never intersect. Thus, at the end of the above cyclic variation 
of the point z, the set of the original loops g+ is transformed into a new set 
of non-intersecting loops σι. More precisely, if the point b; is carried into 
b; then the loop g; is transformed into some loop g/ which surrounds the 
point b; alone. The two loops g; and g; do not coincide necessarily, but 
since gi’ surrounds the same point b; as gj, gi’ is evidently the transform of 
g; by some element g of G, i. e. gi’ and g; are conjugate elements of G: 


gi = 91959. 


The loops gi and g;' being equivalent, we obtain the following generating 
relation: 


gi = 91959. 


Hence we have the following theorem: 


THEOREM 1. If bi can be carried into b; by a cyclic variation of the 
point x, then the generators gi and g; are conjugate elements of the group G. 

If the curve is irreducible, then it is always possible to carry any of the 
points b, into any other point b;. Hence, by theorem 1 we deduce: 


THEOREM 2. If the curve f is irreducible, then the n generators gi 
are conjugate elements of the group G. 

Let us suppose that the group G is abelian. Then by means of theorem 
2, we deduce 


91 = atom (ju. 
The relation gig2° * * gn = 1 becomes in this case 
gn? = 1. 


On the other hand, no lower power of g: is equal to the identity. In fact, 
if σι was of order πι < n, then the only existing algebraic functions z ad- 
mitting f as branch curve would be n,-valued functions (or n;'-valued, where 
n is a divisor of πι), possessing a cyclic monodromie group. But this is 
impossible, since any curve f of order n is the branch curve of an n-valued 
function, namely of the function z defined by the equation * 


2^ = f(x, y). 
Hence, we have the following theorem: 


"If zn — f(a, y), then the branch curve of z is the curve f and the line at in- 
finity of the plane z, y, unless the order of f is α multiple of n. In this case tho 
line at infinity does not belong to the branch curve of z. 


10 
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THEOREM 3. If the curve f of order n is irreducible, and if it is known 
that the group G is abelian, then G is necessarily the cyclic group of order n. 


Theorem 3 shows that it is impossible to construct upon an irreducible 
branch curve an algebraic function possessing an abelian non-cyclie mono- 
dromie group. 


4, The elementary generating relations. Let us mark in the plane of 

the complex variable x the critical points αι, @,: °°, % of the function y. 
We include among the points a; also those values of z, 

which correspond to ordinary multiple points of the 


curve f (apparent branch points). Let ao, 485: * ^, 
b AD, ααι be a set of non-intersecting loops in the plane g. 
i Under the simplest conditions—but quite general and 


sufficient for the theory of algebraic surfaces from the 

point of view of birational transformations—the curve 

f will only possess ordinary double points and cusps. 

If the axes of x and y are not specially related to the 

Fra. 1 curve f, then at each critical point αι two and only 

two values of y coincide. The investigation of the 

generating relations which are obtained when x traverses a loop aa; is due 
to Enriques. His results can be stated as follows: 


(a) If αι corresponds to a simple tangent of the curve f, and if y; = bi, 
Yo = bz are the two values of y which tend to coincide when z tends to «; 
along the loop aa, then two corresponding loops gi, g» in the y-plane can 
be constructed, such that, when æ traverses the loop σαι, gi is transformed 
into gz and gz is transformed into g219.g2, while the remaining — 2 loops 
remain invariant (see fig. 1). 

This leads to the generating relation: 


(5) gı = 02. 


(b) A critical value αι, which corresponds to an ordinary double point, 
can be thought of as being the limit of two simple branch points αι’, αι”, 
at which the same two branches y, and y: are permuted and which come 
together. The loop aa; is the limit of a circuit, which surrounds the in- 
finitely near branch points aj’, αὐ’ and which produces the identical sub- 


stitution (0,02). "Therefore, the transformation of the loops in the y-plane, 
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which arises when z traverses the loop a«;, is the square of the transforma- 
tion mentioned above with reference to a simple tangent, i. e., the following: 


gs — G2" 9925 92 = 911913 gogigo- 
The corresponding generating relation in this casé is the following: 
(6) 19» = 0261. 


(e) Finally, if αι corresponds to a cusp, it is the limit of three simple 
branch points, and the resulting transformation of the loops must be the cube 
of the transformation mentioned above, i. e., the following: 


gv = 9219119291925 92 = ga gi 1 g2 1gi0ogifa- 


In this case the corresponding generating relation becomes: 
(7) 929291 = 929192- 


Remark. The above transformation of the loops can also be deduced 
rigorously (see Enriques, quoted paper), by a careful inspection of the 
expansion of the function y in the three considered cases. 

The above considerations show that when a curve acquires an ordinary 
double point, an equality (5) between two generators is replaced by a per- 
mutability relation (6). The appearance of a cusp destroys a permutability 
relation, and replaces it by a more complicated relation (7). The effect of 
the singularities of an algebraic curve upon its fundamental group is thus 
explicitly revealed. 

We will call the above generating relations (5), (6) and (7), which 
correspond to the loops σαι, the elementary generating relations. 

The form of the above stated elementary generating relations is closely 
connected with the topological structure of the neighborhood of a multiple 
point of an algebraic curve. To such a multiple point there corresponds a 
closed curve, or a set of closed curves, in the ordinary 3-dimensional space, 
by means of the following construction: Let us consider a neighborhood 
(a 4-cell) of a multiple point P. The boundary S of the 4-cell (3-dimensional 
sphere) will meet the curve f along a closed one-dimensional circuit, or along 
a set of such circuits, |. By a stereographie projection of S on to the ordinary 
3-dimensional space the circuit Z is projected into a closed curve V, or into a 
set l' of such curves, in that space. If P is a simple point of f, then /' is a 
single unknotted curve. If P is an ordinary double point of f, then V is 
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composed of two unknotted linked curves." If P is a cusp, then !' is the 
well-known trefoil knot. The above elementary relations are merely the 
generating relations of the fundamental group of the curve V. 

The following theorem is an implicit consequence of the existence theorem, 
as it is stated by Enriques: 


THEOREM 4. The elementary generating relations together with the re- 
lation 9192° * ` gn = 1, form a complete set of generating relations, i. e. every 
relation between the generators is a consequence of them. 

In fact, Enriques shows that there always exists an algebraic function 5, 
if the substitutions on the branches of z satisfy the elementary generating 
relations and the relation (3) of section 2. This proves the non-existence of 
other independent relations between the generators. 


5. The fundamental group of a curve f, limit of a variable curve f. 
An important consequence of the above considerations concerns the funda- 
mental group of a curve f which is the limit of a variable curve f. If f has 
the same singularities as f, then f and f are isotopic, and hence possess the 
same fundamental group. Suppose now that when f tends to f, a new multiple 
point is acquired. For simplicity, let us suppose that when f tends to f, two 
simple critical points αι and αν» of the variable function y come together, so 
that f acquires a new ordinary double point. What happens to the generating 
relations? It is evident that any elementary generating relation, which 
corresponds to a critical point α, different from αι and a, will remain a 
true relation between the generators of the fundamental group of the limit 
curve f. The only relations which are destroyed are those relative to the 
critical points αι and «,, namely the one relation gı = gz, since at the limit, 
when αι and & come together at a point α, the two loops gi and gs pass 
through æ. However, we obtain the relation gig» gsgi between the gen- 
erators of the group G of the variable curve f, when x traverses a closed . 
path surrounding both critical points αι and c», and this relation is not de- 
stroyed, when a, and ας coincide at «: it becomes the elementary generating 
relation corresponding to the loop ae. Thus in this case, one generating 
relation ( g1= gz) is destroyed, and is replaced by the relation gigs — gigi; 
which is a consequence of the old relation. 

This conclusion holds in the most general ease, of any acquired new 





* This is a consequence of a theorem of the Kronecker index of two algebraic curves 
on a surface, Lefschetz, loc. cit., p. 19. 
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multiple point, namely: if several critical points αι, αν" : :, @ come to- 
gether to form a new singularity, or a singularity of higher order, of the 
limit curve f, then r corresponding elementary relations are destroyed, and 
are replaced by one elementary relation, which on the variable curve f corre- 
sponds to a closed path surrounding all the + mentioned points α, and which 
is therefore a consequence of the destroyed r relations. We have hence the 
following theorem : 


THEOREM 5. If a variable curve f tends to a limit curve f, then several 
relations between the generators of the group G of f are abolished, but no 
new relation arises which is not a consequence of the old relations. 

We may express this theorem also in the following form: 


All the generating relations of the fundamental group of the limit 
curve are also generating relations of the fundamental group of the 
variable curve. 


This last theorem still holds, even if the limit curve f degenerates, provided 
that all its components are simple. If, however, f possesses multiple com- 
ponents (so that the number of acquired singularities is infinite), the above 
considerations cannot be applied without modification. 

We see that the fundamental group of the limit curve is simply more 
general than the fundamental group of the variable curve. Hence, the more 
numerous and the more complicated the singularities of an algebraic curve f, 
the larger the class of birationally distinct algebraic functions which can he 
constructed upon f as branch curve. 


6. The continuous system (f). Let [ο be a definite curve of order n with 
assigned singularities, and let us consider a complete irreducible continuous 
system of curves f of order n, possessing the same singularities as fo, to which 
fo belongs. We leave aside the question, as yet unsolved in general, whether 
the system is unique." If f, belongs to several continuous systems, then 
we consider one definite system. We denote it by (f). The general curve 
f of {f} is isotopic to fo and hence possesses the same fundamental group 


* This question is solved for the case in which the assigned singularities are 
ordinary double points. It is even proved that all curves of given order and genus 
form an irreducible continuous system. 

See F. Enriques and O. Chisini, Courbes et fonctions algébriques d'une variable, 
Chap. III, p. 365 (Paris, Gauthier-Villars, 1926); F. Severi, Vorlesungen über algc- 
braische Geometrie; Anhang F., pp. 342-349 (Leipzig, Teubner, 1921). 
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as fy. We consider again a definite line 7, say z — 4, and a set of loops 
fu Jo'**, gn in the y-plane. Instead of keeping the curve f fixed and 
letting the line 7 vary in a pencil, as we did before, we keep the line Z 
fixed and we let the curve f vary in the continuous system {f}, starting 
from and returning to its initial position fy. Let 


(8) φίᾳι, Jay’ * ^, gn) —1 


be a definite generating relation of the fundamental group of the original 
curve fo. When f varies in (f) and returns to its original position fo, the 
original loops g: will be transformed into new loops gi’. The relation (8), 
with which we started, will become 


(8^) φίθι, Jo's" t5 gr’) ματ 


and this is necessarily a true relation between the old generators g;, possibly 
different from that with which we started. Thus we have a means of ob- 
taining several new generating relations, by transforming a given relation in 
the above mentioned way. 

Let us make the following hypotheses on the continuous system {f}. 


(a). The general curve f of (f) cuts out on a generic line L a general 
set of n points, i. e. the dimension of the series cut out by the curves of the 
system (f) on 1 is exactly n. 


(b). Those curves of (f) which intersect the line 1 in m given points 
still form an irreducible continuous system. 


Under those conditions it can be proved that the fundamental group of 
the general curve of the system (f) is necessarily cyclic of order n. 


Indeed, by hypothesis (a), we can assign in advance arbitrary paths for 
the intersections b; (i= 1, 2,: +, n) of the variable curve f of (f) with 
the line } We start with the intersections b:° of the original curve fo with J, 
and we consider an arbitrary set of paths which carries the set of points b;? 
into its original position, the points b;? being possibly permuted. The con- 
tinuous succession of the intermediate positions of the variable curve f, de- 
termined (to within a certain degree of freedom, which can be eliminated 
by putting further linear conditions on the coefficients of f) by the intermediate 
positions of the points 6;, may carry us possibly to a curve fo, different from 
the original curve f. But if hypothesis (b) holds, then it is possible to 


/ 
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carry f, into fo, keeping the intersections b;° fixed. In conclusion, we have 
that it is always possible to find a cyclic variation of the curve f, starting 
from fo, such that when f returns to its initial position f; the points b; have 
traversed an arbitrary set of paths, given in advance. Since the most general 
transformation of the loops gs can be obtained by letting the set of points b, 
move along conveniently chosen paths, which carry the set back to its original 
position, we deduce that if $(gi, gs," ' ^, ga) — 1 is a generating relation, 
then any transformation of the loops can be applied to $ in order to obtain 
a new generating relation. 

Let us take in particular an elementary generating relation gı = gs, 
corresponding to a tangent line to the curve fo, and let us consider the fol- 
lowing elementary transformation T; (i= 1, 2,- - -, n — 1) of the loops: 


(9) Tii gë = Jin; Qin =i tggi; gii (4561 ὁ -- 1). 


The transformation T; is obtained by interchanging b;? and b'in along 
conveniently chosen paths (see Fig. 1, sec. 4). The transformation T}, ap- 
plied to the relation gı = ge, leads to the relation g, == gẹ If we apply to 
this relation the transformation Τε, we obtain g;— g,. By applying succes- 
sively the transformations T';, we-obtain 


p= g= = Im 


Hence the group G is cyclic, and due to relation (3) it is necessarily of order 
n, q. e. d. 


Hence, we have the following theorem: 


THEOREM 6. If the general curve of an irreducible complete continuous 
system {f} possesses a non-cyclic fundamental group, then at least one of the 
following two conditions must be satisfied: (a) either the curves of the system 
cut out on a generic line special sets of n points (for which, say, some ine 
variant vanishes), (b) or the subsystem of curves of {f}, which pass through 
n given points on a line, breaks up into several irreducible continuous systems. 


Thus the study of the series of sets of points cut out by the curves of (f) 
on a generic line of the plane, is of prime importance for the determination 
of the fundamental group of the general curve f of the system. In several 
cases which we study below, the knowledge of this series leads directly to 
the determination of the group. 
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ΤΠ. Investigation of Some Important Particular Cases. 


T. The fundamental group of a curve possessing ordinary double points 
only. In this section we prove the following theorem: 


Τπεοπεμ 7. The fundamental group of an irreducible curve f of order 
n, possessing ordinary double points only, is cyclic of order n. 


First we consider separately the case in which the curve f has no singu- 
larities at all. Since two curves of the same order and without singularities 
are isotopic and hence have one and the same fundamental group, it is enough 
to prove the theorem for some special curve of order π. We consider a curve 
of.order n, which possesses a flex of order n — 2, at which the « intersections 
of the flex tangent with the curve coincide. For instance, we may consider 
the curve 


y= (@+1)*—1, 


which has no singularities at all, and which possesses a flex of order m — 2 
at the origin. 

The development of y in the neighborhood of «= 0 starts with the term 
(ασ) μα, Tt follows that when x traverses in its plane a small circle of center 
$—0, the n values of y: γι, Y= yi: PTY, Yg = γε" TUN «yum. uo eonim, 
move along a simple closed curve C 
surrounding the point y — 0, and that 
the argument of each y; is increased 
by 2z/n. We start with the ‘initial 
value z==— 1, and we construct in 
the y-plane a set of loops 6, in the 
way indicated by the figure 2 (the 
point O, being the point at infinity, 
must be taken outside the curve C). 
(Fig. 2.) When z moves along the 
circle | z | —1 in the positive direction 
and comes back to the initial value 
$:—-——1 the loops g; are transformed 
as follows: 





Fra. 2 


gi! == 01; Gs 949337753 J'n- = Jn; 
Gn = Qu igna ^" * © 92749192" * * Qni 
It follows immediately that 
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Ji = G2 =S Ys =: = δη 


hence the group G is cyclic. Relation (3) shows that it is cyclic of order n. 

Since the preceding proof is based exclusively upon the fact that the 
general curve of order n can acquire a flex of order » — 2 at a simple point 
of the curve, it applies to every irreducible curve possessing this property, 
no matter what are the singularities of the curve. It is even sufficient.io 
know that a given curve possesses (or can acquire, by varying in a continuous 
system) a flex of order n — 3, in order to deduce that its fundamental group 
is cyclic of order n. Indeed, if a curve f possesses a flex of order m — 3, 
at which n — 1 intersections with the tangent coincide, then, by exactly the 
same reasoning as above, we can show that the corresponding n — 1 generators 
fo Joy’ ^7, faa are equal. Relation (3) shows that gn == g; "-?, hence the 
group is cyclic. By theorem 8, sec. 3, it follows then that the order of tho 
group G is n. If the curve f itself does not possess a flex of order n — 3, 
but if it can be deformed into a curve f possessing a flex of this order, then, 
since the fundamental group of f is cyclic of order n, we deduce, by theorem 5, 
sec, 5, that the group G of f is also cyclic of order n. Applying this result 
io eurves of order 3 and 4 we have the following theorem: 


THEOREM 8. The fundamental group of any irreducible cubic or quartic 
curve is cyclic of order 3 and 4 respectively, with the only exception of the 
three-cuspidal quartic curve. 


The three-cuspidal quartic does not possess flexes, and in fact its funda- 
mental group is not cyclic, as we will show later. 
To prove the theorem 7, we prove first the following lemma: 


Lemma. The fundamental group of n lines in arbitrary position is 
abelian. 

Let Li, La, ++, Ln be n lines in arbitrary position. Let be: A the 
intersection of L, and L, J a line through a fixed point O, very near to the 
line OA, and b; the intersection of L; and 7. When / tends to the line OA, 
the two intersections b, and b; tend to coincide at the double point A of 
the curve L= Lı + La +'''++H L4. Hence in 7 a set of generators 
Jis 25''', gn can be constructed, such that the following relation holds: 


(10) 9192 = J291 


Now, let the curve L vary and come back to its initial position, the lines Li 
being possibly permuted. Since the L;'s are arbitrary lines, we may arrange 
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the variation in such a way that the intersections b; with the fixed line } 
shall follow arbitrarily prescribed paths. Hence (see sec. 6) any trans- 
formation of the loops, if applied to (10), will lead to a true relation. We 
apply successively the transformations Τη, defined by the formulas (9) of 
sec. 6, and we obtain: 


(11) 9192 = J291; Ysa = 48013 στ fign = Gn. 


Transforming each of the relations (11) by Τι we obtain: 


(12) J291 = $102; 929s = 05025 "5 929n — ng». 


Transforming each of the relations (12) by T we obtain: 


9391 = 91935 9392 — 02035 ^ ^ ^ 5 sn = ns. 


Transforming successively by Τε, Ts,: ++, Ina, we deduce that any two 
generators are permutable, and hence that the group G is abelian. 

Now let f be an irreducible curve of order n with ordinary double points 
only. The continuous system (f), in this ease uniquely determined (see foot- 
note on p. 313), contains in particular curves which degenerate into n arbitrary 
lines. Now, if f, varying continuously, degenerates into n lines, then the 
fundamental group becomes abelian, by the Lemma proved above. But in 
this case, the group G must originally have been abelian, since by theorem 5, 
sac, 5, the generating relations of the group of the limit curve (in this case: 
gig; = g;gi) hold also for the generators of the group of the variable curve. 
Hence the fundamental group of f is abelian, and by the theorem 3 sec. 3 
it is then necessarily the cyclic group of order m. 

The previous considerations are applicable without modification to a 
reducible curve f of order n, which breaks up into s simple irreducible curves 
fi. fe’ - + fs, possessing ordinary double points only and having simple mutual 
intersections only. It is still possible to let f degenerate into n lines, and 
hence the fundamental group of f is still abelian. But it is not cyclic any 
more. Let n; be the order of f; (n == n4 + m +: - : 4- s), and let g-,@ 


* This follows from a noted principle, announced by F. Enriques in 1904, “ Sulla 
proprietà caratteristica delle superficie algebriche irregolari,” Rendiconto delle sessioni 
della R. Accademia delle Science dell’Instituto di Bologna, nuova serie, Vol. 9 (1904- 
1905), pp. 5-13, and completed later by F. Severi, Vorlesungen über algebraische 
Geometrie: Anhang E, No. 7. Leipzig, Teubner, 1921. In that part which interests 
us, this principle says that: a reducible curve of order n, composed of s simple irre- 
ducible curves of genus D, D, - * +» Pg respectively, can always be considered as the 
limit of am irreducible curve of the same order n and of genus p, provided that 
p= Σρι. In our case each p, is — 0, hence the general irreducible curve of given 
genus p and order n can always be degenerated into n lines. 
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(£—1,2,:::,8; Ti 1, ὃ, ' -, ni) be a set of non-intersecting loops, the 
loops g,?, g,9,- * `, Jn,‘ corresponding to the intersections of the compo- 
nent f; with a fixed line |. The curve f;, being irreducible, it follows (theorem 
1, sec. 3) that the generators g,,‘”, ἡ being fixed, are conjugate elements of 
the group G, and since G is abelian, it follows that 


gP = g, 9 = = gn. (i—1,8,: --;9). 


Thus the group (1 is generated by s generators gi, gs" °°, ge, Where gi = 
φις) = gu o gu. Relation (3) becomes in this case 


(13) gig," x J = 1. 


Hence we have the theorem: 


THEOREM 9. The fundamental group of a reducible curve f, possessing 
ordinary double points only and composed of s irreducible curves Τι, fa,‘ * s fo 
of orders τη, Πο," * `, n, respectively, is abelian, and is generated by s genera- 
lors σι, Jos’ * * , ga, connected by one generating relation (13). 


By introducing a new set of generators the relation (18) can be simplified 
as follows: It is always possible * to reduce the matrix 


| my, s y Ne |l 
to its normal form: 
lé ον: :,0], 


where ¢ is the H. C. F. of m, n: * +, ns, by a unimodular linear integral 
transformation of the generators. For the new set of generators, which we 
still denote by gi, the relation (18) becomes simply: 


gi! = 1. 


It is thus seen that G is an abelian group, generated by s — 1 independent 
elements and by one element of order t. 

Corollary: The monodromie group of an algebraic function 2 constructed 
upon f as branch curve must be abelian and must be generated by one substitu- 
tion of order ¢ (or a divisor of 7) and by s—1 other arbitrary substitutions. 
The order of the function z can be arbitrarily great, except when s == 1, 


8. The fundamental group of the branch curve of the general cubia 


surface. 


* Frobenius, “Theorie der linearen Formen," Journal für Mathematik, Vol. 86 
(1879). 
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Let 
(14) F(x, ψ, α)--0 


be the equation of the cubic surface. The branch curve f of the function z is a 
sextic with 6 cusps on a conic, the equation of which has the following form: 


(15) f(z, y)= p (ο, y) + $57 (v, y)= 0, 


where ¢, = 0 and ¢, — 0 represent a conic and a cubic curve respectively. By 
letting p, and ¢, vary, we obtain a continuous system (f), co!5, of sextic 
curves, possessing 6 cusps on a conie. The condition that a plane sextie curve 
should possess a cusp in non-assigned position is expressed by two relations 
between the coefficients of the curve. If we admit, that the 12 relations, 
which express the condition that a sextic curve should possess 6 cusps in non- 
assigned position, are independent, then it follows that these sextic curves form 
a system co!5, The above system (f) is hence complete. But the curves of this 
system possess 6 cusps in particular position: they lie on a conic. Hence it 
seems that there must exist a second continuous system, also co!5, of sextics 
having 6 cusps not on a conic, since it is highly improbable that 6 cusps of 
an irreducible sextic must lie on a conic. 

We have raised this question (quite unessential for the further investiga- 
tion) only because of the opportunity which it offers to raise and solve 
another important question, concerning the fundamental groups of two curves 
having the same singularities. Let us suppose that there exist two complete 
continuous systems, both οο15, of sexties possessing 6 cusps. Then the ques- 
tion arises, whether the fundamental group of a sextic f whose 6 cusps are on 
a conic, is the same as the fundamental group of a sextic y, whose 6 cusps 
are not on a conic. They would be the same, of course, if it were possible to 
pass from f to y by an isotopic deformation. But such a deformation is 
impossible, at least in the algebraic field, i.e. if the intermediate positions 
of the deformed curve are algebraic curves. In fact, to pass from f to y it is 
necessary to pass through a curve f( = V) common to both systems (fj and 
{y}. If the deformation is isotopic, then f must not possess new acquired 
singularities. This is impossible, since it can be easily proved that a sextic 
with only 6 cusps cannot belong to both systems (f) and (y). 

Now, to cut short the discussion, we prove that the fundamental groups 
of the above two types of sextics are necessarily distinct (non-isomorphic). 

In fact, let us suppose for a moment that the fundamental group of the 
sexiie y is the same as the fundamental group of f. Under this hypothesis, 
any set of generating substitutions of the monodromie group of an algebraic 
function z, possessing f as branch curve, will also correspond to an actual 
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function Z, of the same order as z, having y as branch curve. In par- 
ticular, since f is the branch curve of a three-valued function, defined by 
equation (14), it is possible to construct a three-valued function Z, defined by 
an equation of the third degree in Z, 


(16) F(z,y, 2) —0, 


and possessing y as simple branch curve. The surface F possesses a net of 
elliptic curves C, cut out by the planes ασ + By -+ y —0. Hence, by a well 
known theorem of Castelnuovo-Enriques,* # is a rational surface or a ruled 
surface. Now, # cannot be a ruled surface of genus p > 0, because it must 
be a regular surface. Indeed, the irregularity of an algebraic surface depends 
upon the following elements only: the order of the branch curve, its funda- 
mental group and the assigned substitutions. These elements are the same 
for the surface F as for the cubic surface F. Since F is regular, it follows 
that F is also regular, hence rational. By another well-known theorem on the 
reduction of complete linear systems of elliptic plane curves,} it is possible 
to transform birationally the rational surface P into a plane in such a way, 
that the curves C of the above net (which is of the degree 3) be transformed 
into cubics through 6 points. By mapping the plane on a cubic surface 


F(a’, y, go) 0, 


whose co? plane sections correspond to the oo? eubies through the above 6 
points, we will have a birational correspondence between the two surfaces F 
and P which transforms the plane sections 


as + By + y= 0 


of F into the plane sections of F, cut out by the planes through a point, which 
we may suppose to be the planes 


α΄ + Bly! 4- y — 0. 


It follows that the branch sextic y of the function Z is transformed by a 
collineation into the branch sextic f of the function z’, which is impossible, 
since the 6 cusps of f lie on a conic. 








Σα. Gastelnuovo and F. Enriques, “Sopra aleune questioni fondamentali nella 
teoria delle superficie algebriche,” Annali di Matematica pura ed applicata, Vol. 6 
(series 3), 1900, sec. 17. 

t See, for instance, F. Enriques and O. Chisini, Lezioni sulla teoria geometrica 
delle equazioni e delle funzioni algebriche, Vol. III, p. 195 (Bologna, N. Zanichelli). 
Freneh edition (quoted above), Chap. II, p. 281. 
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Thus we see, that the fundamental groups of two curves having the same 
order and the same singularities may well be distinct, provided they belong to 
two distinct complete continuous systems. 

We pass now to the determination of the fundamental group of the 
sextic f, given by the equation (15). 

The set T, of the intersections of f with an arbitrary line, say with the 
line y = 0, is given by the roots of the polynomial 


Γο(0)5- f(a, 0) — $25 (x, 0) + p? (2, 0). 


If we assign the set I', and if we look for the sextic curves f which pass 
through Τα, we are led in the first place to the problem of representing a given 
polynomial f, of 6th degree as a sum of a square and a cube. This problem 
was treated by Clebsch,* who showed its connection with the problem of the 
trisection of the periods in the case of the hyperelliptic curve of genus 2 


y* = fo (2). 


Clebsch proves that every polynomial f, admits 40 different representations 
of the above type, and that each of the 40 representations corresponds to two 
third-period characteristics (e), (— e)a. From this it follows that: 1) there 
always exist an infinite number of irreducible sextic curves f in the continuous 
system (f), which pass through a given Το on the line y = 0, and that in 
assigning T, we only fix the intersections of the variable conie $, and cubic ϕῃ 
with y — 0; 2) since the intersections of $, and ¢, with y = 0, when Τη 
is given, can be determined in 40 different ways, the sextic curves f which 
pass through T, belong to 40 distinct continuous systems. Thus hypothesis 
&) of sec. 6 holds in this case, while hypothesis b) does not hold. 

The 40 above continuous systems are correlated to the 40 above mentioned 
pairs of period-characteristics. It is clear that, if we start with a given sextic 
curve f, belonging to one of these systems, and let f vary in {f}, until we come 
back to a curve f belonging to the same system, while T, returns to its initial 
position, then the transformation of the periods, produced by this cyclic varia- 
tion of the set I',, must leave invariant the pair of the corresponding period- 
characteristics. Conversely it is evident that any circulation of the Το which 
leaves invariant a given pair (e) and (— €); of period-characteristics will 
always carry a curve f of the corresponding system into a curve f of the same 
system, and then f can be carried into f by keeping the Το fixed. We conclude 
that it is permissible to transform any generating relation of the fundamental 


* Zur Theorie der binüren Formen sechster Ordnung, 1869. 
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¿coap of f by those and only those transformations of the loops yi (i £. 
(0,6), which leave invariant the corresponding pair of period-charasteri ι 
We write below the formulas for the loop transformations anl ιυ 
t responding transformations of the period-characteristics in the hype vl 
«we of any genus p: 
i) y^ == (€ — 01) (2 — a2) * © * ($— lape). 
1;t L be a simple closed curve passing through the points ai, and let 0 λυ 


joint inside the region Q bounded by L. We construct a set of non-int. ~ 
1 ng loops gi = Vai, meeting L at the respective points a; alone. As in s tu 


4. we denote by Τι that transformation of the loops which arises when 
curried into @j,, along a path situated in the interior of 0) and a, 1 1s cenon 
isto a; along a path situated in the exterior of Q. Then, for i — 1.2, 


2:--1, we have: 
Ti :g'i—gia J in = Gi gi in; (i= gi GAL t+ 1). 

e .onstruct the two-sheeted Riemann surface R of the curve (15) by 10 
tco sheets along the p- 1 cuts: 8385; 30:57 7 7; apa (35.5, made alon 
corresponding ares of the curve L. We fix then a set of 2p circuits b, 9, 
( = 1,2, <, p) in the uwal manner: let b; be a cireiit in the upper 6^ 
surrounding the cut a,,,a.; alone, and let a; be a circuit which crosse 
ats Gyj-4M2is Gap Apa alone. Then, on R, 


e 


(18) bi = Jai-1 — gai 5 Qi = Jot — Geist + zia —  * + Jep — Jomi 
Let 

|| 0,0, -» 0, wi, Otte 0; Gyr, Qjo’ + αῃ |j, ai; = an, 
te the normalized period matrix defined by the chosen set of circuits b; m d { 
Let ga. got cc, gas ειν has cc, hp” be the elements of a period characte -ist τ 
(734). We denote by R: and Q: the transformation of the circuits hi, e; m . 
ie transformation of the characteristic (g; h) respectively, which are involvi 
ty the transformation T; of the loops. We have then, by means of tho Lor ws 
(18), the following formulas for the transformations R;: 


Roa: (ἐν = br, (E—1,2,- 3 p); 
(—12,::5,p la'—a—b; a = ar (i £ i). 
Bs: bi = b; F li — lin; bina = bi — Gi = a; 
δι = be (kii Ἱ, 


C= 1,2, p—1) αν = αν, (k=1,2, +, p). 


* The reader will not confuse the elements g of the characteristic with the oc 
e'ators g of the fundamental group. 
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by = bp + ap; D'r = by, (kA p); 
Rap: 
αι == lk; (4=21,2,° ++, p). 


by = bg; 
Ropa: i 
ak = Op — bı — bg — ` + > — bg. (k =1,2 t; 2)- 


Consequently, the corresponding transformations Q; of the period-character- 
istics are: * 


Qaii: Ge = (k—1,2,;::,p); 
(t= 1,2,- , p) .... hy = hy, (be x42). 
Qoi: ( σε = git hi — hin; Jin = gin — lu + ha 
(t= 1, 2,°++, p—1) ας, (k==1,2,° °°, ο. αὐ. 
ἪΝ HORROR gu = gu, (k^ p); 
hi! = hr, (k-—1,2,*--, p). 


gx = Jui (k=1,2, +, p). 
Qopa: 
hy! = hr — 91 — Ja —* ` *— d» 


We start with a generating relation corresponding to a simple tangent to the 
sextic curve f. This relation establishes the equality between two generators, 
and we may suppose that the equal generators are g, and gz: 


(19) 91 = 02. 


Moreover it is unessential with what period-characteristic we start. We may 
suppose that the curve f corresponds to the characteristic: 


(20) (0, 0; 1/8, 1/3). 


However, it must be pointed out explicitly that the generating relation 
(19) implies that the points a, and a; can be interchanged by means of the 
transformation Τι. Hence a condition upon the characteristic is introduced, 
namely, that it be invariant under Qı. The above chosen characteristic (20) 
satisfies this condition. 

The characteristic (20) is left invariant by the transformations Qs», Qs 


2 See A. Krazer, Lehrbuch der Thetafunktionen, Leipzig, Teubner, 1903. 
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tod Q,. Transforming the s ion (19) by the transformation T, aad “η 
΄ Ts we obtain 


Y 7982 — fa fee 


Since the cube of Q, leaves any characteristic invariant modulo 3, we t >» 
rm the relation gı = gs hy the cube of Ta and we obtain the following «d. 
ion: 


(21) fhigsfja = sits 
l'mally we transform the last relation by T, and we obtain 


(22) 919 691 = Gofile. 


The relation gig» * * ^ Ye = 1 becomes in this case 


J gge — 1. 


Lence gs τς 917. and substituting in (22), we obtain, bv making u >. 
(21) after simple transformations, the following relation: 


(23) (419591)? = 1. 
see, by (21) 
19501 + ψιθ59ι = PJs» I5919s = (0:195), 
Ἡ follows that 
(24) (9:95)? = 1. 


l ence (23) and (21) are the generating relations of the group (7, αι 
£ uerated by the two elements g, and gs We may take 4 = 9igsa, (77; 4 
) new generators, and we can state our result as follows: 


The fundamental group of a sextic curve f possessing G cusps oe n (n 
(ranch curve of the general cubic surface) is generated by two elemen s+ 
o ders 2 and 3 respectively. 


9. The fundamental group of the three-cuspidal quartic. Ut the cat 
sı rface, considered above, acquires a double line, then the branch semie cin 
degenerates into a line A; = 0 counted twice and into a three-cuspidal qua. tic 


(35 fale, y) — 0. 


Toe last one is of special interest, inasmuch as it is the irreducible curv o 


a 


1owest order, whose fundamental group is not cyclic (see Theorem 8. see, i 
The set T; of 6 points on the a-axis is made up in this case of a dow yh 


11 
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point, say z= é, and of 4 simple points—intersections of y ==0 with the 
quartic (25). We have then 


(26) f(a, 0) — fa(a, 0) (x — €)? = $23 (x, 0)+ &:* (, 0). 


Here, in general, i. e. for an arbitrary choice of the line y == 0, $s(z, 0) and 
φεία, 0) do not contain c — é as a factor. Indeed, in the contrary ease it 
would follow that the conie ¢2 and the cubic φε degenerate into the line X, 
and into residual components. The equation of the quartic curve (25) would 
be in this case 


Au? + λ27 = 0, 


where μι = 0 is a line and A = 0 is a conic. But this equation represents a 
quartic with two cusps only.* We will call the representation (26) non- 
degenerate, if x — € is not a factor of φο(α, 0) and φείᾳ,θ). It can be easily 
proved in a manner similar to that adopted by Clebsch for the general case, 
that if f4(v,0) is given, then é may be taken arbitrarily, and once é is fixed, 
the problem of finding the non-degenerate representation (26) is connected 
with the problem of the trisection of the periods in the case of the elliptic 
curve 


y = fa(z, 0). 


There exist namely 4 different non-degenerate representations of the poly- 
nomial (0, 0) (z — £)? as a sum of a square and a cube, each representa- 
tion corresponding to two third-period characteristics (e)a, (— e)a. 

We deduce that the three-cuspidal quartics which pass through 4 given 
points on a line belong to 4 different continuous systems. As in the preceding 
section we find the fundamental group of the quartie by starting from the 
relation gı = gs, and by transforming it by those transformations of the loops 
which leave a conveniently chosen characteristic invariant, say the character- 
istie (0; 1/3). We obtain thus the following generating relations: 


(a) fi: 

(b) 919391 3019s; 
(ο) 919.491 == 491943 
(d) - fi gags — 1. 


* The statement in the text can be proved also by observing that if the eubie 
surface possesses a double line, the polar plane of a generic point of the space does 
not pass through the double line. 
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vustituting in (e) the eapression of g, determined by (d), we «η! 


ν 


fhffathgs giga = 1, 
. Ad. by (b), this relation becomes 


(6) 
Ve have 


gigs 1. 


(93) == 939i" falla = 9193917 Gog = Gr", 
aul morcover, 
(gigs)? == 739193 ffagüifja = 93°. 
er ον qu = gu) and, by (ο). gi! == ga! = 1. 
Ve find the following complete set of generating relations: 
p? = οὖν θι'--1; (Py)? == gè 
“he group detived by the relations (27) is ἡ finile group of order 12. 1 


somorphic with the regular transitive group of degree 12, gencrat.d i 
owing substitutions: 


οκ] δὲ 9 (σισηταΖι) (45262225) (29210211212) 3 


Sy T= (2,2322) (232921211) (2192212). 


The problem of finding all types of algebraic functions which e» 
onstructed upon the three-cuspidal quartic as branch curve, is equival +4 
he problem of finding all transitive groups of substitutions, which ean 
D 


sine the abstract group (7 is of order 12, we may have, as possible uror 
substitutions, outside the regular group of degree 
woups of degrees 6, 1, 3 and 2. 


tenerated by two substitutions s and s, satisfying the above relations i 


12, meutioned oho. 


Tt is easily shown that the oniy nos 
soup of degree { is here the cyclic group, generated by the sulstitatia 


δι = η = (21222421). 


Nu πα a transitive regular group of degree 6, in a (2. 1) isomorph -u 
he abstract group (ri by putting: 


, 320) 8$ c (Gut un um) : 83 == (2123) (2225) (ἄνει ). 


Fn ally we obtuiu the total group of degree 3, by putting 
30) 


δι 5 (2122), Sg (2125). 
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Hence, we have the following theorem: 


Excluding the obvious cases of the four-valued and of the two-valued func- 
tions possessing a cyclic monodromie group, there are only three types of 
birationally distinct irreducible algebraic functions, which admit the three 
cuspidal quartic as branch curve, one of order 3 (and this gives rise to the 
cubic surface with a double line), one of order 6 (which is defined by the 
resolvent of the cubic equation in the previous case), and finally one of 
order 12. The monodromie group of each of these functions is generated by 
two substitutions, indicated by the formulas (30), (29) and (28) respectively. 
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X Class of Polynomials and Rational Functio 3s 
in Four Variables. 
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5 ο η, Let (w, m, y, 2} be the coordinates ot ^ho cas... i. 
» d. 


1) 4Ξξ w+ ù -+ jy tkz 

wi, P, d, y. z «re independent variables, real or compiex, and het v 
‘oor. These is a quaternion; let its coordinates he (Wa V, 

ΠΝ 

3] Ty, — Tu (wi. 2, y, 2) (T—W,X,Y,Z). 

m 10, T, ds a homogeneous polynomial of degree m in W, s, i + 
Sap integer 7 7 0, we shall see that 


3) Wes Wi N”, Ta = — TN? ο OE 
v acre V is the 1.0rm of g, 

(1,4) N= N (w, r, Y, 2) =w H r La 02 

Ne W H Λο} Vn? + 2.75 


cad hence, if « 0, T4,(T = W, V, Y, Z) is a rational function of d 
» and homogeneous. Thus T, in all cases is homogeneous of degre: 
\ nere m is an integer = 0. 

~ 
We shall sec also that 
(1.9) Tmi- Χαμ + NT = 0 (T=W,X Y,2 


Cav all integers wm. Let S be the tensor of q; then 


Lt) S= S(w, m, y2) ez? - y^ +2. te 
Let a, B, : 

T) a—a(wmyz) β-εβίω,α, γ,α) 

Ἐν the roots of ο 

ΕΙ. δ) & — 2w0 + N — 0. 

"hon we may take 

(1,9) = w + iS, B= w— iS*, 
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where 4 is the imaginary unit of algebra [there can be no confusion between 
this and ἡ as in (1.1)], and any solution of (1.5) is of the form 


(1.10) n= aa^ -|- bg" (n—0, 21, +2), 


where a, b are arbitrary constants. The particular pair Un, Vn of solutions 


(1. 11) U,= (a^ — 8") / (a — B), Vn == a" + f", 


whose initial values are (Uo, Ui) = (0, 1), (Vo, Vi) = (2, 2w), will be 
required, as in terms of them the Tn are simply expressible. The Un, Vn 
are t^e v.e] known “singly periodic numerical functions” of E. Lucas,” for 
the parameter (2w, N) ; that is, his P, Q are our 2w, N respectively. From 
(1. 8), (1. 11) we have 


(1.12) n= — Na Nn, Vin= Va/N", 


for all integers n. When necessary we shall indicate the variables w, æ, y, z, 
of which Un, Vn are functions, by writing 


(1. 19) Tr=T,(w, 2, y, 2) (T =U, V). 


The polynomials and rational functions defined in (1.2) are those to be 
discussed. They have many interesting properties. Thus, their close con- 
nection with the Lucas functions for the parameter (2w, N) enables us to 
transfer directly a great part of Lucas’ theory to the Ta. Again, the Tm, 
m > 0, are Appell polynomials in w, but not in v, y, or z; with respect to a 
properly chosen argument they can be exhibited as Tehebycheff polynomials; 
they are resolvable, in an elegant way, into factors of the first degree; with 
respect to w, v, y, z the Τη (n = 0) are solutions of an interesting set of self- 


adjoint linear differential equations of the second order. When N 1, there 
is an isomorphism hetween the algebraic properties of the Ta (T-—W, X, Y, Z) 
and the o, ¢, p of Weierstrass. 

There is an immediate generalization of the Τη, obtained by replacing 
n in (1.11) by a real or complex variable. Practically all of the algebra 
developed here for the T', goes over with but slight changes, if any, to the 
generalization; but as the complete development requires a revision of certain 
parts of Lucas' theory, we shall defer diseussion of it to another occasion, 
and restrict m in (1.2) to be an integer. A similar generalization is ob- 
viously feasible from the differential equations for the polynomials, precisely 
as in passing from the Bessel coefficients to the Bessel functions. 





* American Journal of Mathematics, Vol. 1 (1878), pp. 184, 289. 
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9. The T, (T — W,.Y, Y, Z). Throughout this section n ix an mt ‘sr 
= 0 and q, q’ are quaternions. Let the coordinates of g. η΄ be (i, 7, y. ; 
C7. n, y’, 2”) respectively. and let the coordinates of qq be (W, A. Y. Ζι 








"T yen 

W e ww’ — rr’ — yy — 22’, 
-— X = wel + xu’ + yz — zy. 
UO) 


Y = wy + yu’ 4 zr — zz. 
Z — wz' + zu' + zy' — yr. 
t.t the coordinates of ο: be (Wa, Xn, Yn, Ze). Then, multiplicatior ο 
5 cternions being associative, g*q = qq” = q""!, and hence, by (2.1). wes v 

















aa zY,-— yZ, = TZ, — 2X n = YXn — TY n = 0, 


Was = wWna— TÀ, — yln = 22η. 


, Δ». = Ws + wily, j 
i Fra = yW» . + wl, ; 
ὅπη 7 £Wa + wZs. 


From (2. 2), (2. 3), by a short calculation which need not be repro 11: > 
S. have 
"* Ὁ Των -2wT,4 H NT, —0 (T=W, X,Y,Z) 


vd from (δ, η, we see that the pairs of initial values which, with (3 '' 
» opletely define the T, for n = 0, 1, 2,- * +, are 
ἐν 3) 

(Wy, Wi)2- (1, w), (Xo X1) = (0.2). 

(Yo Y1)—(0, y). (Zo £1) —(0. 2). 


a? 


Í. is clear that T^, is a homogeneous polynomial of degree n 13 w, 7, 4 
Denote the reciprocal of g by gt, so that qg! = q ig = 1. 





12.6) πλω gh a) tqq rest 

iit the coordinates of q7! be (w, 2, y’, 2’). Then 

Qi) Qt, z^, y, 2’) == (w/N, —2/N, —y/N, —2/X). 
Iss ine the Taz Tale, t, yz) by 

(2.8) (Ft op OX wih Ες: 


1 1sely, the coordinates of (q71)? —are (Won, Vn, F-n, Z-a). Write 


(2.9) T. m T (u^, a, y. αὟ CPW x52. 
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Then T,’ == T-n, or in full, 


(2. 10) T'.(w/N, — «/N, — y/N,-—z/N) = T (w, £, y, 2). 
From (2.6) we readily infer by (2.1) that 
(2. 11) Wan = W,/N*, T-n == —- Tn/ N” (T=X, Y, Z). 


Solving (2.11) for Wn, Τα, we see that the result could be obtained by. 
changing the sign of n in (2.11). Hence the theorem (1.3) is proved. 

The theorem (1.5) follows at once from (1.3) and (2.4). 

By (1.3) we may remove from the integer » in (2.2) the restriction 
that it be 2 0; n in (2.2) is therefore now any integer. Similarly for 
(2.3) and (2.4). 

Hence finally the integer »20 in all formulas concerning T, 
(T — W, X, Y, Z) in this section can be replaced by the integer m = 0. 


8. The functions Un, Vn (nzz0). As already defined in (1.11), 
< 


(1.13), Un, Vn are the Lucas functions for the parameter (2w, Ν). If now 
Θα (n= 0, 1, 2,- - -) is any solution of 


(3. 1) @ns2 — 2100544 + NO, = 0, 


we can express ©, as a linear homogeneous function of the linearly inde- 
pendent solutions of Un, Vn. We find 


(3.2) 6, = (8, — WO) Un + 159. V.. 
Hence, by (2.5), we have 
(8. 9) Wr=YVn, Xn=2Un, Yn = yn, Zn = 2Un, 


for all integers n. 

Thus in any formula or theorem concerning the Lucas functions Un, Vn for 
the parameter (2w, N), we may replace Un by any one of X,/z, Ys/y, Zn/2, 
and V, by 2W,, to obtain a formula or theorem for the Tn (T = V, X, Y, Z). 

From (1.2), (1.6), (1.7) we have the following parity properties of 
the functions α, B, Un, Va, 


a(—w, z, y, 2) =— B(w, t, 4,2), 
(3.4) a(w, — z,— y, -—2) = α(ω, α, ἡ, 2), 
B(w, — &,— y, —2) = B(w,2, y, 2); 


Un(— w, z, y, 2) = (—1)*20 2 (w, £, y, 2), 
Ya(— w,2,9,2) = (— 1)"Y.(w,v,y,z) ; 
U,(w, — t£, —4,— 2) = U,(w, T, Y, z), 
Valw, — z, — Y, —2) = Valu, £, 9,2) ; 


(3.5) 
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and therefore by (3.3), 


Ws (— w, £, 4,2) = (— 1)" Wa(w, T, y, 2), 


3.6 
(298) Ws (w, — z, — 4, — z) = Wa (w, z,y, 2) ; 


Ts (—1w,2, y, 5) = (—1)"1Ts(w, α, y, z), 
(3. T) Ta (w, — T, — y, — 2) =— Tw, T, Y, 2), 
(T=X, Y, Z). 


4. Emplicit Forms, Let n be an integer = 0, and define 


(4. 1) n= ós(w v, y, 2), Yn = Vs (W, T, Y, 2) 
by 

(4.2) Qon = Yonn = 0, Pon = Yon = (— S)", 
where § is as in (1.6). Then, from (1.11), (1.9) we have 
(4.3) Un = (w+ 6)", Vn = 2(w + 4)”; 
and therefore, by (3.3), 

(4.4) Wa (w+yy% Χν--σίω 9) 


Yn=y(w-+ φ)”, Zn — z(w + ϕφ)', 


in which, after expansion by the binomial theorem J^, $^ (r-50,-: *, n) 
are to be replaced by ψ,, ¢r respectively, as always in the symbolic or umbral 
calculus. Together, (4.4) and (1.3) give the explicit forms of the T. 
for all integers m. 

Following Lucas (loc. cit., p. 189), we can express Un, Vn in terms cf 
circular or hyperbolic functions of an appropriate argument. Principel 
determinations of all irrationals are to be understood. We find 


— iS 
Un = (ΑΛ 3/8) sin { ni log ( 2 ) , 


uS 
V, = 2N% cos { ni tog ( ote yt. 


From (3.3) we may write down by (4.5) the trigonometric forms of the 
Ta. It is unnecessary to transcribe them. The above have been reduced. 
By means of the following, equivalent to (4.5) and its consequences, th: 
whole of trigonometry can be transposed to relations between the Tn. Write 


(4. 6) Aem A (w, v, 1,2) = (4/2) log (α/β). 


(4. 5) 





'Then, from (4.5) we have 


(4. T) sin nA == — (S/N*)* Un, cos mA = YN Va; 
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(4. 8) sin nà == — (S/N")** - T,/t, cos nA = (1/N")* Wn, 
(T,t) = (X, x), (Y,y), (2,2). 


As in previous sections it follows at once that the restriction n = 0 
can be removed from (4.5)-(4.8), and that these results are valid for all 
integers n. 

The connection with Tchebycheff polynomials is now evident. As we 
have already used T', U, the customary letters for these polynomials, we shall 
define the Tchebycheff polynomials L,(u), M;(u), first for n an integer 
= 0, (L, M here replace T, U in the usual notation) by 





(4.9) cos A zs t, Dn (ut) = cos nA, sin A = (1— u?)'5, 
1 d sin (n+ 1)A 
HR ER CI qu ασ ua 3 


so that Zm(u) is a polynomial of degree m in u in which the coefficient of 
wu? is 2"-1, and Mm(w) is a polynomial of degree m in u, with leading coeff- 
cient 2" (m:—1,2,: : :). From (4. 7)-(4. 9) we have 


(4. 10) Tarn == — t [N"*19-1(1 — u?)]* Ma (u), 
(T, t) = (U, 1), (X, 2), (Y,y), (Z, z); 
(4. 11) Τη = UNDA (wu), (T, t) = (7,9), (W,1), 


which, so far, have been proved only for n == 0, 1,’ - +. But, taking in (4. 9) 
only the second form of the definition of Ma (u), we see that the definitions, 


(4. 12) Ls (u) = Las(u), AM s (u) =— Ma s(u), 


the second of which implies M_,(u) == 0, are consistent with everything that 

precedes; so that finally, as in previous extensions from n = 0 to n=O, 

we see that (4.10), (4.11) hold for all integers n= 0. = 
κ 


5. Algebraic relations between the Tm. An indefinite number of al- 
gebraic relations between the T, (T —W, X, Y, 2) can be developed iso- 
morphically with the theory of the circular or the hyperbolic functions, either 
from Lucas’ functions or directly from (4.8) or its equivalent in terms of 
hyperbolie funetions. Write 
(5. 1) p= p(w, t, Y, z) =— 1A, 
with à as in (4.6). Then 


(5.2) sh np = 1(S/N*) *U n, . chap = Yo N-V?y,; 
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(5.3) sh np = i(S/N")* - Tt, ch nj = (1/N")4W,, 
(1.1) = (X,2), (Y,y), (2,2), 


for all integers n. 

The number of relations obtainable being unlimited, there is no point 
in writing out an extensive selection, as all follow, without computations, by 
the means indicated. We may, however, notice a few, some of which will 
be found useful in verifying an algebraic isomorphism with the elliptic and 
allied functions of Weierstrass. In what follows, m, n are arbitrary integers. 


Corresponding to ch?0 -+- sh*6 — 1, we have 
(5. 4) PW,? + 8T,? = PN", 
for the same (7,7) as in (5.3). The addition and subtraction theorems for 


the T, (T = W, X, Y, 2) with respect to n are 


T man = TnWna + Wala, 


E 
(5. 5) N”T m-n = TmWa — Wala; 


for (T,t) as in (5.3); for the same (T, t), 


EW min = PWaWn Coa! ST mln, 


(5: 6) TAN W m-n = ÜCWAW;, + ST mIn. 


The addition theorems can of course be obtained from g™g" = q"** and (2.1), 
(2.2); the subtraction theorems then follow by (1.3). If this method be 
used, we find 

Wan = WmWn — XmXn — YnYa— Zmbn, 


which, by (3.3), is equivalent to the first of (5.6). 
From (5.5) we get an important identity, valid only when N — 1, 
T-—X,Y,Z2: 


(5. 7) (Wn/Tm)? — (Wa/Ta)? = — (Pineal mn/ Tm? Pn’). 


The equivalent of De Moivre’s theorem has many interesting conse- 
quences, of which we record only the following multiplication theorems. Let 
r be an integer = 0. Then, from (3.3) and 


2a" — Vn + 238 5U,, 
we infer, for (T, t) = (X,z), (Y,y), (7,4), that 
(Wa -+ iS4T,,)™ = ™-1(tWam -+ VS AT a), 


for all integers n, m. Take m =r. Then we find at once 


1 
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(5.8) War (Wa -+ YTa)", PTa = (Wa + oTa)", 


where $, y are as in (4. 2), valid for all integers n and for all integers r = 0. 
Note that the zeroth power of a binomial involving or y is φο or yo. 

We shall pass over the numerous algebraic properties that parallel those 
of Lucas’ functions, such as the expression of the polynomials as recurrents, 
or as terminating continued fractions, their remarkable divisibility properties, 
and note only two arithmetical theorems. From identities such as (5.4) 
we infer parametric solutions of diophantine equations. Thus, if in (5.4), 
n be restricted to be 20, and if b is an integer > 0 not of the form 
4^(8s +- 7), h, s ΞΞ 0, we find immediately at least 12 E(k) sets (é, η, €, 0), 
of solutions, where E (X) is the usual class number function, of 

E + leq? = £26", 

where k,n are given constant integers of the kinds prescribed. Again, if 
pis a prime > 1 of the form 4h + 1, the quotient 47,,/T, (T = X, Y, 2), 
where r is an integer > 0, is expressible in the form P?— pQ?, where P,Q 
are polynomials in N and functions 2W;, for determinate values of j = 0, 
with integer coefficients. This is but one of several of a similar kind. Thus, 
for primes p = 4h + ὃ, the form is of the type — 4SP* + pQ”. These follow 
from Lucas’ expression (loc. cit., p. 227) of 4Upr/U+ as a cyclotomic quad- 
ratie form. 


6. Linear relations. The following are useful in computations with the 
Tr. Let n be an integer = 0, unless otherwise stated. The general solution 
Θα of (3.1) may be yatin in the form 
(6.1) (« — B) On = (0; ---βθο) a” -|- (40 — 1) B", 
where Θο, ©, are arbitrary constants. Hence 
(6.2) (a — B) N" O-n = (a6, — Θι)α” -|- (6; — 800) B", 
and therefore, on multiplieation and reduction, 


(6. 3) 4S8N"9,0 , = (0,? — 210,0, + NO?) Fon 
— 2 [0,7 — 210090, + (w? — S)e,] N”; 
also, by addition, 


(6. 4) ©, -+ N*6 η = Oo Vn. 
Hence, if © — 0, 
(6. 5) O-n = — 0,/N* (Θο — 0), 


which includes the results previously stated for U, X, Y, Z; that for W is 
included in (6. 4), by (3. 3). 
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Let ©,, @, be linearly mdependent solutions of (3. 1), so that 
(3.6) D. :09490, — 640, 0. 


‘Lien we can express any solution An as a linear homogeneous fu^ctio: 
Uo. We find 


ur DAs = (Lo: — 4,0) 06, + (4,0, — 1501) On. 


The necessary initial values for (6.7) and subsequent equations ai^ 


[ο ---0, U,—1, U,—3w; 
Εᾱο--3, V, = 2u, py.e-3(m-—^1 

Vis) Wy -- 1. Wi =, W= u? - SN; 
Ty == 0, T, =, T, = Het, 


(T, +) = (X, 2). (1,4), (2,2). 


Ion e the condition (6.6) is satisfied only for the eight oair- (9. ὦ 
lo va, 
(C. V). (U,W), (V, X). (Vd. 
(2), (X, W), (Y,W), ZW. 


Since VQ - 2W,, it suttices to consider only v, or W, in (ce ( 
ences of (6.7). (6.8). say We. Then, expressing any ο ρα ν΄ 


(E) in terms of the W,. Xe. Yn, Za, we find 
κα Aa = Cl AS) Un + AS; 

(110). thy 7 (di — wo) T, + tAn (7,0) --(2 αι. (ly. 
«ter of which implies the other by (3.3). Thus there is but m >à 
eserys κὰν (6.9). By (6.8) we readily check (6.9) on (3.3). 

A uselul alternative to (6.9) is the erpression of uf... s» à inori 

1 ras function of ©, ,. Θ,. where As. 9, ave any solutions of (5.7 
(i 115 (O0? -ομο!) 4 = (110; — 1:00) 64, + i0. aie 
T once. by (6.8), we have 
(i 12) LÁ, = AT, + (Aa — wA) Ta. 
(Pity as Ὁ]. (41. 3) (55) 
(13) εδω (wdi — A.) Τη + [wAs — (w? — 8) Ai] T. 
(T,t) = (W, 1), (V,2). 

These give the following. which, with (3.3), are all of tae types (4. 13 

(3.13) for the W, X, Y, Z, 
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(6. 14) ST, = — t(wWn — N Wani) = t(wWa— Waa), 
tWr = wl, — NT aa = Tan — wl a, 
(T,t) = (X,2), (Y,y). (4,2). 


Similarly, and using (3.1) with 6 = JU, V, we find 
(6. 15) 38U, — — wVa-+ N Yn- = wYs— πι, 
(6. 16) Va = 2(wU, — NUn) = 2 (—wUn + Un). 


7. Derivatives. It will be evident that the total derivatives in all that 
follows, may, if desired, be replaced by partial derivatives. There is no gain 
in generality if partials be adopted. From (1.6), (1.9) we have 


(7.1) (da/dw) = (4β/ dw) — 1, 

(7. 2) S%(da/dt) = — 8%(dB/dt) = it (t — c, y, 2). 
Since a — 8 = 2i8 is independent of w, it follows from (1.11), (3.3) that 
(7. 8) (dT, /dw) = nTn- (T =U, V, W, Z, Y, Z), 


for all integers n. Hence all the above six Tna are Appell polynomials in w. 
Otherwise, for n œ> 0, (7.3) is obvious from (4.3), (4.4); and for n < 0, 
(7.3) then follows from the same source on using (1.3). 

From (7. 1), (7. 2), (1. 11) we see that, for all integers n, and t=r, y, 2, 


(T. 4) 28(dU,/dt) = t (nV n- — 2Un), 

(7. 5) (dV,/dt) = —2ntU54; 

and hence, by (6. 16), (6. 16), 

(1. 6) S(dU,/dl) —1[(n—1)Us —nwUx4], 

(v. 7) S(dT,/di) — n (T, — wT n1) (T — V, W). 
The following are immediate from (3.3), (7.6): 


(7. 8) S (dT,/dt) = t[(n — 1) T4 — nwTs4], 
(T, t) = (Z, y), (Z, 2), (Y, 2), (Y, 2), (Z, 9), (Z, y), 
valid for all integers n. There remain to be calculated only the dZ’,/dt 


for (T, t) = (X, x), (Y, y), (Z, z). For these (T, t) we have T, = tUn. 
Hence, by (7. 6), 


BELL: A Class of Polynomials and Rational Functions in Four Variables. 339 


X (0.9) tS (dT,/dt) = [(n— 1) + 8] Ta — nw T, a, 
y (T, 0) = (Z, 2), (Y, y), (Z, 5). 


All 24 derivatives of the Ta (T =U, V, W, X, Y, Z) with respect to 
w, T, Y, 2 are thus given by (7.3), (7. 6)-(7. 9), valid for all integers n. 


8. Diferential Equations. For the moment let accents denote deriva- 
tives with respect to w. Then, from (7.3), for T as there, 


Τη — nTys, T," = n(n — 1) Tas. 
We have also 
Ta — 2wTsa + NT, — 0. 


Eliminating 74, Tn-ı between these three equations we find 


í (8.1) N(d2,/dt) — 2(n — 1)t (dT n/dt) 4- n(n— 1)T — 0, 
(=w; T =U, Y, W, X, Y, 2). 


Proceed similarly with (7.6), (7.8), which are of the same form. If 
for a moment we write 


= S dQ 
Que 7 = PE CM 
the elimination of T», T,., (as in the preceding derivation) gives 


P— (n—1):T, n(2n—3) —n(n—1)w 
Q— (n—1)7, n 0 = 0, 


À. Ta —2 u?-- 8 


which is satisfied for all the (T, t) to which (7.6), (7.8) refer. Hence, 
upon reduction we find, after a short calculation, 


(8.9) iNS(£T,/d?) — A(dT,/dt) + (n —1) (n — 2) PT, = 0, 
where 
Az NS + 8 [2(n —1)8 —3N], 
(T, t) x (U, z), (U, y); (U, z), 
(X,y), (4,2), 
(Y, ο), (Y,2), 
(4,2), (Z,9) 


" Similarly, from (7.9) we get 
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(8. 3) UNS (#T,/dt?) —tB(dT,/dt) + CT, = 0, 
where 
B=3NS8 + Ë [2(n—1)8— 3N], C=B+ (n—1) (α--- 9) 8, 
(T, t) = (X,z), (7,4), (0,2). 


Finally, (7.7) gives in the same way, 


(8. 4) tNS(@T,/dt?) — D(dT,/dt) + n(n — 1) T, = 0, 
where 
DszaNS + [2(n—1)S—JN], 
(T,t) —(V.z), (V,y) (0,1), (18,9), (W.y), (W,2). 


Thus (8.1)-(8. 4) are the 24 possible differential equations for the six 
T, (T —U, V, W, X, Y, Z) with respect to the four independent variables 
w, 2, yY, 2. The equations hold for all integers n. 

The self-adjoint equivalents of the foregoing equations are sufficiently 
simple to be noticed. Write T, 20. Then, corresponding to (8.1)-(8.4) 
respectively, we have their self-adjoint equivalents (8. 11)-(8. 41), 


(8.11) (d/dt) [K,(d0/dt)] — G,0 = 0 (j—1:::,4) 
where 

K,=Ni " Gg n(1— n)N-^; 

K, = BANi, Ga = (n — 2) (1 — n)tSV2Y-"; 

K; = 89/2N1-n-8, — G = CESSVS No; 

Kye SV? NIA, az= n(1— n) N”. 


In (8.j1) the same values (and only those) as in (8.1) of (T,t) are of 
course to be understood. 


9. Resolutions into factors; zeros. Unless otherwise stated, let n be an 
integer > 0. Referring to (4.9), we observe that Ma(u) has only the n 
ZerOS p,,;, all distinct, where 


(9. 1) μπ,} = 005 []π/ (n + 1)] G 1,2, ::,nm), 
and that Ln(w) has only the n zeros λα, all distinct where 
(9. 2) λα} == cos [ (27 — 1)z/2n] (j= 1,2,° °°, n). 


Hence, from (4.10), (4.11), noting the leading coefficients in Mn(u), 
La(u) as stated after (4.9), and taking the value of u as given by (4.9), 
(4. 7), we have the following resolutions into factors, 
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5. Tus e SEIT με], 
51 
(7,4) = (0.1) Qua, (1,4), (ἄ,α): 
nd 
AA. Ta = 2" i (w— λα, N), 
(7, ft) —-(V,2), (F,1) 
tt m = τα <0. the resolutions of the Tm are written down irom (9, 


tiyis), (1.12). 
The above resolutions can readily be expressed rationally with res’ 
te the independent variables. For, from (9.1), (9.2) we have 


Bay ποτ βη,π-}ε» Àn,j == — Àn,n-j+1 Uj --1.c s τὲ, 
‘Tuc, irom (9.3), we have 


i-l 
(5) Ton = 22™2tw TY. (w — pron), 
151 


T. 2?" 1] (w?— Benj) 
j1 
(P,t)=(U,1), (52, (Y,y), (4.2); 
ard from (9. 4), 


n-i 
(6, 6) Tana = 22-21 J (w? — Aani N), 
151 


Pon = 2°" VY (w? — Mon iN), 


pi 


(T,t) -- (V,2), (W,1). 


Fi th pair (9.5), (9.6) ean be compressed into a single formula by u- «τ 
th: greatest integer function [7,2]; there is but slight advantage in so do ^ 


ac 


Generalizing the concept of the zeros of a function of one variabl ~ 
furctions P= P (u Ua’? ο) of r0 1 independent variables, real o 
conplex, we define a zero of P to be a set [u uz,"  » w^] of values o 
Uy Un’ t, Ur such that Ριντ c, w^) —0. We proceed to determi 
al tbe zeros [w’, z^, y, 2] of Ta (w, z, y, 2) (THU, F, W, X, Υ, 2. 


The unit sphere, in real or imaginary space of 3 dimensions, 


gon P+e + lad, 
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is uniformized, among other ways, by the transformation to spherical co- 
ordinates, 
(9.,8) é= sin 6 cos ó, y = sin 6sin $, £ = 6, 


which will suffice for our purpose. In (9.8), 6, @ are independent complex 
variables; the restriction, already imposed, to principal determinations of all 
irrations, may be repeated here for emphasis. 


Let a, b, ο, d be arbitrary numbers, real or complex, and write 
&n, j == tan(jx/2n), Bni == tan [(jr/(2n + 1)], 


(9. 9) 
yni = tan [ (27 — 1) z/(4n — 2) ], 84; == tan [ (2j — 1)v/4n], 


where j 15 an integer. Then, with é, η, ζ as in (9. 8), we see from (9. 5) that 
Ton, for T =U, X, Y, Z, has the zeros 


(9. 10) [@, a&en,j, 099,5, αζᾶς η} (j= 1,29,* +- ,n— 1); 
Τομ, for T = U, X, Y, Z, has the zeros 

(9. 11) [α, αἔβ,,;, αηβ»,;, αξβ»,] (= 1,2 7 -»π); 
and from (9. 6), Ton-1, for T — V, W, has the zeros 

(9. 12) [α, Eyn, j, ἄηγημ, Ayni] (5 1,2, * n —1); 


Ton, for T — V, W, has the zeros 
(9. 13) [α, a£8,,;, ἄηδημῃ, αξδ;,}} (j= 1,2, - τν). 


In addition to the zeros (9. 10), Ten has the zeros (0,5, ο, d), for T =U, X, 
Y,Z, and X», Yon, Zon have also, respectively, the zeros 


(9. 14) [α, 0, ο, d], [α, 5, 0, d], [α, b, ο, ΟἿ. 


In addition to the zeros (9. 11), Tons: has the zeros (9. 14) for T = X, Y, Z, 
respectively. In addition to the zeros (9. 19), Το». has the zeros [0, b, c, d], 
for T= V, W. It is evident that all the zeros of T, (T =U, V, W, X,Y, Z) 
have been stated in what precedes. 


10. Analogies with Weierstrass’ o, č, p. Throughout this section, N = 1, 
and therefore S — 1 — w°. Hence, by (4. 2), (4. 3), each of Un, V, is now 
a function of but one variable, w. We have now (10.1) den == Yenn = 0, 

anı = Won — (10? — 1)", in place of (4.2). Thus the explicit forms of all 


"n 
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u. ore known from (1.3), (4.1) with $, y as in (10.1). Each of 7 
SO Ανν 2) is now a function of precisely two independent verich .- 
eg nely (wt) (/-= n, y. 2), respectively, and Wh is a function of wale s. 
1 1 note fo appear shortly elsewhere,” I have shown that Lucas’ Un, V, (iv 
ott, ip to a certain point, an isomorphism with the functions of Weier-tr. ον 
vc sided the Lucas functions have the parameter (A, 1), where fA is arbitrary. 
olows from the above that the like holds for the six Ta. Αν πι τοι 
da covation of this isomorphism would be merely a reproduction of the nxe 


€t 4, vith a few obvious modifications, we may take it as accomplished bo ^ 


" reree to the note. As in the reference, the point of departure is (2. ^ 


E 


u^ which follows, in an obvious manner, a “relation of three terns“ of 
p ‘sely the same form as that for the sigma function. 


11. Generalizations. One way in which the preceding admits of g 
2 alion has been pointed out in § 1. We note now that N is a norm ir a 

τ algebra, and that the product of a sum of s squares hy a sum o. : 
^a ores is a sum of s squares only when s = 2, 4,8. The case s ==}? gives ts: 
Cory ot the circular, hyperbolic, or Lucas functions; s = + has been treated 
an ur the discussion of s = 8 will appear elsewhere. It may be state] m 
iar the ease s==8 parallels s = 4 with but a few changes in definition a "εἰ 
«x tion, Thus the 8 functions concerned are again Lucas functions: ih: 
ace rationally resolvable into factors of degree ΞΞ 2, ete., precisely as fors- 1 
on vase c ὃ includes s — 4. Again, in immediate sequence to the vlea- 
ils paoer, are those arising from the functions defined by powers o? elem » 
o «| algebraic number field. I have elaborated the last in considerable deta .. 
i s. the identity of Kisenstein (Crelle, 27, 105), is in an entirely d'en 
t.i cory; it does not belong to linear algebra. 


- 


x Dd Dd ο 


The following considerations, not discussed in the body of this pap» 
1 ay he of interest to those who would prefer the geometrical approach to t! e 
& ο orae methods followed exclusively here. First, it will be clear that t! 
fi nc amental formulas can be derived at once from simple consideration. cos 
trous rotations as interpreted in quaternions. This approach has bec) 
avoi led for the following reason. The difference equation of the second order 
επ constant coefficients which is satisfied by the functions and the pob- 

al~ is of course that whose associated quadratic equation js the chi ra 
io equation. satisfied by the general quaternion. Precisely the san 





Hs 18 of the American Mathematical Society. 


344 BELL: A Class of Polynomials and Rational Functions in Four Variables. 


difference equation appears in the discussion of the polynomials and rational 
functions in eight variables which arise from a discussion of Cayley’s eight- 
square imaginaries, which follows step by step the developments of this paper. 
In fact, the algebra of both cases could be treated in one presentation; they 
are abstractly identical. It would seem to follow then that the true geometri- 
cal interpretation of the quaternion case should apply equally well to that of 
the eight-square. Not being acquainted with any such interpretation of the 
eight-square imaginaries as rotations or other geometrical concepts, I have 
chosen the algebraic approach. It is significant also that the cases of four and 
eight squares exhaust the possibilities so far as polynomials and rational 
functions of the kind considered are concerned. In a geometrical approach 
this fact also should be accounted for. 


Representations in the Form xy yz + zx. 


By WALTER H. GAGE. 


It has been shown by Bell? that the number ct representation =» 
p^euer o; n doc dorm: 


ey + ye + zx 
© which s.y.: cre integers > 0 is 3[G(4) — 1] when and only wire 
ac. Iu this paper we obtain by the same methods and tormular th 5 + 


eov pesitive steger n for which r, y.2 are integers 22 0. By a: the 
ans Mordell proved + that in this case the number or represcut. tio 
ey provided s « adopt the artificial convention that any solution «a.t o 
“the unknowns is zero be reckoned as 15 instead of I. 


9, We first outline the notation and method and those results of Be 


. oor which we need. 

The F(ui.Fo(u) have their usual class number signitte ὀρ. 
(1) (a) are respectively equal to F(n) — 38Fi (n), F(a) |- F. (ni. T 
vohot e(n) deuctes the number of divisors of n; (a) denctes the nn 
€ odd divisors of n: and £(4) is the number of divisors οἵ » less thar o 
¿ne opposite pacity to their conjugates; ( — 1 | n) is the Levencre «voi 
ets) equals 1 or 0 according as n is or is not the square of an ‘rte 
derine (or). v. (m) by the properties: ψι(πι) = 0 (or ii — 1 (mud 
for m: 3 (mod 1) yı (2) is defined to be the num! er oi diisto ο 


- 


-4 than their conjugates: ya (η) has the same properties if the congrue i: 
uten hanged. Throughout the paper m denotes an odd iut ger > 'Ἱ. 
Let f(r) Le an even function of τ so that f(r) = f( --:. \ lick 
sandy arbitrary except that f(z) takes a single definite value for eaci + 


(d nteger Ξ 0. It 


T 
v. ay + X ai cos nit = 0 
i=] 


t dentity ia 2. the a, n, being integers, then 
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bt riens Journal of Mathematics, Vol. 45, 1923. 


τ. 345 


946 Gace: Representations in the Form xy -+ yz + εὖ. 





(3) αν + X aif (αι) = 0. 
We may take f(x) — $(v) where 
whence we get 
(5) a + X αιφ (n) = 0. 
From the theta-function identities 
δε (ο) ὃς (x) 9.(z) αρα ϑε᾽(α)ϑε(α) 
ατα Ng reyes SUY uy 
Bo (2) δε (a) Polt) ag 9v (20) 03 (x) 
δν δα X 9:0, A) ~ 9,70, car 1c) 3 


by expanding in powers of q, equating the coefficients of like powers of q, and 
applying the above theorem with (x) as in (4) we obtain the following. 


I. Let N (m) be the number of representations of m in the form (1) 
for which 


« 
0 < y,zz1(mod2);y >z; 0 « zeJ (mod 2). 
Then 


No(m) — Ni (πι) == 1(m) —15[1 + (—1|m)]£(n) + e(m) ( —1]| m)/2. 


II. Let M(n),n an arbitrary integer, denote the number of representa- 
tions of n in the form (1) for which 


0< 7,9,2; «+ y =i (mod 2). 
Then 
M (n) —F(n) — O(n) — [1 + (—12)"]£(n). 


The number of representations of » in the form (1) when two of 
x,y, 2 > Ὁ are equal is obviously deducible from the number of positive inte- 
gral solutions for n fixed of n == u? + 2uv, which is the number of divisors 
of n of the same parity as but less than their conjugates. The number of 
representations of n in the form (1) with one of x, y, z zero depends upon the 
number of positive integral solutions of n = ww and is 3£(n). 


3. Let n be odd, and replace it by m in II. When ηι is odd 2,y,2 
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mist be either all odd and m—=3mod4, or two odd snd one even \ 
wr Lmod4. In the first case the number N,’ (m) of representa‘ions wl 
Ty, 2 2:0 is 


(1 Nu (m) = Ni(m) + yí(m). 


11 the second case the number Λο (m) of representations is 

i) NV (αι) — BF(m) — (3/2) t(m) + δέ (πε) = 3LF (m) + t(l. 
Ε πα the definitions of No (m), No(m) we have 

ZI 15N (m) —yo(m) — E(m) = No(m). 


S- ostitutein (8) the value of Νο (πι) obtained from (7) and put the τος! 
vede of No(m) in I, thus determining Ni(m). Hence from (6) ws 4 
X '(m). The total number N (m) of representations for which z, 4,” 

5 hesum of Λο (m) and Ni (m), which are now known. Using the identi ic 
si 0) = Syn (n) = ys (m) + e(m) we find 


e) N (m) —3[G (m) + Νοέ (πι). 


`E zdelPs result follows when, adopting his convention, we subtract (3/2)£( :, 
wlich is half the number of representations of m for which one of mo. 
is Zero. 

Next, let n= 2¢m,2 > 0,m odd. It is easily seen that z, y. 2 mu~ | 
οἱ even, or only two even. Let the total number of representations in t! * 
a ον, for which v. y. z Z 0, be No (n), N,(n) respectively. In the latter : 
it 'ollows from ἃ 2 that for one of z, y, z zero the number of representat: 11 
- (m), since the factors v, v must be of opposite parities. Hence irom i 


4) N,(2*m) = 38F (2*m) + 3f(m). 


‘Suppose now that z, y, z are all even. We then diviae out the tacte: < 
n l consider the number of representations of 2¢?m in the form (1). Sc vx 
of the solutions are again given by (10) where 2* is replaced by 2*7. t 
Ar] the remaining representations again divide out a factor 4 and procs > 
Above. Continue this process until 2m or m is reached, according as z is «c 
ur even. The number of representations of 2m is N,(2m), of m it^ 
3[‘¢(m) + 146(m)]. Hence if the total number of representations is Ni») 
^ heve finally 


22dd: N (20m ) —3[F (22m) J-F(2*2m)-- - : : --F(2m) + (24-172, (c 
un 
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aeven: N (2m) —3[F (2m) +F (29m) 4: - -+G(m)+(a-+1/2)e(m)]. 
Both reduce by the class number relations F(4n) = 2F (n), E(4n) = E(n) to 
(12) N (24m) — 3[G (2*m) + (a -- 1/2)t(m)]. 


The result in this form holds true for æ = 0 and hence for all positive integers. 
Adopting Mordells convention we get his result immediately. 


VICTORIA COLLEGE, 
Vicrorta, B. C. 


The Resultant of Two Power Series in Two 
Variables. 


By L. L. DiNzs. 


For a system of r power series 
fi (ti, 25 | Ey) (---1, $,' ' 0), 


each without constant term and converging in some neighborhood of the 
origin there is in general a neighborhood of the origin in which the system 
of simultaneous equations f, = 0, [--0,’ -,[ε---0 admits no solution 
except the trivial one z, = ta =` °° = gr = 0.* 
In order that this system of equations shall admit a nontrivial solution 
in every neighborhood of the origin, it is obvious then that the coefficients 
of the series f; must satisfy special conditions. In the very particular case 
in which each series is merely a homogeneous polynomial, the condition is 
known to be the vanishing of a well defined rational integral function of the 
coefficients—the resultant of the homogeneous polynomials.+ 
The generalization to power series has not been made. A direct method 
which suggests itself for obtaining the desired condition is to eliminate r — 1 
of the variables from the r equations. If we assume the series f; to be formal 
power series (with literal coefficients) of positive order, this elimination 
can be effected (theoretically at least) by either of two methods: (1) the 
general elimination algorithm for power series as developed by Kistler,] (2) 
the beautiful elimination theorem due to Bliss.§ 
Each of these methods leads to a power series in a single variable, the 

vanishing of whose coefficients appears to be the condition sought. The 
difficulty lies in the fact that the coefficients of this resultant series, though 
rational in the coefficients of the given series, are not integral functions. 
Hence the resultant series becomes meaningless if the literal coefficients of 


* Cf. Osgood, Lehrbuch der Funktionentheorie I, p. 104: “The second theorem 
of Weierstrass." 

T Cf. J. Konig, Einleitung in die allgemeine Theorie der algebraischen Gróscen, 
p. 295. 

t Uber Funktionen von mehreren komplexen Veriinderlichen, Dissertation, Göt- 
tingen (1905). 

§ A generalization of Weierstrass’ Preparation Theorem for a power series in 
several variables, Transactions of the American Mathematical Society, Vol. 18, p. 133. 
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the given series be replaced by numerical values which cause denominators in 
the resultant series to vanish. 

This difficulty can be overcome at least in the simplest case r==2 and 
it is the object of the present paper to develop a theory of the resultant for 
that case. 

In § 12 an application is made to the theory of implicit functions. 


1. Statement of some properties of the resultant. We shall consider two 
formal power series of orders m and n respectively. These we shall write in 
the form 
(1) f(t, y)= fm + fma +’: 

gT Y)= gn H ga H’? 


where f; and g; are homogeneous polynomials (forms) of degree j in the two 
variables z, y, with literal coefficients. The coefficients in f will be denoted 
generically by a and those in g by b. Relative to these two series we shall 
establish the following: 


THEOREM: There exists an infinite sequence 
r =( Rmn, Egan, Ense, ^ 7) 


of well defined functions of the coefficients a and b, having the following 
properties: 


(a) If the coefficients a and b in the formal series be assigned numerical 
values such that the two series retain their respective orders m and n and 
converge in a neighborhood of the origin, then the two equations f = 0, g == 0 
will admit a common solution (z,¥)54(0,0) in every neighborhood of the 
origin if and only if the sequence 7 vanishes identically. 


(b) Each element Emn of the sequence r is a rational function of the 
coefficients a and b and of four auxilliary symbols t1, V1», Wor, too (generically 
u). The only denominators occurring in these rational functions are products 
of powers of the two forms fm (tii, Utan) and gn (111, μοι). 


(c) The first element E, of the sequence is the product of two factors 
of which one is the resultant of the two leading forms fm, gn, and the other 
is | wey |™*. 

(d) Each element E,4,. is rationally homogeneous * in the coefficients 

* The terms rationally homogeneous and rationally isobaric are to be understood 


in the following sense. A rational funetion of a set of symbols is said to be rationally 
homogeneous if it is a quotient of two homogeneous polynomials. Its degree is the 
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( ard b and the auxiliary symbols w. Its degree is » in 4, m mf ut 
ende os hein. 


(c) Each element Rw. τ is rationally isobaric * of weight 2ma- Fi > 
. imhined set of coefficients a, b, the weight of a coefficient being the degre. 
os oum f, or g, in which it occurs. 


The sequence r will be called the resultant of the two power seres f o 
g Vo derivation is described in § 2. Property (4) is proven in $3. τ 
te y maining properties in later sections after a prerequisite forma! sige + 
tie omportont Weierstrass Preparation Theorem. 


2. Derivation of the sequence re To the variables ο’. y of the two fo « 
iie (1) we apply the linear homogeneous transformation 


!2) T = Ung 052 
Y = Un F Ure 


coviticieuts y being entirely arbitrary except for the restriction t., | 
ecd consider the resulting series in the new variables é η. These ma | 
v etten 


d Φίξ, 9)== pm tomatic: 
YÈ n= a H aa dcc 


were dj and J, denote homogeneous polynomials in é, η, with cost > 
homogeneous of degree j in u. The coefficients in ὁ and y will be čer e 
« nerically py 2 and β respectively. In particular, the coefficient of i i ὦ 
s d the cooflicient of €¢ in é4 will be denoted by 2,4 and Bro respectively, 
noy are easily seen to have the forms 


bc Zing = fac (tats uo). Bro = Ja Uais us). 


To the two series o (é 7), ὑ(ξ, η) we now apply formi lly the Prepare m 
I woren of Weierstrass.“ We thus obtain two formal ioentities 


PE poc p, "y — q, 


dr rec of the numerator minus the degree of the denominator. If with each sy: i 
τα the sot there is associated, by means of any definite law, a positive intese^ ci lhi 
|oweieht of that symbol, then the weight of any product of symbols of the εἰ". 
dined io be the «um of the weights of the factors, A polynomial in symbols οἱ 41 
Tec obatie of veight w if cach of its terms is of weight w. A rationa) fum ` 
“fhe symbols js vationally isobarie if it is a quotient of isobaric polynomials, ‘1 

oti os Ue weight of the numerator minus the weight of the denominstor. 
Ci. Bibs, Princeton Colloquium Lectures, p. 50. 
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where the multipliers » and v are power series in é, η with constant term unity, 
and p and q are polynomials in é of degrees m and n respectively. These 
polynomials may be written 


(6) p= αρ» + a, £nt + ees + Om 
g = Boe” + B.& --- ' «-|- B. 


the coefficients «, and £o being equal to &mo and Bno respectively, while the 
remaining coefficients α; and β; are power series in η without constant terms. 
The multipliers and polynomials are uniquely determined by these conditions. 

We next form the algebraic resultant of the two polynomials p, q. This 
resultant is a well defined rational integral function of the coefficients of the 
two polynomials and hence is expressible as a power series in η, which we shall 
call the resultant series and denote by r(y). The sequence of coefficients of 
the series (η) is the sequence 


r =( Emn, Enna, av f) 
which we have called the resultant of the two series f and g. 


8. Proof of property (a), and an equivalent statement. Suppose that 
the literal coefficients of the series f(x,y) and σ(α, y) are assigned numerical 
values such that the two series preserve their respective orders m and n, and 
converge in a neighborhood of the origin. 


From the nature of the transformation (2) it follows that for every set 
of finite values which may be assigned to the symbols u, the two series $(£, η) 
end ψ(έ,η) will converge in some neighborhood of (ἕ,η)--(0,0). Further- 
more, since | ui; | 34 0, the existence of a common solution (c, //)7(0, 0) of 
the two equations f — 0, g—0 in every neighborhood of the origin is equiva- 
lent to the existence of a common solution (£,9)54(0, 0) of the two equa- 
tions $ = 0, y = 0 in every neighborhood of the origin. 

If the root-systems of the homogeneous equations f&-—0, gn==0 be 
excluded from the possible values of the auxiliary symbols U1, μοι, then the 
coefficients (4) will be different from zero, and the identities (5) will be 
valid in a neighborhood of (ἕ,η)--(0,0). Since p and v have constant terms 
different from zero, the existence of a common non-trivial solution of $ — 0, 
y = 0 in every neighborhood of the origin is equivalent to the existence of a 
like solution of p = 0, q= 0 in every neighborhood of the origin. But the 
criterion for the latter condition is the identical vanishing of the resultant 
series (η), that is the identical vanishing of the sequence r. This establishes 


property (a). 
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Equivalent to property (4) is the following: 


Prsperty Qu) : Under the same hypotheses as in (a), Pie inisin 3 
+ resultant r is necessary and sufficient for the existence of a nositi 


‘mage factor of the series f(x,y) and g(z,y); in other words, for "h 


( 


tence of identities 


l fUr) F e, y) d(e, y), g (m y= g' (e y) T (n. y). 
re Ma’, and d are power series and d has no constant term, 

First, suppose the resultant r vanishes. Then the two polynortiass 4 
mi a common factor polynomial in &* We may express thi nc 
D es 
`) p= ps, q= {δ 


wr p, a", and à are polynomials of the same type as p and 4. 
Substituting (8) in (0), we obtain identities which may be wi ‘t u 
_ a — ft 
+) p = p3, q = 75, 

vip gs ys and y= q'/v. 

Now assigning any non-singular numerical values to the auxihery v 
‘su and app'ying the inverse of the substitution (2) το (5. ου 
entities or the specified form (7). 

Conversely, suppose the given series satisfy identit'^s of ths sui 
wep dae to the common tactor d(e, y), the equations f =t n 7 s. 


* mmou non-trivial solution in every neighborhood of the origi . ο ad 


> saltant must vanish by property (a). 


1$ The discriminant of a single series in two canabis Uo πεν 


t 
1 


12» forral oo ser series 


{58} facia 
d the series 

(é, n= dm + Pind + cds 
tamed by the substitution (2). 


To the related polynomial 


p= Zoé" p αι Ett be tan, 


tained by the Weierstrass Preparation Theorem we may apply tie fow 


flerentiation process, and obtain a polynomial 


emcee 


CE Osgood, loc. cit., p. 84. 
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p m ἄρ ἕπ-} 4 (m — Ί)αι EM? pe 


The algebraic resultant of the two polynomials p and p, is a series which 
we may call the discriminant series of the series f(z, y) and denote by (η). 
The sequence of coefficients constitutes the discriminant d of the series f(z, y). 

If the literal coefficients in f(z, y) be assigned numerical values such that 
the series converges and retains its order, then the identical vanishing of the 
discriminant d is necessary and sufficient for the existence of a repeated poly- 
nomial factor of the polynomial p,* and hence for the existence of a repeated 
non-trivial series factor of the series f(x,y). 


5. Formal properties of the Weierstrass Preparation Identity. The 
properties (b)—(e) of 81 are formal properties of the resultant r which 
depend upon certain formal properties inherent in the Weierstrass Prepara- 
tion Identity. These latter properties will be established in the present 
section, 

According to the Weierstrass theorem, a formal series φ(ξ, η) of order m 
satisfies an identity 
(10) up =p 


where » and p are power series in é and η with certain special properties; 
namely, » has a constant term unity while p involves no powers of ἕ higher 
than the (m — 1)th except the single term a£". 

Adopting as generic notations for coefficients in ¢, µ and p the respective 
letters α, y, p, and taking account of the above mentioned properties, we may 
assume the following expressions: 


$= fm Hmn Ht: 
µεξ]--μι--μ;--::: 


p= Pm + gna +> S 
φ) = ajo£) F ajail bt H Aaga 1 + αργη (j m) 
pi; == γιοξ' yr (η tt deyuaeg 1 + youn” (k= 1) 


Pm == pmo” -|- pm-116 ση -|- "' A pimacy d + poss] 
D 7 pni, j-ma EPE qim EE pa, jad? + pos y! (j> m) 
Substituting the expressions for ¢, μ, and p in (10), and equating forms 
of the same degree on the two sides of the resulting identity, we obtain a 
system of identities which may be written 


(11)ο fm = $m 
(11), Ompa + Pma = Pma 


* Cf. Osgood, loc, cit., p. 88. 
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Xa 
ΙΝ Th; φ..μν + Pan = Pine. — > μιφπιηρ-ἰ (E Tee Ὁ, 3, ved 
i 
{t is almost obvious that these identities determine the coefficients o 7 
or pog recursively, but it will be useful to note some of the details of tiv 
* eunination. 
he identity (11), determines the coefficients of pn, viz. 
(12) Pino == Amos’ 7 7, pm-]j 77 ᾱπι-})}ν᾽ © ' » pon ™ Lome 
Ὁ c identity (11), determines the coefficients of Pas and yr. For substitutvi 
‘r: cxplicit forms in (11), and equating coefficients of like power predir Ὁ 
:. 4, We obtain the system of equations 


Znoyio == Omec 
χ 1 1Ύ10 + Ænuyor == i 
Z m-2,2Y10 + O,-1,1y01 + Pm-1,2 == Üm 1ο 
T 2) ἃ,η--Ύιο + Z.u-2,2Yo1 + Pn-2,3 == Oreos 
n : è š . i . ; A - 7 n 
ἄρ,.γιο F ἆιι-ιγαι -Fpia == g]; 
Xom Yor 00,51 == Qo, πη. 


This system of m + ἃ linear equations suffices to determine the ix 
co: flicients γιο, Yo, P.n-t,2 ^ " © + Poms, the determinant of the system οι 7 
q ial to αὖ, ιο. 

In a similar manner, each identity (11); leads to a system of li 
4 ations which uniquely determines the coefficients of w: and p»; in te iv: 

^c coefficients of y; and pa, (J « E). 

We are now in a position to note certain properties of homogencity rnc 
- varity of the coefficients y and p. The terms rationally homogeneovs inc 
^ “mally isobaric have been defined in a footnote under 81. Defiring w 
ct ‘ght of a coefficient α to be the degree ]; of the form gy in which it appe- 
¢ shall use the notation 


à 
[e]; 
o 'erote generically a function of the coefficients α which is rationally ho'r 
. cous of degree d and rationally isobarie of weight w in these ouic ¢ 
rre shall see that 
(i) Each coefticient y in yx has the character [a]? 
n ^ 3 e B 1 
Adi) Each coefficient p in px has the character [a], 
: i) The only denominators occurring in the coefficie:ts y and p 
powers of Zume 
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These properties are obviously true for the coefficients of pm in (12). 
They can be verified easily for the coefficients of μι and fms from the form 
of the system of equations (13). Their general validity follows by mathe- 
matical induction from a consideration of the system of linear equations 
arising from the identity (11). The matrix of coefficients of this system 
will be similar to that in (3). There are k + 1 columns headed by amo, and 
there are m elements 1 in the principal diagonal. The value of the determinant 
is therefore amo“. The right side of each equation has the character [a] "mit 
under the assumption that the properties hold for the coefficients of u; (1 < k). 
The Cramer rule for the solution of a system of equations then makes the 
properties (i), (ii), and (iii) apparent. 

6. Formal properties of p(£,«) as a polynomial in é The series 


p(é, η) appearing in the identity (10), when considered as a polynomial in £, 
may be written 


P(E, η) =E= αοξ"' -- αιξ”-1 in 


Since, as we have seen, p(é,7) is a series of order m in é, η, the coefficient 
a; is a series of order J in η: 


(14) as (y) == pm-in? F pm-in F Pmj, H 


Making use of property (ii) of the preceding section, we see that each 
series æj(ņ) has as coefficients a sequence of functions which have the 
respective characters i 


[e], [a] ma [a] mo ^ ^ - 


7. Formal properties of the resultant r. The resultant r of two series 
f(x,y) and g(x,y) has been defined in 8 2 as the sequence of coefficients of a 
certain power series which represents the algebraic resultant of two polynomials 


p= αρξη + αιξη-1 + oe + Am 
q = Bos" + βιξ’-}---βε. 
The coefficients a and By are equal to ἄπο and Bno respectively. For 


j > 0, the coefficients α; and 8; are power series in η, the formal characters of 
which are indicated by 


(15) aj: "pun! + [a] mas + [eren Her 
Bi: Γβ]ίνη! + Una + [Beh Hn 


The only denominators occurring in the coefficients of a; are powers of amo, 
and the only denominators in the coefficients of 8; are powers of βπο. 


r- 


* 


d 
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New tae σπα] properties of algebraic resultant. we veh xo» 
ording to the algebraic theory, the resultant of the two polynomwls 
tatione] integral funetior of the coefficients, and has the ^el: 


tional properties: (1) It is homogeneous of degree n in the coca 


+ ipd. hoemogeueous of degree m in the coefficients of 45 (2) it is sol 


we eat men dm the combined set of coefficients, the weight of zg aad 3 " 


τὰ ined to he ἡ 


1 


From the «ond of these properties and the expressions :15) fc^ z 


to lows thet the resultant of p and q is a power series of order eno 


site it 


ry) om Baag” + Rann! -} EN 


Fron the properties (1) and (2) and the expressions lee a at? 
«dso the following formal properties relative to the co Hiei a P 


"ac designations (b)-(e) are used to correlate these properties w tl" 


Qi. 


κ ties Sbnlarly designated in 8 1.) 
(a) Each coctticient R, ao is a rational function of the ccefficients y. w 


ae the only denominators appearing are products of powers of z γεν 


(ο). The first coetticient Pina is the algebraic resultant of the ef, 
nemials ὁ, (2.9) and (£3) of the series @ and y. This folos 

fact that the leading coefficient of the series α](η) is x, ,; (in vivo 
sand (12) ). and the leading coefficient of the series B.(y) το 3 

(1) Each covtficient Runa is rationally homogeneous ef degre n 
εοι ΠΕΡΙΗ͂Ν x and rationally homogeneous of degree m i. the cor tlic εἰς 
((/) Each coetticient R. ,, is rationally isobaric of weight Sen +4 > 
comlaped set of coellicieuts z. B. 

8.2 Proof af properties (ὦ... (e) of 81. 


Ir $3. the given series ων y) and g(x,y) were replaces by two s). 


η) and ψ(ξ. η} by means of the transformation 


B= UE + troy 
Y == Uns + Urey 


: 1 formal properties of the resultant r have been obtamed in terms of + 


‘cients α. β of the series o and y. Tt is easy to translate these propert +s 


© 4 terms of the coefficients υ and b. 


From the nature of the transformation (2) it follows that each σου ες + 
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α of the polynomial φμ(ξ, η) is homogeneous in the coefficients a of the poly- 
nomial f,(z,y) and in the auxilliary symbols v. It is linear in the former 
and of degree b in the latter. An analagous statement can be made relative 
to each coefficient 8 in yz (£, 7). 

In view of these facts the properties (b)-(e) of 8 1 follow from the 
similarly designated properties in 8 7. In verifying (b) reference may be made 
to formulas (4). The factorization of Rm» indicated in (ο) is a consequence 
of the well known invariant property of algebraic resultants.* 


9. The Product Theorem for resultants of power series. Let F(s, y) 
and g'(z, y) be a pair of formal power series of orders m’ and n’ with resultant 
T = (B's, Ron’ η aay? ᾿ ") 
and let f"(z, y) and g"(z, y) be a second pair of formal power series of orders 

m" and n” with resultant 
r= (Ro nn"; RU m'n” d ‘), 
Then the resultant of the two product series 
f=ff’ and geg'g" 
is 
r=( Rm, Ésnas ᾿ ) 
where 
Ran = R' m'n” R” m"a" 


k 
Rmn = 2 R'm st BR mn iy (k == 1,2,3, °). 
iz 


To prove the theorem, we apply the substitution (2) to each of the four 
factor series and to the two product series, obtaining six series 
$' (ἕ; η)» Y (ἕν η), $" (& η), Ψ'(ἕ, η), φ(ξ; η)» Yén), 
satisfying the two identities 
p (£ η) o” (& η)-- φ(ξ» η) ; V (£x) v" (ἐν η)--- v(& η). 
To each of the series $^, 4", W, ψ', $, y, we apply the Weierstrass 
Preparation Theorem, obtaining six identities 
Kp =P, wo" = p", Vy m g, VY oq", ub — p, Y= g 
Equating the products of corresponding sides of the first two of these 
identities we obtain 


pu p $" — p p". 
* Cf. J. Konig, loc. cit., pp. 293-4. 
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Co pacing this with the identity 


Bop 
„e conclude that 


Tut p= pp”. 
w $e" ==, and pp” is a series with constant term unity. Hence ^^ 
|^ Qqueness of the Weierstrass identity necessitates (16). Similarly ‘ve soe £i. 
lo q= gg. 
The three resultants τ΄, 7", r, are the sequences of coefficients of ih ον 
- ‘taut series (η), 1 (η), (η), which are by definition the algebro 
.sttants of the three pairs of polynomials (p,q), (psg), and (p, ': 
|o actively. 
Hence it follows from (16), (17), and the product theorem * fo. alse br: 1 
(S ttants that (η) = 7 (q) + 7" (q). 


The resulting relations between the coefficients of the three series vir νι 
€ ^ theorem. 


10. The effect of a linear transformation of variables. If two sor ^ 
tis 4) and g(z,y) with resultant r be subjected to a linear homogeneo. 
t'a «formation of variables 
CS got Eg" 


y = Cot + easy [051-4 6. 


` vesulting pair of series f(x,y’), g(x,y) will have a resultent win " 
vv vay denote by 7. The relation between the two resultants rand s’ is cas) w 
(f oanaved. 
The resultant r is obtained by a definite procedure from two ser 
det η). Y(é 4) which are the transforms of f(z, y) and (σι) under t 
© a formation 
(n T = Uné + m 
Y = iie + Urey. 


The resultant γ΄ is obtained by the same procedure from two seri- 
Φ΄(ξ.η). Y (é η) which are the transforms of F(x,y’) and g'(z', g^) under 
il» vansiormation 


T = μιιξ + 1129 
y = uné --- W. 


Ci. J. Konig. loe. cit, p. 288. 
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two series $'(£, η)» Y (é η) can of course be obtained directly from 
g(x,y) by a single transformation which is the product of (18) and 
(19), that is by the transformation f 


(27) T= Wé + Wai 
y= Wa + Woon 


where the coefficients w’ are given by the matrix equation 


(20) (omes) : 
U 2105 22 02102» J NU2122 

Since the series f(x,y), g(v, y) are transformed by (2) into φ(ξ, η)» 
w(é& 7) and by (2^) into $4'(£ η), w'(& η), it follows that the resultants r 
and 7” differ only in the auxiliary symbols. More explicitly, 7’ may be obtained 
from r by a transformation of auxiliary symbols indieated by the matrix 
identity (20). 

If in particular we take for (18) the very simple transformation v = y’, 
y = 2’, we note that the only effect upon the resultant is an interchange of 
auxiliary symbols. 


11. The order of the resultant of two series with numerical coefficients. 
For two formal series f(z, y), σ(α, y) of orders m and n, the resultant is, as 
we have seen, à sequence 
TE (Emn, Enna; Ὃν ‘). 


If numerical values be assigned to the coefficients of f and g, this sequence 
may vanish identically, or some of its terms may vanish while others do not. 
If the first non-vanishing element of the sequence r is Raz, the resultant of 
the two series f and g will be said to be of order mn + k. 

From the developments of the preceding section it follows that the order 
of the resultant is invariant under transformations of the form (18). This 
invariant may be interpreted geometrically with reference to the intersection 
of the two surfaces z = f(x,y) and z = g(x,y) in the neighborhood of the 
origin. Of somewhat more general significance is the application indicated 
in the next section. 


12. Application of the resultant to the theory of implicit functions. A 
fundamental question in the theory of implicit functions has to do with the 
number and character of the solutions of a system of 7 equations 


(21) Εθν 93, 0. Er} 21,22, * σε) — 0, 
(ἐ--1, 9,’ i at); 
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τα ρω *anahbles s, c0, αν in the neighborhood of a point $5 
{11 etio s E, vanish. 
Suppose the functtons F, are power series in the mdieate i soa 
aonergent in a neighborhood of the origin, at which point all of tie scs 
1S5. Sa pose further that the following condition is satistied. 


Condition O. The r equations 
Firoga tte OF 0) (@—-- 1.2. 


.* nii no common non-trivial solution in the neighborhood of the ori oo 
Then os cha acterization of the solutions of the system (21 


ghhorhood of the origin may be made by means of a related polenc mts 


Edu. Bie eres. zy) Ξεηΐ fet +: $ Dna, 


9 η js à suntably chosen linear combination of the variables wy... 
iso en dio mts £, are power series in 2,25 * 7 ὃν ἐν yonishning w ΤΗ 
alos 
The relatiouship of this polynomial Æ (y) to the svster of equities (6 7 
sa that u way properly be called an eliminating polyaom 4! οὐ 
" endent variables w. and its degree V may be taken as defining the nie i 
t κο τους mi thi neighborhood of the origin. 
The degree V of the eliminating polynomial is equal to tie (coc: 
co the degrees of the leading homogeneous polynomials of the τι 
Ενα ντ η ὃν rio 0.0) provided the algebraic resultant of tus + 
po enus polynomials is not zero.t 


Relative to the case r — 2, we are now able to state the Theoren : 


Γ΄) Fn ys tit tt. zs). G(r,y: n. co.) 


power series da the indicated variables, converging in a ueighüu. iia 
ue ongin and vanishing at that point, then the degree of the (liminat os, 
eo apumi? cite respect to the dependent variables y, y is equal tu b as τν 
er the resultant oi the two series 


f(r, y) =e FOr 1:90, +50) 
ary) zx Gr. y:0.7 +0). 


“CE Osgood, Vedison Colloquium. Lectures (1913), p. 191; and Lehosee ii, 

ktionentheorie HI, p. 101. 

ICE Bliss, “A generalization of Weierstrass’ Preparation Theorem for à pc e 
ον ον im several variables.” Transactions of American Mathematical Nocetu. Vol τὰ 
112), y. 133. 


o 
E 
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The proof is essentially an adaptation of the method used by Professor 
Bliss * to obtain the eliminating polynomial, and we shall give only those 
details which have to do with the degree in question. 

We first replace the series F and G by two formal series in the same 
variables, then delete certain terms so that the formal series corresponding 
to (23) will have the same orders respectively as f(a, y) and g(x, y), say 
m and n. 

We now have two formal series which by proper specialization of co- 
efficients will reduce to the series (22). To these two formal series we apply 
the transformation 

€ = UE + 32 
y= Ung + Ίοοη, 


and to the two resulting series apply the Weierstrass Preparation Theorem, 
obtaining two polynomials 


P= ΑΕ” + A,en-1 + come + An 
Q = Bé" + Bert + one -- Bn. 


The coefficients A, and B, are independent of ἕ, η, δι,"  ', zs, while A; and 
Bi(i > 0) are power series in 2, 21. * * , Zs, vanishing with these variables. 

The algebraic resultant of the polynomials P and Q is a power series 
which we may denote by R (η; δι" °°, δι). From the way in which this 
series was derived it follows that R(y; 0,: :-,0) is precisely the resultant 
series r(m) of the two formal series from which (23) are obtained by 
specialization of the coefficients. 

If we assign to all the literal coefficients in R(y; zi," * ^, 25) the values 
they had in the special series (22), and to the resulting series apply the 
Weierstrass Preparation Theorem, we obtain a polynomial 


E (q) ew" + es H t H ew, 


which is an eliminating polynomial for the two series (22). The degree N 
will be the order of the series Β(η; 0,---,0) under the specialization of 
coefficients, that is will be the order of the resultant of the series (23). 
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* Princeton Colloquium Lectures, p. 70 et seq. 


An Analysis of Logical Substitution. 
By H. B. Curry. 


Contents.* 


I. Preliminary Discussion of the Nature of Mathematical Log'e. 
li. Logical Substitution; its Relation to a Combinatory Problem, 
ITI. Solution of the Combinatory Problem. 


I. 


Mathematical Logic has been defined as an application of the "oru τ 
| ols of mathematics to the domain of Logie.t Logic, on the other hax 7. 
© ce analysis and criticism of thought.[ In accordance with those desis! 

-~ the essential purpose of mathematical logic is the construction of ^ 
ass vact (or strictly formalized) theory, such that when its fuudemen! v" 
'^t ons are properly interpreted, there ensues an analysis of those univer : 
prr ciples in accordance with which valid thinking goes on. The tec 
a9 vsis here means that a certain rather complicated body of knowledge 
es^ hited as deriveahle from a much simpler body assumed at the begi viii + 
Fer'ently the simpler this initial knowledge, and the more explicitly a ' 
cr fully it is set forth, the more profound and satisfactory is the enaly + 
eo erhed. 

ín the present paper I propose to take some preliminary steps tovg rd 
ovy of logic in which the assumed initial knowledge is simpler thar 
8 ιν oxisting theory with which I am acquainted. Before this is done, howev: ` 
it} necessary to consider somewhat in detail what is meant by the phra o 
a} tract theory.” and what is the significance of such a theory for t's 
aca vsi- of thought. The object of this discussion is to see just how the 
assumed knowledge enters into the theory; for this purpose we shall need © 
ho explicit, even at the risk of repeating what has already been better sara 
b «thers. 

Certain ideas concerning the nature of an abstract theory can be disposc^ 


The three parts of this paper are to a certain extent independent of one ¿nothe ` 
Hw ver, certain definitions needed in Part III are given in the last six paregrap 
o Pit II. 
: Hilbert, D., and Ackermann, W., Grundzüge der theoretischen Logik, 1028, p. | 
Johnson. W. E.. Logic, Part I, Cambridge (1921), p. xiii. 
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of at once. In the first place the naive notion that such a theory consists of 
a set of primitive ideas and propositions together with their consequences 
by the laws of pure logic. must be dismissed on the ground of its circularity. 
-Mgain it is said that an abstract theory is one from which all meaning has 
heen abstracted. This requires that the sense of the term meaning be ex- 
plained. If we take the term meaning, as applied to objects, to signify the 
totality of properties (of those objects) which are directly apprebensible to 
our intuition, then every object presented to the mind has meaning, and a 
meaningless theory is a contradiction in terms. Even a symbol cannot be 
meaningless in this sense; for either it denotes some object, or else it is 
itself the object, and so has meaning. If we use the word meaning in some 
other sense, then it loses its significance as related to the assumed initial 
knowledge of our theory. Consequently the idea of a meaningless theory 
must be subjected to further scrutiny. 

Let us use the word meaning, as applied to concepts, in the sense of the 
preceding paragraph. Then, relative to a given theory, we may distinguish 
two kinds of meanings, which we shall call natural and conventional meanings 
respectively. Natural meanings are those which are comprehensible a priori 
in terms of our previous knowledge; conventional meanings those based on 
relations to the theory itself. Natural meanings we may further subdivide 
into essential and accidental:, essential meanings are those on which the 
deduction of the theory depends; accidental meanings those which are non- 
essential. The distinction between these three kinds of meaning is important 
in what follows. 

The distinction between natural and conventional meanings has a 
counterpart in that between statements of fact and statements of convention. 
By a statement of fact I mean something of which truth or falsehood can 
significantly be predicated; by a statement of convention a declaration of 
intention, definition, or the like. The former corresponds to an act of judg- 
ment, the latter to one of volition. Common sense and grammar have long 
recognized both of these types; yet logicians seem to belittle the latter in that 
they define the proposition so as to exclude it.* Both these kinds of state- 
ment, however, are equally intelligible to a rational mind; in this sense it is 
false to say that one of them is less significant than the other. As examples 
of statements of convention we have of course the definitions of technical 
terms; but not all statements of convention are verbal—for instance the rules 
of chess, which, by a sufficient amount of cireumlocution, may be stated 


* See. Johnson, W. E. 1. ο, p. 1. Johnson's definition of the proposition is 
what I have given as the definition of a statement of fact. 


«» 
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noat defining auy new terns whatever. The postulates of any branch v 
a thematies are ot this character, 


«ΟΕ us now return to the abstract theory. T suggest that such o ‘lis 


s characterized by the following: 1) the explicit indication of all cessen ` 


` 


It 


noanings; 2) the absence. or at least omission from consideran, o 
‘dental meanings; 3) the circumstance that the statements viti wh 
the ον begins are conventional, and are, furthermore. sufticientiy «cta 

Pet all the acts necessary to the deduction are specified. 

To be yet more precise, an abstract theory begins with a set of prime 

0 tons, Which, taken collectively, we shall call the primitive frome. as odi 


NoN-LORMAL PRIMITIVE TDEAS.* 


A set ot ideas to each of which a certain amount of essential we 21: 
wel although they need not coincide with any ideas previous) cv 
ds For example: 


[20 Entities, In order for an object to be considere iu the th ory 
"sogar must have some property: this fact we may express hy sevi g 4 
{tity of one sort or another. These properties must then be among : 
ícdtae dots ot the theory; and they must have essent lo moan. 
fue are predivates, In the simplified theory only one such pecs: 
Sov i but i the more complicated ones there are several; ον ον c 
πηρε. Mathematica there are individual. proposition, function. (* .. 


tiwo οὐ various orders and types. 


. Modes at Combination. ἐν e. processes by means of which ent it's r 
anoined to get new entities. These have essential mewing in tho it 
otibonttious. ΤΕ mast he specified by rules that the results of co roo 
te entit es, ta the simple cases only ope such notion is neces ον) 
e deadic one. in the more complicated cases the various praes -=e 


n adtution are of this nature. 


a 


do Asserfiows. An assertion is a kind of entity, which is of πον 

το Ίο πος because the object of deduction is to derive new assertions. ΤΙ 

o of assertion has essential meaning only in that it is a predicate eppiicali 

οποία entities, Ordinarily an assertion is interpreted as a statem ΤῈ; 
belief attaches, but this meaning is accidental. 


The term idea is used here to denote an object, not a process of thought 
I. c. their meoning may be partly conventional. 
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II. FORMAL PRIMITIVE IDEAS. 


Ideas which have no essential meanings (except that they are concepts). 
They must of course be entities and their relations to other parts of the 
primitive frame will give them conventional meanings. 


III. POSTULATES. 


All propositions of the theory are statements that certain particular 
entities are assertions; the postulates are the propositions, if any, which are 
assumed at the beginning. They are purely conventional. 


IV. RULES. 


Statements of the processes by means of which new entities * or new 
propositions may be constructed. Such statements are of course conventional; 
moreover they are universal statements (involving the notion of “every” 
or its equivalent +). They thus differ from propositions not only in that 
they involve intuitive ideas from which the propositions are free, but also in 
that they form the methods of transition, rather than the stopping places in 
the theory. A typical example is the “rule of inference” which may be 
stated thus: whenever p and p 2 q are assertions, then q shall also be an 


assertion. 


In addition to the above notions there are yet to be considered those 
associated with the use of symbolism. Whether these are to be regarded as 
a part of the theory or as something superposed upon it, is a question which 
I prefer to leave to the reader to adopt such views as seem best to him. 
However he may decide, certainly language is necessary in order that the 
theory may be communicated. The use of this language may involve intui- 
tive operations other than those we have mentioned; it is desirable that thesc, 
too, be specified by rules; because otherwise it is not certain that intuitive, 
knowledge, other than that expressly mentioned, does not creep into the theory. 
We shall call such rules symbolic conventions. 


* Strictly speaking we should consider in the theory not only statements that 
an entity is an assertion, but also statements that such and such combinations 
are entities. But the latter are, in simple cases at least, of so trivial a nature 
that it is not necessary to give them special prominence. 

+ Otherwise the rule would make possible the addition of only a finite number 
of constituents, and these could just as well be added explicitly to the preceding 
eategories of the primitive frame. 
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So much tor the primitive frame. The abstract theory itself may n 
P © Ότο as ihe doctrine budt upon such a primitive frame by meni ο 
+ Howing processes: 1) the derivation of new propositions, each of which 
toe torm that such and such an entity is an assertion, by means of ihe i e 
<4 the addition of new ideas by definitions. The latter process ve, 
z warded either as a symbolic matter, governed by symbolic conventions, ¢ 
toe introduction of a new idea along with postulates and rules to ibe « 
tcat it is identical with some already existing entity. Ἡ is worth supt 
jn thet since statements that entities are not assertions do not ceci ^ . 
t e propositions, such a theory can never lead to a contradiction there, 
The importance of such a theory for the analysis of thought lis 1 
iviteness with which the intuitive knowledge entering into it 's «1 : 
1 deed. νο tar as the abstract theory itself is concerned. the only knel? 
. padded is the appreciation of the essential meanings and conventional s 
ats appearing in the primitive frame. When the theory is int rp "tc 
ditional knowledge that must be brought to bear consists of the follow 
“ot the concepts which we substitute for the primitive ideas have the uc 
Mov essential meanings, and that the conventional statements in the prm 
irme correspond to facts. In both cases the required information is pa | 
sp ified. 

Ou the philosophic nature of such a theory, its relations to the symto 
used in its expression, and to the various conerete theories obtained hy : 
iicting it, it suflices to say that such questions are largely mctaphysice!, r 
resore irrelevaut to the present discussion. It is by no means νο ντο νι 
‘hot the best interests of science are served by adopting any one theory to 

b ἐν ctsion of all others; any more than it is desirable that two persons ioll» 
την ire sanı argument should have the same mental imagery.” 
The nest pojat to which I wish to direct the readers attertion is thi « 
al importance of the rules in any abstract theory related to logie. Fero 


ount of inital knowledge which enters into the first three categories Gl» 
canine frame is slight. [1 the rules, however, such kuowledge js aw + 

a very step of the construction; for we have to pass judgment as to whet 4 

^n contemplated act is or is not according to Hoyle. These judgments, ou 

^ rare the οὐ]ν ones which are required. The rules, therefore, ovi 

oo t οἱ entry of intelligence; and since nothing can be done without tbi 


In writing the foregoing account I have naturally made use οἱ ary ik 
Ap have gkamd from reading the literature. The writings of Hilbert e 
lamental on this connection. I hope that I have added clearness to (cc 


4 


oats where the existing treatments are obscure. 
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they represent the atoms of thought, so to speak, into which the reasoning , 
can be decomposed. It follows that in constructing such a theory it is not 
sufficient merely to reduce the postulates and primitive ideas to their lowest 
terms; it is even more important to so chose the rules that they involve, in 
their application, only the simplest actions of the human mind. 

Now although the rule of inference, stated above, is simple enough, yet in 
all current mathematical logics there exist rules which are highly complex. 
The presence of these complex rules raises the question whether it is possible 
to formulate a theory which is—1) adequate for the whole of logic, 2) based 
on a finite number of primitive ideas, postulates, and rules, the last of the 
same order of complexity as the rule of inference. I believe that it is; indeed 
steps in that direction have already been taken.* As a preliminary to treating 
this general problem, I shall discuss in the rest of this paper a special one con- 
nected with it; viz, the analysis of the process of substitution. The latter 
process is one of those complicated rules which occur in practically every 
logical theory to-day. 

The reader will observe that in the theory which results from the analysis 
the formulas are more complicated, and the deductions required to produce 
them more lengthy, than would be the case in the older theory. This is 
inevitable. Indeed if we are to dissect the reasoning into microscopic pieces 
it is but natural that more of them should be necessary to bring about a given 
result. Consequently we must adopt a point of view suggested by Hilbert. 
With each theory there is associated a metatheory in which we reason intui- 
tively about the theory. In this metatheory we can derive more and more 
complicated rules by showing, in general terms, how any particular conse- 
quence of the derived rules can actually be deduced from the primitive ones. 
"The aim of mathematical logic is, in fact, not to reduce mathematics to a 
formalism, A la Principia, in which all steps explicitly appear; but rather to 
analyze logic with a view to obtaining a greater command over its use, and a 
more profound understanding of its nature. In this paper we shall adopt 
this metatheoretic point of view. 


II. 


The process of substitution referred to above is the insertion of a constant 
entity for one or more of the variables in a propositional function. The com- 
plexity of this process is manifest. For not only is a function of n variables 
a distinct concept for every value of n, but the constant may be inserted in 


* See the paper of Sehónfinkel cited below. 
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oce ον the x places, and each such insertion is a distinct art: mt 
« os, ar corncetion with the universal and existential prenses, wi Fo 
oss which virtually amounts to the simultaneous substitution of a» en’ ' 
» ao or more distinet places, ax a procedure distinct from any of the s > 
zo The process of substitution is therefore compound in tha’ tos * 
roepen but many. Moreover, when these acts of substitution oro, 
Lo cn succession, there are many equivalences between “he diffi rer? pa 
“tie. To take the simplest example: suppose in a given tunction bi: 
-wastitute e For z, and in the result, which is φας, y), we substitute s io 
vo th: proposition }(#,0)3 on the other hand, if ve ist sibs “τ! 
(cad then o for, we obtain the very same proposit.en, Yer ^b ~ 
«e. are in no sense identical. The substitution process is there ovr, 
e .oepstpound but complex. in the sense that it has structure, This iho 
E ovsiderable amount of information presupposed by the preces»: ¢ i 
4 s involving it cannot have the maximum possible smplicity 
A notior closely related to substitution is that of trans oration e. 11 
. Suppose we regard a function as having inherent in its d fie tio 


© aan order o, its variables. Then permuting these variables m acs 7 


ον ας iyo or more of them alike, will produce new füincetions m ^in 
μὸν det as ca"! them transforms of the original tunction, oud th cu 


Γρ ἣν which they are produced transformations, If we nuriber th σον 
ie consecutively d; 2, 23.0 5+, then the transforms [or s cunetion o > 
: uis s ill da 


6(1. 2), $(2. 1). (1, 1). 


i te es varmbies there will be 13 transforms. for four vorialees 13. ο ὃν 


` “os ο εἰν ete, It ais clear that the process of substitut ag e ser ss 
κ 7. 0 an αρ παν manner (such that the total number of eutities εντ’ 
en "0E ous 18 4) into the origmal function is equivalent to the subs iti 95 
ío ae entities (n a prescribed manner (viz. the first ertity into th pl. 
e Coe nist γατα λες the second iuto that of the second. ete.) into oni m’ 
po storms. The study of substitution is thus to a certair degree egi veh < 
to tae study of these transformations. 

Au important step toward the analysis of this situation was mate ον 
M, Schonfinkel.? Starting, apparently, from the fact that every logical r 
vaa ds a combination of constants the variables being only appari it 
sos that neither the notions of propositional function (of varions à iie 


"lebe die Bausteine der mathematischen Logik,” Motfematische Asek 
Vol 8211924). pp. 305-316. 
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nor that of substitution need be assumed as primitive; his formulation of 
logie is such that variables, real or apparent, do not appear explicitly. His 
primitive frame is essentially as follows: * 


I. ΝΟΝ-ΕΟΒΜΑΙ, PRIMITIVE IDEAS. 


1. Entity—not mentioned by Schénfinkel, but to be understood 
essentially as a single notion of the sort mentioned in the general description 
of an abstract theory above. 


9. Application—sa mode of combination, the only one in the theory. 
Two entities z and y combine to give a third entity called the application of 
xz toy and denoted by (zy). The interpretation of this is as follows: if æ is 
a function, then (zy) is the result of substituting y for the first variable in z; 
thus if f denote a function of one variable, (fz) denotes what is ordinarily 
written f(z), if f is a function of two variables, ((fz)y) denotes what is 
ordinarily written f(z, y), ete. Nothing is said concerning the interpretation 
of (zy) when 2 is not a function; if the reader is disturbed over this lack, 
he may invent one arbitrarily, e. g. (zy) may then be equal to z. 

9. Assertion. To be understood as in the general description of an 
abstract theory. Not denoted by any particular symbol; but when a symb 
of the form (((5-)9)4) (or «= y) where z and y may be quite complicated, 
stands out by itself like an equation in algebra, then the proposition that the 
corresponding entity is an assertion is to be understood. 


II. FORMAL PRIMITIVE ΤΌΕΑ5, 


Three, denoted by (==), S and K. In the interpretation (=) is to cor- 
respond with identity; S and K are operations in the sense defined by the 
rules. 

Symbolic Conventions, 

1. If and y are any entities whatever, then instead of (((—)2)y) 

we may write (x — y). 


2. If £, £o, * * `, €n are any entities, then instead of 
(C+ + + (( (21 m)m)o) ++ + an) 
we may write (Φι 2» 2α °° * Zn). 


3. The outside parentheses may be left off in the case of a symbol stand- 
ing by itself or on either side of the sign —. 


*In this presentation I have changed Schénfinkel’s formulation in some matters 
of detail. 
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POSTÜLATI s. 


None. 


DU, RULES, 

0. If; and y are entities, then (zy) shall be an entity. 

1. (=) shall have the properties of identity. These properties me ' 
iccitied by a few simple rules; but in this treatment we shall noi go ἡ 


+ αἱ detail. We shall treat (=) as if it were precisely the intuitiv: ili € 
cde ity. 


? Ire and y are any entities, then 
Kry=2 


Σ 


Lo Hoz, y, z are entities, then 
Szyz = ασ (42) 


^. If X and Y are combinations of S and A, and if there exist: o 
eger a such that by application of the preceding rules we con om c 
* luce the expressions Yar; à» * - - σι and Yay gatte r: to combinet ot. « 
(om. + + * a, which have the same structure, then X =Y. 

If the above primitive frame were a part of a general theory of logi. n 

m entity would include not only the various combinations of S an: F, : 

tre notions of logic as well. In the sequel we shall secordinglv -pca 
-» application of combinations S and K to various logical notions. a: d of 

aing notions to each other, just as if these notions bad been adjome: t 

above frame, 


= 


+ 


" 
4 


The κεῖνοι d'éfre of the theory based on this frame is the following r. 
20 iy We ην r be any a entities, and X any combinatien of them >» 
st ucted by means of application. Then there exists a unique Y, which 
: ubuuttion oi 5 and K and independent of wy, 25,7 + +. ta such that 


X =— Forfa: ++ tn 


"Vien we recall the interpretation to he given to application > e have thy «' 


© ing result: given any logical formula built up from funetions fi. fi... 7? 
«1 | variables zu, we coc + ©) by substitution and rearrangement ir gey mer 


'€ + then the formula is expres-ible in the form 


Fa, 20 5v 
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where 
F=Yf, fe αλ. fm. 


Now as already remarked, in the formulas expressing propositions of logic, 
the variables are only apparent; which means that they are only a device by 
means of which rather complicated relations among the logical constants 
may be expressed; these relations, as the preceding argument shows, may also 
be expressed by means of the operators Y, so that when the Schönfinkel theory 
is used it is not necessary that variables should appear at all. 

The theory of transformation of functions is included in the above as a 
special case; viz., when there is a single function f and J’ is a transform. 

The theory is, however, open to objection from our point of view because 
of the complexity of Rule 4. This rule is not mentioned by Schönfinkel; but 
it is necessary in order that the Y mentioned be unique. In fact, the combina- 
tions SK and K(SKK) determine the same X; yet it is evidently not possi- 
ble to establish their identity by means of the first four rules. 

This situation suggests a problem; viz., to find a set of postulates which, 
when adjoined to the Schünfinkel frame, enable us to dispense with Rule 4. 
In what follows we shall obtain the solution of a special case under this prob- 
lem; specifically, we shall find a set of postulates such that, within a certain 
subclass of combinations of δ and K, all the Y"s which correspond to the same 
X may be proved equal by means of these postulates and Rules 0-8. The sub- 
class is one which has particular reference to logical substitution. 

Το begin with, we make the following definitions (the first three were made 
by Schónfinkel) : * 
I= SKK 
B-—S(KS)K 
C, — S(BBS) (KK) 
C; = BC,; C, = BCs;* - * ete. 


W = SS (85K) 
then the reader may verify that whenever 2, vi, 9. ' - - are entities 
Ito = 20 


Da Tı Lz = To (4 T2) 
Οι Lo Ly To = Lo Le Tı 
C, To X. Le T3 = 20 Tı Ta Τα 


Wao 2; = 20 Ti 1 
* We use B and C respectively in place of Schönfinkel’s Z and T. Nothing cor- 
responding to W or €,, C,, . . . is defined by him. 


5s 


p 


Ἢ 
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- V netu anultiplicatior. thus 
A-Y -BAY 


Ta c multiplication is associative, and furthermore with respect to d, fs 


‘il elemert These. properties follow from Rule 1; they mey abo c 


ed tom the postulates: 


(\(BB(BBB)) D = BBBBB 
H-I 
C DET. 


Doc suoelass in question shall now cousist of all the eciribi atic ss | 

© ‘colicatio recom the ον, W, and 1. 

BR νομος dise issing the significance of this subclass, we tam asics τὸ 
conventions in regard to transformations. Let us redeine a trane (in 


es an operation converting the sequence 1, 2, 3.7 * 7 into the s umi 
20.7 The latter sequence will, in the cases we cons:der, Dons 
i that there exists and index m such that: 1) for (7m e thes 


ufation, with repetitions allowed, but not omissions, οἵ the intei ~av 


l om p, pei, elusive, 2) for i> m, ai — i-- p. Let m he the le~ 


tour having this property; then we shall call m the order of the tra 
ation. We shall denote a transformation by writirg ir breach is : 
a gue mito which it transforms the sequence 1, 2, 3,- τν fwth we 


f is no ambigaity if we Indicate only the first ἡ terms of the (in 
sq ce fom Σα. 


We shall further agree that a transformation of order m may operate 
a retion o£ any vamber of variables Z m; and that the effec of the tra 


iat on on the funetion $(1,2.* un), where n Z n. shall he the ira 
003 (nts να). We shall regard as undefined the effect οὐ a trr 


= 


Then there is oue and only one transformation which carries o en 


- 


lion mto a piven transform. 
Maltiplication of transformations we now define as tollows: 


(1) [σι, Un 7), 77 ‘| * [5,, bo, bs "x :] = [ans Hh Ong 7 7 “| 


ation on a function of multiplicity less than the order of the trans‘ um. 


` 


U 


(Tle product transformation has a finite order, provided that the factors de. 


Suppose, now, that we have a combination, .V, of S and A, having t> 


poo erty that there exists a transformation a = [a αν στ αμ such thet 


bon Ta ty d'os 41, Ya CEN 1 a-p 


A Lo i 2} Zm-p™ To We, Taz ` o La 


p 


^g 
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where m and p are defined as above. Then we shall say that Y corresponds to. 
α. It follows from Rules 0-3 that if X and Y are entities which correspond to 
transformations « and f, respectively, then X: Y corresponds to « f. 

I now assert that every entity of our subclass corresponds to a transforma- 
tion; and conversely that every X corresponding to a transformation, is an 
entity of the subclass. For since the generating entities, the C's, W, and I, 
correspond to transformations, the first part of the statement follows from the 
closing sentence of the last paragraph. The last part follows similarly from 
the fact that every transformation can be obtained by multiplication from 
permutations of adjacent integers and the transformation [1, 1.] Of course 
the one-to-oneness of the correspondence depends essentially on Rule 4. 

The problem now is to find a set of postulates for the C's and W. from 
which we may conclude, without the use of Rule 4, that the correspondence 
between our subclass and the set of all transformations is a simple isomorph- 
ism. To this we now turn. 


III. 
Theorem 


1) Let Y be a system of operators, in which there exists an associative 
multiplication and an identical element, I. 

2) Let this system be generated by operators W, Οι, C»,* * * Subject to 
the postulates 


I Gi: σι-- ἴ (—1,2,8,:-- 
II. Ci Cia Ci = Cic Cir Cia 1—1,2,8,:-- 
IH. €C;:C;-—C;:Ci 4=1,2,38,-°°  j»i-1 
IV. Οι: W =W: Oin i=, 8, 4 
V. W- =W 
VI. W-W-C,— W:W* 
ΥΠ. W: D; W —Dj;a4- We δι. ο. οι. σι. C, j= 8, 4, 5 
where 
D, =I 
Din οι Dy = ο, οι Cyne ete C, 


3) Let a correspondence be set up between the system A and the system 
of iransformations of finite order as follows: 


* VI and VII are equivalent respectively to (6) and (7) (see below). The latter 
may if desired replace VI and VII. 
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G. 7 


Wer : 

[2, 1] 

[1,3,2] 

[5,2,3,^ - 4 — 1,i 4-1, d] 


(4 πο 
Cc 
C, cd 


a f Ax, B—B* then d: B— a: B where a: B is defved by (1). 
Thea, the correspondence so defined is a one-to-one tvomurphism. 
1’ πας if, 

There are four things to prove: 


1) That to every product expression in YW there corresponds a uriq. ὁ 
svt sto imation. 


2) That this correspondence is an isomorphism. 


}) That if two transformations correspond to two expressions in 9 whic τ 
& > qual by Virtue of I-VII (inclusive), then these transformations are equi . 


1) That conversely there corresponds an operator of 9| to each treasio 
rit on, and any two operators corresponding to the same transformation mi: * 
hs proved equal by I-VII. 


"Mf these four things the first three follow immediately: the first iv^ 
by (finition; the third because propositions analogous to I-VII are τοι» 
(0 ! anstforniations.] 
to nains, therefore, only to prove the fourth. 


Εν a theorem due to E. H. Moore f. postulates I-III insure thet tl: 
suos o ef XC which is obtained from the first 2» — 1 C's only is isomorph 


' Throughout this discussion we use Roman capitals to denote operator- o 
uf. G ek L e. lettera to denote transformations. 


» The only question here is about VIT. It follows, however. by definitio. 
thet 


D, ~ [i 1, 2, 3,- - -, i— 1] 
ond t wrefore the proposition analogous to VII is the identity 
Εν Εν Εν 1, 2,- +, j—1 - [1,1] 
={j -1,1,2,---, 7—2)-[1.1]- [3,1,2]. [1,1]. 13,4, 1, 2]. 
3o a sides here are equal to [ —1, 7—1, 1, 1, 2, 3, -.., j —2]. 
Prorcedinga of the London Mathematical Society, Vol. 28 (1897), p. 357-366 


lis 3 proof involves some rather complicated theorems in group theory. It 1 
nov evir, possible to prove the theorem by directly establishing the correspondence. 
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with the symmetric group on n letters; the correspondence is established in 
the same way as here. It follows readily that the subset generated by all the 
C’s is isomorphic with the totality if all those transformations which do 
not allow repetition. In fact, suppose two such operators of 9( correspond 
to the same transformation; let n be the largest index appertaining to a C 
in either one; then the two operators correspond to the same permutation on 
n + 1 letters, and therefore, by Moore's result, are equal in virtue of I-III. 
In the following we shall assume this result as known; and therefore shall 
often designate operators composed of C's only by means of the transforma- 
tions corresponding to them. 

In order to prove the fourth statement above when W is considered, we 
shall show that every operator in 9( can be expressed in a certain normal 
form, and then that one and only one such expression in normal form 
corresponds to a given transformation. 

To obtain such a normal form we introduce the following definitions: 


WW 

W, = Οι: Ti:C,:0€, 

Wi = Οι K We ; σε . Ci 
it then follows by induction * that 


Wy == Dy: W- Cs: Qs: C. scr Ce C, C, €, Me Ok- 
= [k, 1, 2, -:k—1]-W-[3, 4, -- k +1, 1, 2] 
whence, 
W ~ [1,2,2] 
W; Laud {1, 2, 3, 3] 
Wyi—[1,2,83, -- k—1, k, k] 
The result we wish to prove now follows from a series of lemmas. 


ΤΕΝΆΑ 1. Every product expression in %& can be reduced to the form 
(3) Wry Wega ο πω Wr, B. 
where B involves the C’s only. 


* This and other proofs by mathematical deduction are such that by repeating 
the argument a sufficient number of times the formula may he established in any 
partieular ease with the use of I-VII. 
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Proof. 

First we show that any expression of the form A- W can be reduced to the 
form W; - B, where A and B involve the C's only. If A is the identical ele- 
ment we are through. If not, consider the C nearest the W; if this is any 
other than C, it can be passed across the W by IV, otherwise we have an 
expression of the form A’ - C, - W where A’ involves one less C than A. 

Now suppose we have reduced A- W to the form A’: D;- W- B' where 
A’ and Β΄’ involve the C's only and A’ is not I. Let C; be that C in A’ 
which is nearest D;. Four cases can arise: 1) if i< j—1, Ci: Dj — 
D; Cua, and since i-+1> 1, Cj can be passed across the W by IV; 
2) if i= j—1, Οι δη Dja; 8) if i=j, Οἱ Dj—Dja; 4) iij, 
Ci; D; — Dj: Ci, and since i> 721, C; can be passed across the W by 
IV. In all four cases we have reduced the expression to another one of the 
same form where the new A’ involves one less C than the old. 

Continuing in this way we must eventually reach a stage where A'— I. 
Then we have 


4.1 — D: W- Β’ 
—(Dy: W- Ca- C3 -te C50, 02: + Ces) 
Cnr + + 0s 0, Cr- OS OS B' by I 
= Wie Cr-v © Cs Cit Cs σε: Cs: B' by def. 
which is of the form Wg: B. 


The proof of the Jemma now follows. Let the given expression be of the 
form 


(4) ag’ W- Aga eap es ds J wW t A, x W 2 Αρ 
where Ao, di, A» : ^ + Aq involve the C's only. By what we have just proved, 
Ag: Wy Wx, * Ba: 
Βα Agi wW qoem Der . Boa 
Bor Áq-a W = W ka Bos 


Bo Ay: W = Wr, + B, 
B,:A,=B. 
Taking all these into consideration, we can reduce the form (4) to the 


form (3). 


LEMMA 2. Every expression in Y can be reduced further to a form (3), 
in which 
ka = Eoi 2 ARA = k: Z kı 
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Proof. It is sufficient to prove that 
(5) Wy τιν Wa Wa for k Z j- 


The proof of (5) is as follows. 


First, 
(6) Wi- Wa =W, © Wa 
For Wi: Wa = Wit Oit Wi C2: Οι by def. 
= WW, by V and VI. 
Second, 
(7) Wie Wea = We Wi for k > 1. 
For  W,: Wii = Wit Deas Wi [8, 4° +2, 1, 2] by def. 
= Dy: W,- [3, 1, 9] -W  [3, 4, 1, 2] 
- [3,4, k 4- 2, 1, 2] by VII. 
But since [3, 4, 1, 2]-[2, 5; 1-9, 1, 2] 
= [1, 2, 5, 6,--- k 4- 2, 3, 4] 
and W, [1, 2, 5, 6, ° - - &+2, 3, 4] 
= [1, 4, ὄ, -k +1, 2,3] W, by IV. 
[3, 1, 91: [1, 4, 5, * - E 4- 1, 2, 3] 
= [3, 4, k-4- 1, 1, 2] 
we have 
Wi Wee = De Wie [3, 4,° °° +1,1,2]° W 
= Wi: Wi; q. e. d. 
Third, 
(8) Cr: Wi = W;° Ch for k < j — 1. 


For by definition 


Or: W; = Or: D; W. [8, 4, - E "i +1, 1, 2]. 
But we have 
Oy D; = Dj: Cus 
Ca W = W Cus 
Cro? [8, 4: °° j-- 1, , 2] = [3, 4: > -{η- 1, 1, 3] - Οἱ 


(the first and third relations follow from the known properties of permuta- 
tions, the second from IV.) Combining these three we have (8). 

Fourth, : 
(9) W;:C;—W;. 


For j — 1, this is true by V. 


ῃ 
4 
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Suppose, now, (9) is true for j —1 (i. e. suppose Wy.1° Cj. = Wj) 
then 


Wi: Ci = Oat Wiat Cj: ja: 0; by def. 
= jat Wa Cpa: Cp: Cpa by II. 
= σι ἃ W;a 7 Cj : Cia by hyp. 
= W; by def. 
Fifth, 
(10) Cia: Wi = Wi Cyan forh > 0 


For j = 1, this is true by IV. Suppose it true fer 7 — 1, then 


Cyan Wy = οι οι Wyn ο. Oja by def. 
= σι " Cian d Wi; ? C; : οι by III 
= σι z Wy-1 : Cia d σι ' σι by hyp. 
= Cia’ Wiat Oit Cia Cina by III 
= Wj > Cj q. e. d. by def. 
Sith, Wi- Win = W; W; 
For j = 1, this is true by (6). Suppose it true for j — 1, then 
Wy: Wi = Oja c Wiat ο) Wiat 6. Oja by def. and I. 
= Oper: Wiat Wor: Cia Oj Oja by (10) 
= 0,4: Wat Wit Oja’ C;: Cj by hyp. 
= Op Wiat Cit Ojat Opa: Cy: Wit Ojat Οἱ. Oja 
by I 
= W; T σι > Win $ Cia by def. 
= W; Wia q. e. d. by (8) and I. 
Seventh, 
Wit Wy; = Wy: W; for bj 
For j = 1, this is true by (7). Suppose it true for j — 1, then, 
Wr y W; = Wy E Cia i Wi; , C; : Cia by def. 
= Cia t We: Wi;a-C;:C;4 by (8), since j—«k—1 
= Cja $ Wii i Wa a C; ý Cia by hyp. 
= Cpa Wye Cp: Cia: Wren by (8) 
= Wi: Wen η. e. d. by def. 


Definition: Wy = Ἐν. Wy r times. 
COROLLARY. Every expression in 91 can be reduced to the form 


(11) Wc ecce Mc B 
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where ka > ka-1 > a te n > ks > ki, Ti > 0 
Proof. Simply collect the 1275 with equal indices in (3). 


LEMMA 3. If two expressions of the form (11) correspond to the same 


transformation, then they both have the same constants q, ki kz, * * * ke 
Ti ay °° Tg. 

Proof. 

Let Aq — Wee . Mo EC Wwe i We 
also let Ag~ a = [4,05 0 το * ] 


Then for the explicit determination of the a; we have 


If 0czczch then üs = £ 
ἴιΞΞωΞι +r üs = kı 
kitr ar< k+ Τι dy = t$ — Tı 
ete. 


In general, if we define 
s= τι Hr tr 


To = 0, So = 0, kyo = 0 


then, for — 1, 2, - - * q. 


If Kin Ἔδιι « $ < ki H sii then Ay = ο — Si-1 
ki + sia ο ki H si Qs = k; 
ka} sa «x Ay = T — Sq. 


These formulas follow directly from (1) and (2); their proofs are left to 
the reader. 

The transformation has thus the following character: 1) the integers in 
the symbol [αι, a», as ` ` * | are arranged in their natural order with certain 
repetitions, 2) the only integers which appear more than once are Κι, ορ". ka; 
and these appear respectively rı + 1, το + 1," - r4 1, times. 

Now if 8— [bı, 52: ] corresponds to B, then the transformation 
corresponding to Ag: B is a: 8 = [ai av, ' ]. By the restrictions on B 
the sequence [αυ ds, :: ] is merely a rearrangement of the sequence 
[αι, a2 * + ]. Hence the second of the above properties applies just as much 
toa-Basto«. But then the constants q, kı © © * ka, Tı c c * rg, are uniquely 
determined by a f, q. e. d. 
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LemMa 4. To each transformation of finite order there corresponds at 
least one expression of form (11). 


Proof. 
Let the given transformation be y = [οι ¢2 °° ]. 


Let A, be determined from y as indicated in the preceding lemma, and 
suppose Ag ~ [αι à  ]--α. 

Then we can construct a permutation β--[ζι, ὗε’: ] such that 
a: B= y, as follows. If οἱ is distinct from any of the 175 there is one and 
only one j such that aj = c;; in that case we must let b; =j. On the other 
hand let the C's which are equal to kj be ci, ci, ^ 0ἱ " (where p — rj -+ 1); 
then set bi, = kj + Sj- bi, = bi, + 1, bi, bi, + 1, ete. For definiteness 
we may suppose that 4, <i στ". «ig. "Then a: 8 — y; for the ?th in- 
teger in the symbol for a: B is αυ and b: has been so chosen that in all 
Cases Ay, = Ci. 

To the β so constructed there corresponds a unique B in M, by Moore's 
result. For this B, Ag: B — y, q. e. d. 


LEMMA 5. The operator in MU corresponding to a gwen transformation 
is unique. 


Proof. 
Let A, and 4; be two operators in 9% which correspond to a given trans- 
formation y. By Lemmas 2 and ὃ there is a uniquely determined Ag 


such that 
A, = Aq: Bi, A: = Δα’ DB; 


If B,~ Bi, B» — Bz, Bı and β; must be subject to all the restrictions 
to which 8 was subject in Lemma 4, except that it is not necessary to suppose 
«dcc <ip The only way in which 8, and 8. can differ is in the 
arrangement of the bi, bi, © - * corresponding to each of the kj. Hence 


Bs Bs° Bi 


where 8, is a product of permutations, each of which permutes among them- 
selves the integers composing one of the sets k; -+ Sju kit sji tl, 
Zia 

Let us now agree to denote by (Κι), i < ja combination of Ci, σημ) + Cy 
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(corresponding to a permutation of i, i+ 1,' < :j). Then, in view of the 
isomorphism already established by Moore, we have the following result; 
there exists a B, such that 


B, == B; t B, 
B, = Eun . E ἔοι!) . E sts ο.» Ekassa 
ki 


kot 81 ἔφε8ο Κα-ϑ8ᾳ.-. 


To prove the lemma it is sufficient to show that Ag: Bs = Ag. This, in 
turn, follows from the above form for Bs, if we demonstrate that 


12 Apc EU = Ay h—1,2,:-:,9). 
q 


Kat ony 


We turn to this last question forthwith. 
In the first place, if 


i>k+1, W Ei = tt We 
This follows from (10), under Lemma 2. 
Next, ifi>k-+r 
(13) Wal Ej = Bir Wi, 
This is derived from the preceding by induction on r. 
Third, if i < h 
(14) Aic Εκ -- E&en ΑΙ. 


ΑΛΛΟΙ Knt8h-1-8j 


For i— 1, this follows from the preceding, for the conditions kr - sia 
> kı +r, are satisfied since, if h > 1, kr > ki, δη Z διπ τι, PFori1 
we prove (14) by induction. Suppose it true for 4 — 1, then, 
Asc Eo m κ. 

ο 

In order, now, to apply (13), we need to know simply that 
ka ++ Sha — Sta > ki Tr 

and this is fulfilled since for ἦ >i 


Sha — Sta = Ti Hi dec co dria 8 τη. 
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Hence 
d ol Wr ME ο aan ee Oe 
so that (14) is proved. 
The following is the special case of (14) where t= & —1 


Ay, : Bess L—Élktn. A 
hei kh*8h-i Kn Ana 


In order to complete the proof of (12), it remains (since A,== W ide Ana) 
simply to show 


(18) Wr» 7 [hers zm Wr» 
Kn kh kn 
In view of the composition of E?^, (15) follows from 
Wil + Cy,; = Wy for OS «ή 


For j = 0, this is true by (9), under Lemma 2. 


For j=1 
Wi: Wr’ Ors = Wet Wren Cras by (5) 
= We Wen by (9) 
= Wi We by (5) 
Wal + Char = Wi" for r= 2. 


For } > 1, let r=s-+j—1, then s 22 and 
Wil Oraj = Wa? > Wit: Cu; 


== Wie Cra’ Τμ by (10) 
= Wys: wu by the previous case 
= Wr. 


These three cases together establish (15), which completes the proof of both 
the lemma and the theorem. 


We have now achieved one of our objectives—viz. the elimination of 

Rule 4 so far as the selected subclass is concerned. For Rule 4 merely 
enables us to conclude that two entities of the subclass, whose application to 

a series zo zi 2» *' * yields the same transformation, are equal. These en- 
tities correspond to the same transformation in the sense of our theorem, 

' and therefore by that theorem are equal. Moreover the proof of the theorem 
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is such that in any particular case a proof of the equality can be constructed 
in terms of I-VII, together with the rules for identity and no more. This 
proof will in general be quite long, but it may nevertheless be found.* 

Finally we have an analysis of substitution in so far as that process is 
equivalent to transformation. 


There remain open two questions: 1) What is the relation between the 
transforms of a function of n — 1 variables, obtained by substituting a con- 
stant in a function of n variables, and the transforms of the original; 
2) How can our infinite set of postulates be reduced to a finite set. Both 
these questions can be answered by introducing the entity B defined in Part II. 
But when we do that, it is expedient to consider a more extensive subclass. 
This takes us out of the domain of simple substitution. The topic is left for 
a later paper. 


* This statement is subject to reservation only in that the proof of Moore’s 
theorem is indirect, but a direct proof may easily be found. 


On Extending a Correspondence in the Sense of 
Antoine.” 


By HARRY MERRILL GEHMAN. 


Let M and M’ denote point sets which are subsets of the point sets 8 
and δ΄ respectively and let T be a continuous (1— 1) correspondence + such 
that T (M) = M'; then if there exists a continuous (1 — 1) correspondence 0", 
such that U (S) = 9΄ and U(M) = W, we shall say that the correspondence 
T can be extended in the sense of Antoine | to a correspondence between 
S and S', or for brevity, T can be A-extended to a correspondence between 
Sand S". 

Note than in order to be able to A-extend the correspondence T, it is 
not necessary that for each point P of M, U(P) be the same as T(P). 
That is, if the correspondence T' can be extended in the sense in which we 
have used the word in a previous paper, it can also be A-extended, but not 
conversely. 

If M and M' are plane continuous curves and S and S’ are planes, 
it has been proved in the paper just cited that the correspondence T can be 
extended (and hence A-extended) to a correspondence between the planes 
S and δ΄ provided that sides are preserved under T. If sides are not pre- 
served, 7’ cannot be extended, but ean nevertheless be A-extended provided 
that there exists another continuous (1 --- 1) correspondence V, such that 
T (Af) — M' and such that sides are preserved under V. If the continuous 
curve M is sufficiently simple in its constitution, this correspondence V always 
exists and every correspondence T can be A-extended to a correspondence 
between the planes. 


* Presented to the American Mathematical Society at Nashville, December 28th, 
1927. 

+A correspondence T between Jf and Τ(Λ) is said to be continuous, if in case 
the point P of Af is a limit point of N, a subset of M, then T(P) is a limit point of 
T(N). Since all the correspondences considered in this paper are continuous and 
(1— 1), we shall frequently use “ correspondence” in place of “continuous (1— 1) 
correspondence.” 

iL. Antoine, “Sur V’homéomorphie de deux figures et de leurs voisinages,” 
Journal de Mathématiques, Ser. 8, Vol. 4 (1921), p. 221. 

ΒΗ. M, Gehman, “On Extending a Continuous (1—1) Correspondence of Two 
Plane Continuous Curves to a Correspondence of Their Planes,” Transactions of the 
American Mathematical Society, Vol. 28 (1926), pp. 252-265. 
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The first object of this paper is to determine for what classes of plane 
continuous curves (classified according to the number of end points,* branch 
points { and simple closed curves, and a certain interior property to be defined 
next) it is true that if a correspondence T exists between two curves of the 
same class, a side preserving correspondence V also exists between them, and 
hence we can A-extend the correspondence T to a correspondence between the 
planes. 


A necessary, but not sufficient, condition that a correspondence preserve 
sides is that it preserve interiors of simple closed curves. Hence in order 
that V exist, it is necessary to impose some interior condition on the two 
continuous curves. The condition used here (that they be in the same in- 
terior class) is an extremely light one, as is shown by Example 6 below. 
This example shows that the condition that two continuous curves be in the 
same interior class is not sufficient for the correspondence between them to 
be A-extended. The condition is necessary, of course. 


DEFINITION. We shall say that the two plane continuous curves M and 
M" are in the same interior class with respect to the planes S and S’ in which 
they lie, if there exists (a) a continuous (1 --- 1) correspondence T such that 
T (AM) = M, and (b) a (1—1) correspondence between the set of all simple 
closed curves in M and the set of all simple closed curves in W’, which is 
such that if J is a simple closed curve in Af and J’ is the corresponding 
simple closed curve in M’, and if N is the set of all points of M which 
are interior to J and Ν΄ is the set of all points of M' which are interior 
to J’, then there exists a continuous (1— 1) correspondence W, such that 
W(N) -- Ν’. 


THEOREM 1. 7f M is a continuous curve lying in a plane S, and T is a 
continuous (1—-1) correspondence such that T (M) = M, where M lies in a 
plane S', then T can be A-extended to a correspondence between the planes 
S and δ’, provided that (1) M and M are in the same interior class with 
respect to S and 9’, and (2) c, b, and e satisfy one of the following condi- 


* For a number of equivalent definitions see: H. M. Gehman, “Concerning End 
Points of Continuous Curves and Other Continua," Transactions of the American 
Mathematical Society, Vol. 30 (1928), p. 63. Probably the simplest definition is one 
due to G. T. Whyburn: A point P of a continuous curve M is said to be an end point 
of Af in ease P is not an interior point of any are in M. 

+A point P of a continuous curve M is said to be a branch point of M in case M 
contains three ares having P in common, but no two of them having any other point 
in eommon. 
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tions, where c is the number of simple closed curves in M, b is the number 
of branch points of M, and e is the number of end points of M: 








(a) c=0, DS 2, e is finite. (e) c= 2, eS il. 
(b) c=0, b = 3, e— 5. (f) ο-- 3, ε--0. 
(ο) c=1, b 1, e is finite. (g) ο--4, b —1, e= 0. 


(d) ο-- 1, b —e,eza. 


Proof. By virtue of the preceding remarks, it will be sufficient to show 
that in each case there exists a continuous (1—1) correspondence V, such that 
V(M) = M and such that sides are preserved under V. 

For each set of values of c, b, e satisfying the conditions of the theorem, 
we shall describe a collection [Ms] of point sets, such that any continuous 
curve having the given values of c, b and e can be put into correspondence 
with one and only one of the sets of this collection. Then corresponding 
to each set Mz, we shall describe a collection of sets Mzi, Mey © ++, Ma 
lying in a plane S", and such that if M is a given continuous curve which 
is in continuous (1— 1) correspondence with M; and lies in a plane S, then 
there is one and only one set in this collection, say Ma, which is such that 
M and M; are in the same interior class with respect to S and 8”. It will 
be obvious in each case that if M and M; are in the same interior class, 
there exists a continuous (1— 1) correspondence W, such that W (M) = Mai 
and such that sides are preserved under W. If M and M' are in the same 
interior class with respect to S and S', then W’ and σι will be in the same 
interior class with respect to S' and S". Hence there exists a similar con- 
tinuous (1 — 1) correspondence W' such that W'(M;) == M', and such that 
sides are preserved under W'. The correspondence W'W is the required corre- 
spondence V mentioned above. 

We shall have need of these relations in the following discussion: if 

== 0, then e Zb + 2; if c= 1, then e Z b; if c= 2, then e 4-2 Zb 21; 
if c= 3, then e+ 4 Zz b zz 1. Note also that if c — 0, condition (1) of the 
theorem is superfluous, 


Case (αἱ). If c— b — 0, then e — 2, and the set M, == M, is an are. 


Case (a2). If c= 0, b — 1, e = n, the set Jf, -— M», consists of n arcs, 
each having the point B for one end point, and no two of them having any 
other point in common. 


Case (a8). If c= 0, b — 2, e= n, the set M= Μι consists of (1) 
1 an are joining the points B, and Bə; (2) a collection of i ares, where 
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2315 n — 2, each arc having the point B, and no other point in common 
with the are B,B,, and no two of them having any other point in common; 
and (3) a collection of π--- i arcs each having the point B, and no other 
point in common with B,B., no two of them having any other point in 
common, and no one of them having a point in common with any are of the 
other collection. 


Case (b). If c=0, b — ὃ, e= 5, the set M, = M4, consists of four 
ares £,B,, EjB, Εκβε, E,E;, which are such that B,, B», B, are interior 
points of the are E,E,, and except for these three points, no two of these 
arcs have any point in common. 


Case (cl). If c—1, b —0, then e — 0, and the set M;— M, is a 
simple closed curve. 


Case (c2). If c= 1, b = 1, e — n, the set M, consists of a simple closed 
curve C, and n ares ΙΒ, EB, > -+ , E,B, each having the point B and no 
other point in common with C, and no two of them having any other point 
in common. The sets Me, Mas, © * - , Mens are defined thus: in the set 
Me, there are i— 1 end points interior to C, and n — i--1 end points 
exterior to C. 


Case (dl). The case c = 1, b = e = 0 is the same as (cl). 
Case (d2). The case c= 1, b = e = 1 is a special case of (c2). 


Case (d3). For c= 1, b =e =2, there are two sets: M; and Ms. The 
set M; consists of a simple closed curve C and two ares E,B,, EB, having 
no point in common and having respectively the point Bı, Β. and no other 
point in common with C. In the set Πτι both end points are exterior to C ; 
in the set M,» one is interior and one exterior to C; in the set Λέτε both are 
interior to C. 

The set Jf, consists of (1) three arcs E,B,, E.B., ΒιΒ., no two of which 
have any point in common except Bs, and (2) a simple closed curve C which 
contains Δι, but which has no other point in common with any one of the 
three ares. In the set M4, the point B. is exterior to C; in the set Με» 
it is interior to C. 


Case (d4). For c= 1, b = e = 3, there are three sets: My, Mio, Mii. 
The set M, consists of the set M, and an are EB, having B, in common with 
C — B,— B: and having no other point in common with M. The sets 
Moi cc, οι are defined thus: in the set M3; there are i — 1 end points 
interior to C, and 4 — i exterior to C. 


b: 
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The set Mia consists of the set M, and an are EB; having Ba in comic 3 
wot C- B, aud having no other point in common with M.. The « . 
“iw +, My are defined in the same way as αέρια" - - , Ma were denco. 

The set Mi, consists of the set M, and an are EB, having Da aud 1« 
cU" point in common with M., where B, is an interior point of the a. 
BE. The sets Mas and Maso are defined in the same way as M.; ar? 
1 were defined. 


Case (el). It 0— 3. b — 1. ο--0, the set H consists of two simp 


cbse! curves (ἂν Co having the point B, and no other point in common. ia 
th 0t M. uus Co is exterior to Cy: in the set Miss Ca is interior to Cy. 





Case (οὐ. It e+=. b= 2, e= 0, the set Mig consists of two samp: 
Oo bonnes Cy C: having no point in common, and an are B,D, hah. 


-- 


' common with C, and Ba in common with C, and having no other 1 oi: 1 
so wmo with either of the simple closed curves. The sets Mis; ana M 
4-0 ined in the same way as Mio. and Miss were defined. 


2,2 


Case (e3). If c== 2, b= 1, e = 1, the set Mi, consists of the «t M 
wd an are EB, having no point in common with Γιο except By. Iu th: 
+t lian. Cy is exterior to C», and E, is exterior to both Οι and ος in M ,, 
(Coi exterior to (".. and Æ, is interior to Cy; in Maiss, Ce is interior tc { , 
ard Æ, ix exterior to (3; in Masa, EQ. and C, are interior to Ca, and FE, s 
ete ior to C4: in Miss, Æ is interior to Ci, and C, is interior to Ca 


Case (e4). For c2, 6 = 2, e = 1, there are two sets: Mis and M 
Tw set Mis consists of the set Mis and an are £,B, having B, in comme i 
wth CS 2D, and having no other point in common with Mie The ~x s 
dist, Miss are defined in the same way as Masi ccc, Mias νο 


dCi ed: in the set Miso C» aud E; are interior to ΟἹ. 

The set Mis consists of the set Mas and an are E,B, having P, and 1.9 
othe point in common with Mis- The sets Wier, cc c, Ming are defined 
in t! e same way as Masi, ° °° . Miss were defined. 





Cuse (e5). For c= Ὁ, b = 3, e = 1, there are two sets: Mi; and M 
The set M3; consists of the set Mis and an are EB; having D, in common 
wth C, — B, and having no other point in common with Mis. The ses 
Moo. tt, Mass are defined in the same way as Misi cc co, Maise wee 
ae hn ed. 

The set 3/,, consists of the set Mas and an arc EB, having Πα in comme 1 
vith B,B,-- B,-- B, and having no other point in common with Mis The 
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sets Mis, and Mis are defined in the same way as Msı and Myo. were 
defined. 


Case (fl). If c= 3, b — 1, e= 0, the set Mis consists of three simple 
closed curves C,, Co, C, each eontaining the point B, and no two of them 
having any other point in common. In the set λζιοι, each simple elosed 
curve is exterior to each of the other two; in Miss, C. and C, are interior 
to C; and exterior to each other; in Miss, Οι is interior to C,, and C, is 
exterior to Cs; in Mis, C, is interior to C,, and C, is interior to C,. 





Case (f2). For c—3, b —2, e— 0, there are three sets: M 20, Mos, 
Mz. The set Mo consists of three ares joining the same pair of points, 
no two of the ares having any interior points in common. Any two plane 
point sets which are in continuous (1 — 1) correspondence with Mao are in the 
same interior class with respect to the planes in which they lie; hence 
Mosi = Ma. 

The set M», consists of the set M,» and a simple closed curve C, having 
the point B; in common with C, — B; and having no other point in common 
with Mis The sets Maji ©- , Ma4 are defined in the same way as 
Mix, © + * , Mis, were defined; in the set Mas, Οι and C, are interior to 
C; and exterior to each other. 

The set M», consists of the set M,s and a simple closed curve C, having 
B, and no other point in common with Mi; The sets Misi, ^ c , Moos 
are defined in the same way as Msi, © , Mais were defined; in the set 
Mz.s Cs, is interior to C2, and Cə is exterior to Οι; in the set Mos, Cs is 
interior to C2, and C, is interior to Οι. 


Case (f3). For ο--- ὃ, b —3, e = 0, there are two sets: Mas and Mo. 
The set Mas consists of the set Μι and a simple closed curve having the 
point B, in common with C; — B, and having no other point in common 
with M:s. The sets Moi, ^ `, Mos; are defined in the same way as 
Misi coco, Moo, were defined; in the set Mog, Οι and C, are interior to 
C, and exterior to each other. 

The set Ma, consists of (1) the set M,,; (2) a simple closed curve C, 
having no point in common with Mis; and (3) an are B-B; having B, and 
no other point in common with M:s, and having B, and no other point in 
common with C3. The sets 142,1, © , Ποιο are defined in the same way 
as Moi © ° © , Mas were defined. 


Case (f4). For c= 3, b= 4, e= 0, there are two sets: Mes and Mao. 
The set M»; consists of (1) the set M:s; (2) a simple closed curve C, having 


` 


^ 


GEHMAN: On Extending a Correspondence in the Sense of Antoine. 391 


no point in common with M,;; and (3) an are B4B, having Bs and no other 
point in common with C; having B, in common with B,B, — B, — Bz, and 
having no other point in common with Mi;,. The sets Mos, and Mos. are 
defined in the same way as Mis, and Mis» were defined. 

The set Mas consists of (1) the set Μια; (2) a simple closed curve C, 
having no point in common with Μια; and (3) an are BB, having B, and 
no other point in common with Cs, having B, in common with C, — Bz, and 
having no other point in common with Mis. The sets Mooi, ©  * , Mss are 
defined in the same way as Msi, © * * , Mais were defined. 


Case (g). IE c= 4, b —1, e — 0, the set Mz; consists of four simple 
closed curves Οι, C2, Οι, C, each containing the point B,, and no two of them 
having any other point in common. In the set M»; each simple closed curve 
is exterior to each of the other three; in M;;., C, is interior to C2, and each 
of the simple closed curves C2, Cs, C, is exterior to each of the other two; 
in Mars, Οι is interior to C2, Cz is exterior to Cy, and C, is interior to C,; 
in Ma, C, and C, are interior to Cs and exterior to each other, and C, is 
exterior to C3; in Mss, C, is interior to Cz, Ca is interior to Cs, C, is ex- 
terior to Cs; in στα, Ci, Co, Οκ are each interior to C,, and each one 18 
exterior to each one of the other two; in Mər, Οι is interior to ο, C, is 
exterior to C», C, and Os are interior to C4; in οτε, Οι and C2 are interior 
to C, and exterior to each other, C; is interior to C4; in Mo;,9, Οι is interior 
to Co, C, is interior to Cs, Cs is interior to C4. . 

This completes the proof of Theorem 1. We shall now show that the 
hypotheses of this theorem cannot be further weakened and the conclusion 
remain true. We give below a collection of examples in each of which are 
given two plane continuous curves M and M’, which are in the same interior 
class, and for which there exists a continuous (1— 1) correspondence T such 
that T(M) — M'. In each case c, b, e do not satisfy any one of the condi- 
tions (2) of the theorem and Τ' cannot be A-extended. 


Example 1. For c=0, b — 1, e infinite, the set M consists of the 
straight line intervals from (0, 0) to (1, 0), and from (0, 0) to (1/n, 1/18), 
for n== 1, 9, 3, -+ , and the set M’ consists of the straight line intervals 
from (0, 0) to (1, 0), and from (0, 0) to [1/n, (—1)"/n?], for n=1, 2, 3, °°. 


Example 2. For c —0, b —2, e infinite, M and W are the same sets 
as in Example 1 with the addition to each of the straight line interval from 
(1/2, 0) to (1, 1/2). 
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Example 3. For c= 0, b = 3, e = 6, the set M consists of the straight 
line intervals from (0,0) to (4,0), from (1,0) to (1,1), from (2,0) to 
(2,1), from (2,0) to (5/2,1), from (3,0) to (3,1), and M' is the same 
set except that the interval from (2,0) to (5/2, 1) is replaced by the interval 
from (2,0) to (2, — 1). 


Example 4. For c= 0, b — 4, e = 6, the set M consists of the straight 
line intervals from (0,0) to (5, 0), and from (η, 0) to (n, 1) for n—1, 2, 3, 4, 
and M’ is the same set except that the interval from (3,0) to (3,1) is 
replaced by the interval from (3,0) to (3, — 1). 


Example 5. For c= 1, b — 1, e infinite, M and W are the same sets 
‘as in Example 1, with the addition to each of the circle (x + 1)? + y? — 1. 





Example 6. For c= 1, b= 2, e= 3, the set M consists of the circle 
a? + y? — 4, and the straight line intervals from (0,1) to (0,2), and from 
(1,0) to (3,0), and Jf’ consists of the same circle and the intervals from 
(0, 2) to (0, 3), from (1,0) to (2, 0), and from (1, 1) to (2,0). 


Example t. For c= 1, b — 3, e = 4, the sets Jf and MW’ are the same 
sets as in Example 6 with the addition to each of the interval from (3/2, 0) 
to (3/2, 1/4). 


Example 8. For c= 1, b = 4, e= 4, the sets M and W’ are the same 
sets as in Example 4 with the addition to each of the interval from (0,0) 
to (1,1). 


Example 9. For c—2, b — 1, e= 2, the set M consists of the straight 
line intervals from (—1, 0) to (1, 0), from (0, — 1) to (0, 1), from 
(—1, — 1) to (1, 1), from (— 1, — 1) to (—1, 0), and from (1, 0) to 
(1, 1), and Al’ is the same set except that the interval from (1, 0) to (1, 1) 
is replaced by the interval from (0, 1) to (1, 1). 


Example 10. For c == ὃ, b == 1, e — 1, the set M consists of the straight 
line intervals from (0, 0) to (0, 4), from (0, 4) to (7, 4), from (7, 4) to 
(7, 0), from (7, 0) to (0, 0), from (0, 0) to (n, 1), for n= 1, 2, 3, 4, 5, 
from (1, 1) to (2, 1), and from (3, 1) to (4, 1), and W’ is the same set 
except that the interval from (3, 1) to (4, 1) is replaced by the interval 
from (4, 1) to (5, 1). 


} 
Example 11. For c= 4, b = 1, e=1, the sets M and W’ are the same 
sets as in Example 10 with the addition to each of the circle (z-1-1)?-]-35^—1. 
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Example 12. For c= 4, b = 2, e= 0, the sets M and M' are the same sets 
as in Example 10 with the addition to M of the circle (z—5)?-|- (y—2)?=1, 
and with the addition to ΛΙ’ of the circle (z —3)*+ (y—2)? — 1. 


Example 13. For ο--δ, b = 1, e= 0, the set M consists of the set M 
of Example 10 with the addition of the straight line intervals from (0, 0) 
to (6, 1), from (8, 1) to (6, 1), from (0, 0) to (2/3, 1/2), from (2/3, 1/2) 
to (5/6, 1/2), and from (5/6, 1/2) to (0, 0), and M' is the same set except 
that the last three intervals are replaced by the intervals from (0, 0) to 
(5/3, 1/2), from (5/3, 1/2) to (11/6, 1/2), and from (11/6, 1/2) to (0, 0). 


E 5: S 
ΓΩ ΓΩ * 


The second object of this paper is to prove a theorem which includes 
as special cases two of Antoine's theorems which occur in sections 22 and 
23 of his paper. 


Derinirion. We shall say that the plane point set M is reversible, if 
given a simple closed curve J, enclosing M and a finite collection of simple 
closed curves Ji, Jo, © , Jn each one exterior to each of the others and 
each lying in a bounded domain complementary to M, there exists a con- 
tinuous (1— 1) correspondence V, such that (1) V(D)= D, where D 
denotes that portion of the plane which is interior to J) and exterior to each 
of the simple closed curves Ji, υο;---, δε; (2) V(M) =M; (3) V(Ji) = Ji, 
for i=0, 1, 2, - -, n; and (4) if A, B, C are three points on the simple 
closed curve Jo, the sense ABC on J, is opposite to the sense V(A)V(B)V(C) 
on Jo. 


Leuma A. If the plane point set M is reversible, then (5) if D, E, F 
are three points on the simple closed curve Ji (i= 0, 1,* > -,m) the sense 
DEF on J; is opposite to the sense V(D)V(E)V(F) on Ji. 

Of the plane continuous curves described in the proof of Theorem 1, 
all are reversible with the exception of the sets with the following subscripts: 
11, 1 and 11, 2; 14, 1 and 14, 4; 16, 1 and 16, 4 and 16, 6; 18, 1 and 18, 2; 
19, 1 and 19, 2; 22, 1 and 99, 2 and 22, 5; 24, 1 and 24, 2 and 24, 5; 25, 1 
and 25, 2; 27, 1; 27, 2; 27, 4; 27, 6; 27, 7 and 27, 8. We can therefore 
state the following lemma: 


Lemma B. The plane continuous curve M is reversible if c, b, e satisfy 
one of the following conditions: 


(a) c— 0, 0S 2, e is finite. (d) ο-- 1, b =e, εξ 9. 
(b) c=0, b = 3, e— 5. (e) c—23,e—0. 
(ο) e—1, b X 1, e ds finite. 


w 


Ə 
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THEOREM 2. Given (1) a point set M lying in a plane S, and a continu- 
ous (1— 1) correspondence T, such that T (M) = M’, where M’ lies in a plane 
ο (2) each component * of M is bounded and except for at most one compon- 
ent, each is reversible; (3) if C denotes a simple closed curve in either δ 
or S', C encloses points of at most a finite number of components of either 
M or W; (4) for each component M; of M, the correspondence T between Mi 
and the component T (Mi) = Μι’ of M can be extended to a correspondence 
between the planes S and S'; and (5) if Μι and M; denote any two com- 
ponents of M, then Μι lies in the domain of S — M; bounded by the subset 
B of Mj, if and only if T (M) = M; lies in the domain of 8' — Mj bounded 
by T(B). Under these conditions, the correspondence T between M and. M' 
can be A-extended to a correspondence between the planes S and 5’. 


Proof. The components of M are countable, by (3). Let us denote 
them by Μι, M», Ms,* - +. Then the components of M’ are M,’, M2’, Mg, t, 
where T(M;)— M/. Let us suppose them so numbered that for ὁ» 1, 
M; and ΜΙ’ are reversible. 

By (4), there exists corresponding to each component M; of M, a con- 
tinuous (1 --- 1) correspondence U;, such that U,(S) =S’, and for each 
point P of Μι, U;(P) — T(P). Hence U;(M;) — T(Mi) = Mj. 

By (3), no point of M or of Μ’ is a limit point of the set consisting 
of all components which do not contain the given point. Hence, corresponding 
to each component M, we can construct a simple closed curve J; in S, such 
that (a) J; has no points in common with M or with J; + Ja 4-: * * 4-Jia; 
(b) J; encloses M; but encloses no other components of M save those which 
lie in a bounded domain of S — Mi; (c) the simple closed curve U;(J;) = Ji’ 
in δ΄ has no points in common with Μ΄ or with J? + J7 +° '{-ιι; and 
(d) J; encloses M;' but encloses no other components of W’ save those which 
lie in a bounded domain of S’— Mj. 

By (3), each simple closed curve J; encloses at most a finite number 
of simple closed curves of the collection Ji -+ J;--: +. Of all those which 
are enclosed by Ji, let Ji, Jis: "σε, denote those which are not interior 
to any other simple closed curve enclosed by Ji. Then J;-+Ji,+ Ji, 
+: ° ++ Ji, form the boundary of a bounded domain D; which is comple- 
mentary to the set J, + J2 --: * -. The simple closed curve J; is the outer 
boundary of Οι; each of the simple closed curves Ji, (n = 1,2,: : *, x) is 
a component of the inner boundary of D;. The domain D; contains M; but 


* A component (= maximal connected subset) of a point set M is a connected 
subset of If which is not a proper subset of any other connected subset of Af. 
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cor mn. no poiats of M — Mj. Similarly in 8’, Ji’ is the outer boznce 
sac J’, E J'u —- + ++ J^, the inner boundary of a domain Dj’, whuh cc 
tu.» WZ,’ but contains no points of M’ — My. 

In order to prove the theorem we must define a continuous (1-- ) 
car espondence C such that C (S) = 8’ and ζ (11) = 1’. We shall do t 
ii uch a way that for each component Mj of M, U(Mi) -- T(Mi) —M- 
Vc shall first define U for points of D, and its boundary. 

Lit di, do,’ © +, d, denote those domains of S — M, that coptain (0 
povents of the inner boundary of D,. By (5), Ui(di) = dif is a domai» 
δ΄. My which contains a component of the inner boundary of Dy. N 
Lt Fi bea continuous (1 — 1) correspondence such that (a) Vi(P)— Γι! ’ 
fov all points P of 5 — (d, + da +` -+ di), and hence [1 (11) = 1. 
δ» Vi) =F: (b) Taldi) —d/, for t=1,2,-°°, δι and he 
Vos) = 85 and (ο) Falin) —J^, for n=1,2,°°°,2,, end hy 
Vii Di) += Dj. We shall let C(P) — Vi(P) for all points of I, aud 
yw dary, 

Lit D, be a domain such that U has been defined for points of 
Lot A, B, C be three points of Ja. If the sense U(A)U(B)U(C) is t v 
im? as the sense U,(A) US (B)Us(C) on the simple closed curve Ja’. th. * 
edis a continuous (1—1) correspondence Τα such that (a) V,(8; == + 
(0) for each point P of Ja, V&,(P) — U(P), and hence Va(Ju) = J ' 
(°) for each point P of Ma, Τε(Ρ)--ζι(Ρ)», and hence Va(M;)—T (Ma) =M’ 
ax) (d) Ve(Je,) - αι for n— 1,2, ^ :,z,, and hence Ve(/4) = Ι»΄ 
Since Me is reversible, even if the two senses are opposite, there exists . 
corr spondence Τα such that (a), (b) and (d) are true, and (e) i- replac ! 
ro) Va(Ma) =T (Ma) = Ma’. In both cases, we shall let C (P) = 1.(’᾽ 
foc all points of D, and its boundary. 

Let D, be a domain such that ( has been defined for points of t : 
component Jj of its inner boundary. Here again there exists a contiruc 
(ἱ- 1) correspondence VT, such that (a) for each point P of J., 
(P) = UC(P); (b) (Mb) = Tb) = Mis (ο) Velde) Jv: ( 
Y, Gu) = J's for n 92,3. + e,o; and (e) Va(Dv) = Di’. We shad 
U(P) = Va(P) for all points of D; and its boundary. 

Having defined U for points of D,, we can by the process outlincc 
ine two preceding paragraphs, define U for all points of S interior to . 
oid for all points of S interior to a simple closed curve Je which encloses » 
T” this includes all points of S, the theorem has been proved. In case th . 
d;> not include all points of S, we shall construct in S an infinite collestt * 
o smple closed curves Ci, C2, Ου” + +, such that (a) C; is interior to C, . 


396 ΕΠΑΝ: On Extending a Correspondence in the Sense of Antoine. 


(b) C; has no points in common with M; (ο) for each point P of S there 
is some integer k such that P is interior to Cy. In S', we shall construct 
an infinite collection of simple closed curves Ον, C^, ο, +, such that 
(a) C;' is interior to Ομ. (b) Ci’ has no points in common with M'; 
(c) for each point P of S' there is some integer b such that P is interior 
to Cx’; (d) Ci’ encloses a component M;' of M’, if and only if C; encloses M;. 
Let W; (i==1, 2,3,---) be a continuous (1— 1) correspondence such that 
TWi(0,)-— ον. If we let N=M +C Cs: and N = MW -- ον 
«- Ον ντ" and let V be a continuous (1— 1) correspondence such 
that for each point P of M, V(P) — T(P), and for each point P of Ci, 
V(P) = W(P), then N, Ν', V satisfy the conditions of Theorem 2. If 
then we order the components of N, construct a new collection of simple 
closed curves Ji, Ja, Ja," °°, and proceed as outlined above, a correspondence 
U wil be defined for all points of S in such a way that (9) = S' and 
U (M) = W, which proves Theorem 2. 
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Green’s Functions for Differential Systems 
Containing a Parameter 
By W. W. Extiorv. 


1. Introduction. This paper is a continuation of the paper entitled 
‘Generalized Green’s Functions for Compatible Differential Systems, which 
appeared in Vol. 50 of this Journal, pp. 243-258. The notations and equation 
numbers of the former paper are continued in this paper, and references 
are made accordingly. The $;'s and the y;'s are respectively assumed to form 
biorthogonal sets with the u,’s and the v;'s as suggested at the close of the 
above named paper. 


2. Relations Between Differential and Integral Systems Containing a 
Parameter, Let us now consider in connection with the compatible differential 
system (1), the system 


(29) L(u) = Xu, Up(u) — 0, (ρ--1,-:', n), 


where A is a parameter ranging over the complex plane. 
The system adjoint to (29) will be 


(30) M(v) =, Το(υ) — 0, (p-1,-::,m). 


In general systems (29) and (30) are compatible for some values of A 
and incompatible for others. However, in special eases systems (29) and 
(30) are incompatible for all values of λ. Such systems will possess ordinary 
Green's functions for all parameter values. Cases also arise in which systems 
(29) and (30) are compatible for all* values of A. Such systems possess 
generalized Green's functions for all parameter values. In ordinary cases, 
systems (29) and (30) will possess ordinary Green's functions for some 
parameter values and generalized Green's functions for other parameter values. 
If systems (29) and (30) are compatible of order h for some value of A, 
their solutions will be respectively denoted by αλ," + :, «^ and vi: =t, oA 
The φις and y;’s will also be given a superscript to denote the value of A for 
which they are taken. 

The generalized Green's functions will be given two superscripts. The 
first one will be the value of A, and the second will denote the order of com- 


* M, Bécher, Les Méthodes de Sturm, p. 42. 
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patibility of the given system for this value of A. In this notation G with a 
second superscript zero will mean an ordinary Green’s function, while with 
the second superscript different from zero it will mean a generalized Green’s 
function. The assumption as to what parameter value we are considering, 
the order of compatibility for this value, and the indication whether the 
Green’s function considered is the ordinary or generalized one will then be 
implied from this notation without the necessity of explicit statement in 
each case. 

At this point several natural choices of the Φιλ and y;"s may be 
presented. 

The $;"s and y;"Vs may be taken respectively as sets of functions linearly 
equivalent to the conjugates of the sets of solutions w;"s and v;Vs. The 
Green's function resulting from this choice of the φιλς and y;"s will be 
given the subseript 1. 

Some of the following work will simplify if a set of $;"s can be found 
which, in addition to forming a biorthogonal set with the w;"s, are orthogonal 
to each u^, (u 2^ A), and if a set of y;Vs can be found which, in addition to 
forming a biorthogonal set with the v;Vs, are orthogonal to each v^, (u 7^ A). 
The Green's functions resulting from this choice of the $;"s and y;"s, when 
they exist, will be given the subscript zero. 

Provided each «^ multiplied by v^ and integrated from a to b does not 
give zero, the above condition will be satisfied by the $;"s and y;Ns, if the 
$;"s are chosen linearly equivalent to the v;Vs and the ys to the w;Ns. 
The Green's function resulting from this further special choice, when it 
exists, will be given the double subscript 01. 

It should be noted that the functions G, (zy) and Goi(ay) depend solely 
upon the given differential system and are independent of any particular 
ehoice of the complete sets of solutions. 

The function Go (zy) always exists for Hermitian differential systems. 
In fact for Hermitian differential systems (οι (zy) = G, (zy). In dealing 
with Hermitian differential systems in the future we shall always use the 
special function G,(zy), as it will serve to give all the facts. For other 
systems, so far as possible, the general Green's function without special choice 
of the $;Vs and y;"s will be used. The results for special choices of the 
is and y;"s will be pointed out specifically only when they are more simple 
than in the general case. 

Tf zero is taken as one of the chosen parameter values some of the work 
simplifies. An assumption about the differential system for A — 0 is essen- 
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tially equivalent to an assumption about it for any fixed parameter value, 
since we can always effect a linear transformation on the parameter. 
From Theorem V and Cor. II readily follows 


THEOREM VI. If the differential system is Hermitian and n > 1, then 


ο 


G (zy) = GM (ya). 


THEOREM VII. Solutions of the integral equation 


b k 
(31) w(x) =à { [G^ (zs) + (1/A) Σ ui®(x)gi°(s)] u(s)ds, 
s izi 
arc linearly equivalent to those of the system 
k b 
L(u) —2Au(z) —A X ψρ(α) f. vi (s)u (9) ds, 
i=1 a 
(32) 
Up(u) — 0, (p—1i, D, n). 
That any solution of (31) satisfies (32) is seen at once by applying the 
Cifferential operator L and the boundary conditions to equation (31). To 
show that any solution of (32) satisfies (31) apply Green's theorem, letting 


v—:w(z), any solution of (32) which has a continuous n^ derivative, 
t = H* (sy), and simplify. 
THEOREM VIII. Solutions of the equation 

b k 
03) θα) =a f. [G(s + G/) E ue() ée(9)] 6(s)ds 

Q = 
are ezpressible linearly in terms of those of the system 

^b 
8; (z) = ui? (2) +A | G^* (zs) 0; (s) ds, (i—1:-::,k), 
(34) b n 
balz) =à { G"' (zs) 6s (s) ds. 
Q 


By way of proof, equation (33) may be written in the form 


b k 
(85) θα) --λ { G* (zs) 8(5)ds + X, ciu (z), 


b 
where c; — f $i°(s)@(s)ds, (t—1,: ^^, k). Each ci is given in terms 
a 


of 6, but if we write equation (35) for arbitrary οἱ it follows, on multiplying 
by 6.°(2), (ἐ--1,- >, k), and integrating with respect to z from a to b, 
that 


im f° eres με κ η, 
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and (35) is satisfied. Therefore it suffices to consider (35) for arbitrary ci. 
Assign to ci, (t= 1,> © -, k), the & sets of values 


0,1, 0,- 5*, 0, 
0, 0, 1,* 0, 
0, 0, 0, s 


Upon substituting these sets of values in (35) the following equations are 
obtained 


b 
(36) θ:(α) =u? (£) +A f G*(zs)Ó(s)ds,  (î=1, ες k). 


Now let 0(z) be any solution of (35) and form the difference 


(37) θυ(ο) — 6(s) -Σ es (a). 


On multiplying (37) by AG**(zs) and integrating with respect to s from 
a io b, we get 


λ f° atlas) (3) ds =a f G°%(2s) (sds — x Ci f° enin o) 


r 
= 6(4) — x ciBi (x) 
= 0, (c). 
This shows that (x) is a solution of the equation 
b 
(38) θο(α) =A f G% (xs) 6, (5) ds. 
8 


Then a complete set of solutions of (35) may be obtained by adding solutions 
of equation (38) to those of system (86). 

It is obvious that solutions of (36) and (38) satisfy (35) for some 
set of οὐδ. 


CononLARY I. The equation 


δία) =à f^ 0*5) + (1/Α) X uf) G)] O(3)ds, 


always has a solution not identically zero. 
For at values of A which are roots of the determinant function * D(A) 


* T. Lalesco, Lquations Intégrales, p. 21. 
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for aed tor 6 7 Crs), (38) has solutions not identically zero, aud at al; oto: 
vo! ies ot A, equations (36) have solutions. 


THEOREM IX. Solutions of the system 


(3) L(u) = au am y? (x) μου 
(u) = 0. n ids x i), 
acm wpressible linearly in terms of those of the systems 
UT L(u) == ufs) — Avi? (zx), (i-1,-::,L) 
Up(u) --υ, (pe lye sy ny 
hot 
(11 L(u) =Auy, να) == 0, (p=1, >>, n). 


The first equation of system (39) may be written 


λ 
{2} L(u) —Au —AX οιψι”(α), 
i 


5 
Voie c = f vP (s)u(s)ds.. Here again the cys are given in terms of t 
[4 


feo tion s, but if equation (12) is written for arbitrary ej it follows ον 
ac ceation of Greew’s theorem that 
a} 


(n ees EOLO (i- 1. τν k), 


se ocat equation (#2) is satisfied. The remainder of the proof is sim aT 
th. f οἱ theorem VIH. 

From theorems VII, VIII. and IX follows a rather symmetrical rosu. 
wv taay he stated as a theorem. 


ΤΗΤΟΠΕΝ X. 4 complete set of solutions of the integral system 


8 (0) =u (a) -- λ f, emen cas, (qure) 
-b ^ 
lr) | G(s) By(s) ds, 


ta as a whole, is linearly equivalent to a complete set of solulions of H> 
Ji “e ential systems 


L(&)-—2Au—Ap, Calu) --θ, (pel::c,n; ἰ--1ν': '. k), 
mer 


L (ua) == Aug, U,(u,) = 0, (p=1 ον 1), 


^rye à? as a whole. 
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THeEoREM XI. Solutions of the equation 


(44) a(z) -f G** (zs) 6 (s) ds, 


are linearly equivalent to those of the system 


k b 
L(u) (2) —A È (e) f οὐ) (αν 
451 a 
(45) Up(u) = 0, (p—1,:::,m), 
b 
Φα) (ο) = 0, (i=1, +, E). 
That any solution of (44) satisfies system (45) is seen at once by per- 
forming the indicated operations on the function defined by (44). To show 


that any solution of system (45) satisfies (44) apply Green’s theorem, letting 
u = any solution of (45) and v = H* (ay). 


TuEoreM XII. Solutions of the integral system 


ama f G(s) (8) ds +3 wee) f * ei (s) 6(s) ds, 
(46) l 
f vi? (5) θ(5) ds — 0, (i—1,:-:, k), 
are linearly equivalent to those of the diferential system 
(47) L(u) =u, Ὀρ(ω) --θ, (pe1--',n). 


That every solution of (46) satisfies (47) is seen by performing the 
indicated operations on the function θ(ᾳ) and taking into account the condi- 


b 
tion f vif(s)0(s)ds — 0, (i=1, ++, k). 


To show that every solution of (47) satisfies system (46) apply Green's 
theorem, letting u = u(x), any solution of (47), and v= H**(zy). In the 
simplification use is made of the fact that every solution of (47) satisfies the 
condition 


free b exl 


If the Greens function @° (zy) exists for the given system, we have the 
simple equivalence theorem: 


Turorem XIII. If the function G% (sy) exists? for the given dif- 
ferential system, then solutions of the integral equation 


* This hypothesis is equivalent to assuming that GO exists for some value of^À. 


ld 
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b 
6(α) --λ f. Git (zs)8(s)ds, A340, 
a 
^ equivalent to those of the differential system 
L(u) = Au, λαο, U,(u)—0, (p—1,-°°, η). 


Since for a Hermitian system G% always exists and equals G.%- ^c 


^ state: 


ΤΉΕΟΒΕΝ NIV. Fora given Hermitian differential system the solutio .s 
106 integra! equation 


ò 
zT (2) =A f G% (zs) 6 (s) ds, AO, 
^o 
‘quivalent to those of the differential system 
E L(u) =aAu, U,(u)—0, (05 1) >,a Au 


Now suppose the function D(A) is formed for the kernel G(s ^ 
' enütian system and the roots of D(A) are found to be λι, Àn, As, A. - 
: e choose a real number A^ not equal to 0, Ai, Az, λα, às o, «πὸ defi ο 


D, (us) = Gu ns) + (1/47) S us (2)88(), 
- aay state m 
THEOREM XV. Solutions of the equation 
: θ(α) =A f T," (s)0(s) ds 
quivalent to those of the Hermitian system 
1 L(w)--Au U,(4) =0, (ρ--1,-:'»πὶ, 


fue X= 0 nol being excluded. 


Since 
b 
5(x) =A f T, (79) 6 (5) ds 
a^ 


zu W^ (6,69) + ΛΣ uy? (x) a (5)] 6(5)ds. 


ος 


Ὁ b 
(^ eco G)ds = Qu) f ap(s)(s)ds  (p-1 kh, 
2^6 8 
b 
-— M, or f vo (16 (5) ds = 0, (pesi, by 
a 
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b 
If f "a (s)0(s)de «s 0, than S(s) ed { G,°*(as)6(s)ds, and A 
a & 


must be one of the values Ai, λε, As, - * ; and solutions of equation (50) 
must be linearly equivalent to those of equation (48). 
ISX 


θ(α) — X f G."* (as) 6(s)ds + Σ uz) f {ιδ (s)0(s) ds. 
Let 


k b 
a(s) — 6(s) — € uj (s) f. ds (£)6(1) dt. 
151 a 
Multiplying by A' G,°*(zs) and integrating from a to b, we get 
b b 
X f G% (zs) a (s) ds = X f. G, (z)6 (s) ds 
9 a 
k b b 
—XY f. f Q,™® (rs) wi? (s) à; (8) θ (1) dids 
i-i a 9 
b 
=X { G;' (xs) 0(s) ds 
a 
k b 
= θ(α) — X αῤ(α) { aP (t) 8 (t) αἱ 
$21 6 


= q(x). 
; k 
Since A 5^ M, λο, Àa + +, a(s) = 0, and θ(α) = Σ ciu;°(x). Hence solu- 
i=l 


tions of (50) are linearly equivalent to those of (48) plus linear combinations 
of wi°(x), (i= 1,- * -, k), and theorem (XV) follows from theorem (XIV). 


THEOREM XVI. The kernel Y, (zs) is a closed * kernel. 
b 
Suppose f. T." (zs)8(s)ds — 0. This becomes, on substituting for 
@ 
b k a b . 
T^ (zs), f, G(s) B(s)ds + (1/1) δ uj*(z) f j^ (s) B(s) ds = 0. 
& j=l α 
Multiplying by à;?(z), (6— 1,- - -, k), and integrating, we get 


j dii? (s)B(s)ds = 0, (ἐ--1,:-, k), 
and then $ 


f " G,°(as) B(s)ds — 0. 


* D. Hilbert, Góttinger Nachrichten (1904), p. 49. . 


~ 
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Applying the differential operator L to this equation gives 


(52) βίο) =X ευ) (^ aoed, 


which shows the kernel is closed. 
From theorems XIV, XV, XVI, together with the theory of integral 
equations with Hermitian kernels, follows * 


TuxogEM XVII. A Hermitian differential system cannot be compatible 
for all values of the parameter A. The values of A for which the system is 
compatible are infinite in number, are all real, and have no finite limit point. 


3. Relations between Green's functions for different values of the 


κ parameter, 


ΤΗΠΟΠΕΝ XVIII. In systems for which G (xy) and G” (xy) both exist, 
GM (ry) is a pseudoresolvent t function to the function G° (zy). 
Apply Green's theorem,] letting 


U == GM (xé), and v = H” (24). 


This gives after a simplification and a change of variables 


(53) Ολι(αμ)-- G9 (zy) -- A f ee) (sy as 
— f G" (25). yi (s)vi^ (y) ds, 
or 
(4) (ay) = ο) +a f 6" (19) P (y) ds — (1/1) X (a) HAY), 
where : 
(55) U(x) =A f. 60ο (zs) ψιλ(ς) ds, (i1, e, E). 


Similarly, by letting u= G°(xé), v= H(z), applying Green's 
theorem, and simplifying, we get 


(56) (ay) — G(2y) +2 f° Phas) (y) ds — (1/1) X 99) 2), 


* This result has been previously shown; see Bócher, Proceedings of the Fifth 
International Congress of Mathematicians, Vol. 1, p. 185. 

+W. A. Hurwitz, Transactions of the American Mathematical Society, Vol. 13 
(1912), p. 405. 

$ See theorem V. 
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where 
b 

(52) BAY =A f GAs) (syd, G—1 1). 
a 


From the theory of the ordinary * Green's function it is known that the 
w;"s and v;Vs form complete sets of linearly independent solutions of the 
equations 


a (ac) =À f G (zs) u (s) ds, 


eyes f ” H* (zs) 9 (s)ds. 


Then 
f ui (z) B(x) dr =à Ef ui (x) G” (se): (s) dsdz 
R 0 ij, - 
= f suae (TIBI Giu. 
Similarly 


J POW @\de= { ME xc Fes ae νο 
α > =], 
Thus the necessary and sufficient conditions + that G(2y) be a pseudo 
resolvent to G?? (zy) are satisfied. 

The function GM(zy) is not uniquely determined by equations (54) 
and (56). However, it may be completely determined by demanding in 
addition one of the relations, 


fe soe ena = am ΓΣ seo) f ” ej (s)ue (s) ds — 9 (y), 


f IAE) P (αφ)ἄν-- (1/2) EX αλ) f ” eo (s)é? (s)ds — 9? (y)]. 


That these relations are satisfied by the function GM (xy) is obtained by 
applications of Green's theorem. 

The last theorem simplifies somewhat if the Green's function Gò (zy) 
is used. In this case the functions ¥;\ and ®; are respectively equivalent 
{ο the functions u;* and v;*, and we may state 


THEOREM XIX. In systems for which GM (cy) and τν (vy) both exist, 
Gi (zy) is that pseudoresolvent function to G9? (xy) which satisfies the 
conditions, 


* M. Bécher, Les Méthodes de Sturm, p. 109. 
t W. A. Hurwitz, loc. cit. 
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b 
GM (zy) = G* (zy) +A f. 60ο (σε) Ωλ» (sy)ds 


— Q/) È u^) ey), 


b 
GM (zy) = G^ (zy) +A Gt (zs) G% (sy)ds 


— 1/1) È oy) wiz), 


b 
f 9e (ey) de =o, G—1--, 9, 
a 


b 
f, WG (yx) dz — o, G—1,- τον Ὁ. 
9 


CoroLLARY I. In a Hermitian differential system, G (zy) is that 
pseudoresolvent function to the kernel G (zy) which satisfies the conditions 


GM (zy) = G” (zy) +A { ” G* (zs) GM (sy) ds 
— (1A) È (a) vy), 


GM (zy) — G9 (ay) +A f δ G^ (zs) G (sy) ds 
— (1/r) È ay) w^ (9), 


b 
f. ü (x) G (zy) dz — 0, l 


b 
{ vi (z) G^ (yz) dz — 0. 
va 


The functions w;^ (rz) and 9; (z) defined by equations (55) and (δ) 
are respectively identieal with the solutions of the differential systems, 


(58) L[wj(z)] =Ayi(x), Uj[w?(z)] — 0, 
(p-—1,:::,n;i—1,* 5, k). 

and 

(59) M[®:*(x)] — Ae? (z), Vy[9?(z)] — 0, 


(p=1,- i "n; i=l; , -. Ek). 


For each ὁ the solution of each of these systems is unique. The Φιλ and the 
V,;"s are then completely determined by the differential systems (58) and (ὅθ). 
Define the functions 
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Q (a£) — 9" (a£) — (1/1) È È Oy we) PO 

+ 0/2) È αλα) vò (8), 

Q” (ay) = G” (sj) — (1/4) È v2) OC), 
RM (af) — HP (s) — 0/3) € $ Όλη v? (γωλ(ϐ) 

+ αλ) Σ v2) u^), 


R (29) = H (25) — (1/2) È 9) wo), 
Where ! 


ολη = f. BA(v)yMu)de, Ίλ-- 4^ v (2)$? (2)dz. 
Then Q9 (ση) = R” (qe), and also, since cj; = bj QV (xé) = RM (ér). 
THEOREM XX. The function QM (ay) is the resolvent function to 
Q (zy) for the parameter value A. 
Apply Green's Theorem, letting 
u = QM (z£), and v = R” (zy). 


This gives, after simplification involving somewhat lengthy calculations and a 
change of variables, 


(60) Mlay) = ο” (ay) +A f "99° (zs) QV (sy) ds. 


Similarly, by letting u = Q” (zé), v = R! (xq), and applying Green's theorem 
we have : 


(61) OM (zy) = ο αν) +A f 0*() 9 Gas. 


Equations (60) and (61) determine the resolvent relationship between 
the functions Q™ (sy) and Q° (ay). 

In systems for which the more specialized function Gà: exists, we may 
state 

THEOREM XXI. The function GM (zy), if it exists, is the resolvent 
function to Q9? (zy) where 


Q" (ay) = G (sy) — 1/4) X u^ ()v (y). 


d 
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COROLLARY. For a Hermitian differential system Gy (vy) is the re- 


h 
solvent function to G (zy) — (1/1) €i ui (z)v? (y). 
i-1 


It remains to find the relations between the generalized Green's functions 
for two different values of the parameter A, each of which renders the system 
compatible. Here again it would be desirable to find a resolvent relationship 
between the Green's functions and combinations of other functions, at the two 
parameter values, but this seems rather difficult in the general case and a rela- 
tionship of a different kind has been found. The resolvent relationship has 
been found for the more special function Gp(ay). 

Define the functions, 


(2) ο Μο +5), 

(3) ψρῶ)--λ f° asy (s)ds, G1 E. 
b 

(4) — Φλ( =a fH (as)gA(s)ds, (1:9, 


b 
(65) Φα) =a f ID(szs)éj(s)ds, (j—1--,k). 


For each j there is a unique function defined by each of these equations, 
and this function is identical with the unique solution given, for the same j, 
in the corresponding systems, 


1[νλώ)] --λψλί9) --λΣ vec) f. * 9:9(s)y(s)ds, 
(62a) ; U,[v;(z)]—0, (ρ--1,'᾿ ';η), 
{ $i? (x) V; (z)dz = 0, (ἐ--1,-'' ο; j—3, :,h); 


L[9/()] = αν.) HANE) —A È v^). f ο (s)¥s?(s) ds, 
(63a) : U,[w;j(z)]—0, (p—1,-°-,n), 
ο ο ο sh FH); 


M[3?(2)] = rsx) —A È (2) { uw G)e (ds 
(64a) Ρο[Φ,λ(α)] --0, (p7-1, . η), 
ο ο ο sh FLW); 


418 Exuiott: Green's Functions for Differential 


h b 
MS; (z)] = X9;*(z) + Ap (0) —A x φιλ(α) { ui (s) $i? (9) ds, 
i σ 
(65a) : V.[$?(z)]-0, (p—lL:::,n), 
f ΟΙ ο s ims su. 
THEOREM XXII. In systems for which G*(xy) and G*(xy) both exist, 


and G*(ay) is known, @ (sy) may be determined either by a solution of the 
equation 


(86) G^ (ay) = G^ (zy) — (1/4) Σ vy) (2) 
+ 441) È οφ (2)8(y) +A p ” Gee (as) G^ (sy) ds, 


which satisfies the conditions 


b l h b 
(51) [οὐ (3) Gg) da — Q/3) [Σ ολ [ vts) Gd --υ ῷγ], 
a i=l a 
(j=1,--°, k), 
b 
(68) f, $9 @ nds =o, G=1 ἃ), 


or by a solution of the equation 


(66a) G^ (zy) = G (zy) — (1/3) x ue (y) (z) 


k b 
+ QA) X v(e) Y? () +A f. G^ (z5) G% (sy) ds, 


which satisfies the conditions 


b h b 
(67a) — u(r) (yx) de = (111) [È αλ) f. u^) Gy suh (9). 
α = a 
" (j^1:':,k), 
(682) f. y? (z) G^ (yz) dz = 0. 
α 
That a solution of equations (66), (67) and (68) exists may be shown 
indirectly by showing they are satisfied by the Green's function GM (zy). It 
may be seen by application of Green’s theorem that (66) and (67) are satisfied 
by GM (zy). Condition (68) follows from the definition of G (zy). 
But a solution of (66), (67) and (68) is unique; for suppose there are 
two solutions G@ (zy) and G, (zy), and form the difference 
R (zy) = GY (zy) — GP (ay). 
The function R(ey) will satisfy the system 


* The ὥς and ¥,’s are defined by the systems (62a), (63a), (64a) and (65a). . 


Systems Containing a Parameter. 


b 
R(zy) =A f G^ (zs) R (sy) ds, 
5 a 
ο { v, (z) R(zy) dz = 0, des 
D $^ (z) £(zy)dz — 0, G1 5h 


^» wy solution of system (69) satisfies the system 
(à) L.[E(u)] =ak(zy), 
Su) (b) ζεμι(ση)]--0, λα n) 


() { ὁλωλβ(ο)ᾶς--ο, G= sh), 


ao G 
- * {bere are no solutions of (70) which do not vanish identically, for ev y 
a. ition of (70a, b) is given by 
[2 
R(zy) — X οφ) ο), 
t1 from (706), οι (y) 20, (i9 1, >, A). Hence 
R(zy) 20, and GM" (zy) = G (zy). 

It may be shown similarly that the Green's function GM (zy) may ». 
cot ined from the alternative equations (66a), (67a) and (684). 

The statement of theorem XXII does not simplify to a great exteri {17 


tno functions Gy" (xy) and G (zy), but for the functions Gor (73) ο ^ 
CY (zy) it is more symmetric, and it will be restated. 


TuroggM XXIII. In systems for which G% (zy) and GM (ay) δ. ` 
esit, and GO? is known, GA (zy) may be obtained, either as the solution '. 
equ tions 
CY (zy) = Got (29) — (1/4) È x zoo (y)us(z) 

— (1/λ) x ug (z)vi(y) A f GP (25) GM (sy)a s 
b 
f 8 (2) OM (ads — oven. G—1 ^ sk 
b 
{ vj(z) G3 (zy)dz = 0, (1: yk, 
a 
or ine solution of the equations 
GM (zy) = Gee (αγ) --- (1/3) Σ ui (y)vi^(z) 


--αλ) X «é()we() +A f οφ (ω)θῇὶ Go» 
f νο (4) 02) (yz) dr — —(1/1)u (4), (jo c 


5 
f wMz)8 (yr)dz—0, Geskenk 
a 
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If the function Ge, (zy) is used, we should have, instead of the functions 
defined by (62a), (63a), (64a), and (65a), those defined by the following 


systems 
L[9,(2)] — A? (2), U,[9^s;(z) ] — 0, 


f secwucnas — o, (ἐ--1,».»Ὥ:}--1,-: ., ἂ; 
° σπα," 
LW; (2) ] — AW; (2) + AW (2), Up [Wj (x) ] = 0, 


(72) 
μμ ου sd ο dn 
M[(2)] —2A$?(z), | V,[$^(z)] — 0, T 
(18) 
AOLO T 
— 
da M[$*,(z)] = A9*,(z) --Aój(z), X V5[9*,(z)] = 0, 
Y4 


b . . 
{ Vi (2) ©; (0) dz = 0, (να μις j=l, ο τε; 
a 


Define the functions 


Q (sy) = G^ (9) + (1/1) X Wo2) Pa (y) 


8); . 


: y 8); 


yn); 


ho oh h 
+ (1A) Σ X, eu (2) 9)— (2) Σ ur(a)v(y), 


Qo (29) = G (zy) — (1/A) X. Vu (2) ^y) 


tOA)E Σ eju? (a) vy) 0) u? (2)v:? (y), 


Εναν) = H (zy) + (1) Σ 9^2) Waly) 


+ (1A) X Σ διλολίγιλῶ)--(/1) Σ v^ ()u& (9), 


Fo (ay) = Hy (zy)— (1/13) E Poi (9) why) 


+ αλ) X. Xi Poe (2)u*() — (1/3) X vez) u(y), 
í-1 151 i-1 


where the 4,'s and %;’s are the functions defined above and where 


b b 

eu = f. yp (t) i(t) de, Pij = f YI (t) 999: (ἐ) dt, 
ii ° b 

by = f $;^ (t) Wry: (0) dt, 59,; — f ϕ (t) Woe (t) di. 


9 


Systems Containing a Parameter, i. 


we 


ios readily seen that Qo (ry) = Ro (yr). and QuE(ry) = Bos Y. 


Turorem XXIV. Zn systems for which both functions exist, the fu. 
ty Qu! (ey) is the resolvent fui ction tu. Qy* (cy) for the parameter value A. 

The proof follows from proper application of Green's theorem though 1 1. 
εαν ulations are rather laborious. 


For the more specialized Green’s functions we may state 


THrorem XXV. In systems for which both functions exist the fonr» 5 
QN (ry) is the resolvent function to Qs (zy). for the porameter vitae v 
nire QN Cry) and Qi (ry) are defined by 


ή 
QN (ey) = GOP (ry) —- (1/4) È up (ο) vp" (y), 
p=1 
h 
Q'a (ry) = αμ cy) — (17) X uy (a )vj (y). 
pi 
CornoLLary. For Hermitian differential systems 


k 
GN ny) — QA) È Τρ (r) Up" (y) 


is irn resolvent function to 


h 
(G,95 Cry) = (1/A) > P(r) ^ (y) 
2-1 
fo e parameter value A. 


V Berpansion Theorems. In this section, when solutions for more thi noc 


vaut. of the parameter are considered, we shall denote by A, (ἐ-- 1,2. 3. +70 
th slues of A which render the given differential system compatible, il 


` 


sas tipts being arranged in the order of magnitude of the absolute value cf 7? 
Ti + der of compatibility for each A; will be denoted by Fi aud the normelze 
a τ ons of the system for each A; will be given a superscript Ai Iv tr 
no’ on, iC the system is compatible for A = 0, then A» = 0. 

' complex rumbers are used, the Hilbert-Schmidt * expansion th or 
“ov rofeura] equations with Hermitian kernels states that every furctica οὐ 
the "ann 


b 
ο) -- f. K (2s) (s) ds, 


Sos A(s) 15 any continuous function and A (.rs) is a continuous Hirmrtie 
us εἰ is developable in a series uniformly and absolutely convergent οἱ tx 
orn 


3, Schmidt, Mathematische JL.z-'cn, Vol 63 (1907), p. 433; E. Goursat, Cos 
“Aaryse, Vol. 8 (19151, p. 446. 
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bc 
s) =Z9(a) f $725 
the $4's being normalized solutions of the equation 


é(z) =) f X (zs) (s) ds. 
From this follows readily, x 
THEOREM XXVI. If the differential system (29) is Hermitian, any 
given function f(x) having n continuous derivatives and satisfying U5[f (2Y] 
=0, (p—1,::-, m), may be expanded in an absolutely and uniformly 
convergent series of the form 


CO ky b 
f=) =È Xue) f αλι(ο)}(ο) 
co ki ^b 
=F $ aM) f «efe. 
i-1 251 a 
In order to obtain this from the Hilbert-Schmidt theorem choose * 
K (as) = T,™ (xs). The φγ are then equivalent to the ups. 


To show that any f(z) which satisfies the conditions of the theorem may 
be written 


f(z) = f ' T,” (zs) A (s) ds. 


where h(s) is a continuous function, apply Green's theorem letting u = f (x) 
and v = T,”™ (sr). This gives, after simplification 


f(a) = f° ras) Ef s)]ds +3 αγ) f^ aora. 


But 
λ’ Ef f Tyo (gs): (s)à49 (t) f (t) di ds 
i- E: ko Σ uj? (z) f £ à; (s)v;* (s)ü *(1) f(t) dt ds 
= ΝΝΝ Sa ua ξ t 


ko b 
=X wo) { d, (t) f(t) dt. 
-1 a 

Then we may write 


b Ko b 
Κα) — f DOJNE ve) f° sec Fd) as. 
Hence, if Γ 


κ) —LIf()] EX X we). f^ aec) frat, 
then : 


f(t) = { i T,%o(zs)h(s) ds. 


* The function T, was defined on page 403. 


Systems Containing a Parameter. 


From Theorem XVII there are an infinite number of A; which rendir +): 
y tem compatible, 


LEMMA. Solutions of the equations 
b τ 
(03) ole) =r f 6: (s) d) ds, 
a 


b = 
7η να) τὰ (^ H%(as) $(s)ds, 
a 
es equivalent to those of the systems 


+) L [6(z)] =a¥(z2), Up [ὁ(5)]--0, (p= 1st, η) 
Bro M[y(2)] =ag(2), V.[v(2]—09, (ρ--1:' ', π), AA’ 


Iu order to show that any solution of (75) satisfies (77) αροῖν 5ο 
| Cieated operation to (75). This gives 


R k b : 
L[9(t)] = (2) — È vet) f m? (9) ψ (8) ds, 
is a 
U,[e(z)] — 0, (ρ--1,- °°, η). 
Hu from (76) 
b 
f vi^ (s) ψ (s)ds = 0, (usd ces d. 
G 
He ‘ce 
L[o(z)]=ay(z), | Uj[$(2)]— 0, (p= 1, t, 2). 
Similarly it may be shown that y (z) of (76) satisfies (78). 
The converse is shown by an application of Green’s theorem. 
E. Schmidt * also showed how to expand a function in terras of t c 
‘ip 'amental functions, defined by him, for an integral equation with rc - 
‘on metric kernel, This result, written out for complex functions, would su c 
~ every fu ction ϱ (1), which may be expressed in the form 


b 
g(r) = { K (zs) h(s) ds, 
Q 
wne” (αλ) is any continuous function of z and s, and h(s) is a cont uo. ¢ 
‘tn (on, is developable in a uniformly and absolutely convergent series (i 
tt: orm 


E δ - 
g(t) => Ὁ e (rn) { $; (s) g(s) ds, 
i p1 a 


E. Schinod?, (oc. cit.; E. Goursat, Cours d’Analyse, Vol. 3 (1915), p. 470. 
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the ¢,*’s being solutions of the system 

^b - 
(19) o(z) =à f^ Κα v()ds, 

σ 


b - 
(80) v(x) =à { K (sz) $(s) ds. 
a 
From this theorem and the preceding lemma follows 
THEOREM XXVII. Any given function f(x) having n continuous deriva- 
tives and satisfying U,[f(z)] —9, (ῃ--1,: * ^, n), may be expanded in an 
absolutely and uniformly convergent series of the form 
ki b. 
F(z) -X X eMe) f ὀρ) f(s) ds 
where the pps are solutions of system (77). 


To obtain this œ choose 
K (as) = G% (zs). 


Then solutions of (79) and (80) are, by the lemma above, equivalent to those 
of (77) and (78) for A 24 0. Suppose we are given any f(x) satisfying the 
conditions of the theorem. Form from this f(z) the function 


Fo b 
fale) —f() -- È wa) {/αΡ) ro as 


The function f,(x) satisfies the conditions of the theorem and also the 
condition 


f W@) fie) do=0, G= Ὁ). 


To show that the function fi(z) may be expressed in the form 


(81) fi(z) = f: G"0(zs) h(s) ds, 


where (s) is a continuous function, apply Green's theorem letting u = fı (z) 
and v = G,™ (sg). After simplification, this gives f,(z) in form (81) where, 
h(s) = L[f(s)]. Then from Schmidt’s theorem 


Κι ὃ 
πα) --Σ Xe) f eos i0. 
i pal a 


Whence 
fle) =X αρ) [ ae fle) ds 
τ P 4 ' b. 
TEE) f do (s) f(s)ds, i940, 
or 


f(a) = X € ee) ff eM fO 


where ¢ — 0 is not excluded. 


A Class of Invariant Functionals of Quadratic 
Functional Forms.* 


By T. S. PETERSON. 


1. Introduction. Michal has shown + that the coefficient gag of the 
absolute quadratic functional form 


b 
(1.1) gagy* y + f. (y*)*da (Jap = Ba) 
has the law of transformation 


(1. 2) Gap = gap + grpKa® + Japke" + gau KK p" 


«Ὁ 
+ Κρ’ + E + Í KaK p°do 
a 
under the Fredholm integral transformation 


(1.3) yi = Ji -+ Ke. 


In the above formulae we have employed the extension to integration f of 
the Einstein summation notation. This convention of letting the repetition 
of α continuous variable, once as a subscript and once as a superscript, in 
a term denote a Riemann integration with respect to this subscript over the 
interval (a, b) will be used throughout our paper. 

The study of invariant functionals of functional forms (1.1) was begun 
by Michal It is the purpose of this paper to develop still further the 
invariantive properties of such functional forms. 


2. Functional transformations. We shall first demonstrate the following 
theorem. 


THEOREM I. The law of transformation, 


(2.1) Gap = Jap + θλβῥαλ + φαμΚρ' -[- gy KE Eg 
b 
+E ES fe Κωκράσ 


* Presented to the Society, April 6, 1928. 
Τ Cf. A. D. Michal, “ Affinely Connected Function Space Manifolds,” American 
Journal of Mathematics, Vol. 50 (1928), pp. 473-517. 
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of the coefficient of the quadratic functional form 


b 
Japy “yË + { (y*)*da, 


which remains invariant under the Fredholm group of transformations (1.3) 
with non-vanishing Fredholm determinants, possesses the group property. 

In order to prove the above theorem, let us consider two distinct members 
of the class of transformations (2.1) with kernels Aaf, Bat, and denote 
them by Τι, T, respectively. By taking the product T,T, of the trans- 
formations T, and Ta, we obtain 


(2. 2) Gap = Jap + θηβθαγ + gasQe® + θγδθα Qe? 
b 
++ QE + { QarQnrde 
σ 
where Qat = Aa? + Ba? + Ασΐβα.. This verifies the closure property. 
To prove the existence of an inverse, we shall use a method of proof 
similar to that used by Volterra * in his treatment of equation (1.3). Let 
us substitute new variables in (2.1), multiply by kat, and integrate in order 


to obtain the equations for the following terms: gag, gankg", ζλβμαν, and 
Grukakeg". If, to the sum of these four expressions we add kg? -+ kaf 


+ { ο both sides; we shall obtain 
Gap + Grpka® + φαμίζρ' + due gt 
T kept + Κα’ + f. tastera = Jag F JypP a” 
“+ gooP ef + PPP + Pot PEH S Papyde 
where Pa? == Kat + kat + Kotkas. This however is the fundamental relation 


between a kernel and its resolvent kernel and is always zero. Thus we have 
established & continuous inverse 
(2. 3) Jap = Jag + daga? T Japleg* + dy leg 
b 
4g + ἓβ -- f. katkgdo. 
S 
We see then, that under the conditions we have imposed, (2.1) cannot have 


more than one continuous solution; and, if it has one, this will be given by 
formula (2.3). In order to prove that the continuous function gag defined 


* Of. Bécher, “Introduction to the Study of Integral Equations,” Cambridge 
Tract No. 10, Cambridge (1926), pp. 21-22. 
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by (2.3) is really a solution of (2.1), one needs only to note that by sub- 
stituting (2.3) in (2.1), we obtain an identity. 

Obviously we shall have the identical transformation when the kernel 
Καὶ is equal to zero. 


E Functional invariants. A sequence of continuous functionals 
f ONT Y [gor], (t= 1, ον) -, n) of the coefficients gor of the quadratic 
functional form (1.1) that ig nie in particular on the variables a, 8,:-* y, 
A, n, * ^, v will be said to form an invariant class of functionals * of weight 
w(==const.), if, under the Fredholm transformations (1.3) with non- 
vanishing T'redholm determinants, we have 


(8. 1) Louer Y [Gor] 
= (D[K e])"e e viu ο ? uec LEE ee 
(ἐ--1, ἃ,’ °°, n) 


Ke, by] 


8 


where pees Ὕ is a fixed lag of its functional arguments f 
(13e 


Taie yas f, 2:2, Kg, ko” that eliminates the variables a, b," ' 5 P 


lL πι," +, R, P, Q uv, and, moreover, b," is the resolvent kernel of Κυ". 

A relative functional invariant of weight zero shall be termed an ab- 
solute functional invariant. In regard to absolute functional invariants we 
have the following theorem. 


If the Fredholm determinant D[ gag] of a quadratic functional form 


b 
(3.2) di COE 
is not zero, the resolvent kernel g?P[gcs] of gag, 


(3.3) 9°? [ga] = — (De*[gov]/D[gas]); 


is an absolute functional invariant of the quadratie form (3.2). The law 
of transformation of this functional invariant is 


(3. 4) 9° [gar] = gP [gos] + g^? [gov] kyt + 9? [gs] ho? 
b 
+97 [on] atka + hg A eap f kotkofdo. — C 
6 
In order to establish a theorem which follows as a direct consequence 


* This notion is due to A. D. Michal. 
1 Cf. A. D. Michal, loc. cit. 
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of the. invariantive property of the resolvent kernel g% [ρου] of gag, let us 
consider the identity * 


(9:5) Do... [θα] F Jao Dg. [go] 
= Gat: Do [θαυ] — θαιβι Det [go] 3-7 + - 
T C-1)9" gas, Dgan [ρω], 


satisfied by the Fredholm minors. If we consider all the quantities « and β 
to be constant, with the exception of αι, we readily observe that (3.5) re- 
duces to an integral equation of the form 


f^ + fa,o]? = $^, 


where 
(3. 6) | F = D$. gal. 
$* = geh D o [Yan] — gue Doro an [gos] 
voco) Dese [ga]. 
Henee, we have the unique continuous solution 
f — 9^ f 9% [ρω] dnd, 
which may be written in the form 
(3. 7) D[gav]f = Ρ[φευ]ϕ''--- Do*:[ gu] o7. 


This follows from (3.3) and the fact that D[ga] =+ 0. Interpreting (5. 7) 
according to (3. 6) we have 


Dl geo] Dye :$2 [ρω] = (Ρ[οω]θαα.-- f° Deg σορ de) 
X Dg. [gov] 
— Ugudgeos — f° Dot Lges]gondo) Dg [gus] he + 
+ (1) "(DL gar] fants -f Do™l gar] gos do} DER: ge, [guo]. 
Simplifying each expression in brackets by the identity 


b 
Digagas — f. De^ [gor] gegdo = De [ga], 


* Of. R. D. D'Adhemar, Leçons sur les principes de l'analyse, Paris (1919), p. 237. 
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we obtain 
(3.8)  D[ga]D$9 a [ga] = Da/^[go]Dg9 8 Tga] 
δρ [αρ [ga] ^^ 
ἜΠΗ ΣΉΝ “ot [θα]. 


In order to obtain (3.8) in the desired form, consider the case in 
which n= 2 
(3. 9) D[gw]D?$ [gw] = Dp, [ge] D [ge] — Dg [gos] Da," [gos] 


Dg [gay]; Dg [ga] 
Dg,*| gan], Dg θαυ} 


Let us assume, then, that this form holds in general, i. e. 


(3. 10) Da*[ga], Delga]: ᾿ ', Det [ga] 
Dg,*{ gan], Dg [gas], * . Dg, [αυ] 


{DU gan] }"*Deee---& [ga] = 


Delga], Ὀρι"[θο]»᾽ ^» Parl ga] 
We shall proceed to prove by mathematical induction that the formula (3. 10) 
is true. From (3.8) we have 


D[ gan] Dage $2 [ga] = Dp“ [gar] Dee gnn [σα] 


— Dpo[ gar] DRR αι [ge] F^ cb (στ) Dh. [ϑω]Ρῇᾶ. [gan] 


Multiplying both sides of the above equation by {D[gav]}""1 we readily 
observe, with the aid of (3.10) that we may obtain 


Da,[gav], Dp. [gu]. * > D$ [ga] 
Deg,[ gar], Ώρβ.[όαυ]. ^ Du [gan | 
{D[ gar] "Dg [gas] = 
De [Ja] Dg [ρω], Des [ga] 
Hence we see that the formula (3. 10) * holds in general. 
Tf we divide both sides of (3.10) by {D[gav]}* and take into con- 
sideration (3. 3), we shall obtain 


* This result is due to Hurwitz, Bulletin of the American Mathematical Socicty, 
Vol. 20 (1914), p. 408. For an indirect proof ef. Platrier, “Sur les mineurs de 
la fonction déterminante de Fredholm et sur les systémes d’équationes intégrales 
linéaires,” Journal de Mathématiques (6e serie), tome 9 (1913), pp. 248-249. 


422 Prrrrson: A Class of Invariant Functionals 


(3. 11) g^P [gas], g^ [gas], * g^ P [gos] 
η aopa wee abn 
gabo id τν) aBa gap] — gP Egan], gelga], g^ [gas] 
g**[ gan], g*" P [gas].  * 2 9 P [θαν] 
where 
(3. 12) gov apses abaf gay] — (--- 1) "Dorv [go]/D [gov] }, 


which we shall call the nth resolvent. The name resolvent is not to be mis- 
taken for the resolvent kernel (3.3). 

Let us now investigate the invariant character of the nth resolvent, 
when the identity (2.1) is satisfied. Before taking up the general case, 
let us consider the transformation induced in the second resolvent under the 
conditions as stated. 

In order to facilitate our handling of this problem, let us adopt the 
following conventions, in reference to (3.4), 


(3.18) sts] = e*t D) - e 


b 
where Ὁ) = (hat + 6%) and tg? = kept + kab -+ f. ko? kofda, 
α 
bz? being a symbolic operator such that 
fe — fet, O Pi =f. 


According to this convention, we may obtain from (3.13) four such ex- 
pressions for the quantities g*A[9,,], g™=[gar], g™[gav], and gef Gap]. 
Substituting these expressions in the equation 


| ᾿ "^[ja], gL goo] 
(8. 14 Ur aos — | 6 A Á r 
) á [Geo] ο]. ο [ρω] 
we obtain 


artnet] — emos (A) (GE) C) Pe C) e 
retos (D (2) sono (X) (ϱ) ve 


e gh [ Ja] (9) (^) tg, + tp, ilg, o gi fg fg as, 
2/ M 


whieh may be written in the convenient form 
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encima ADC) CH 
0 " 6 μις 
Αι. ig^ . 


α 
Te () ig^ ig n g^" gas] + | ρας "n 


C) dam dg 
A, fi Bz 


Let us now consider the third resolvent, i. e., 
gP: [ga], g* P: das]; g* gas] 


g^P[ge], 9%**[ Gar], 9 Gav] 
gP [ Gav], 9% [Gav], geia] 





(216) 2 fo αδι[ζῳ] — 





In precisely the same manner as for (3.14), we substitute (3.13) for th» 
resolvent kernels in (3.16). Expanding the determinant and collecting like 
terms, we obtain 


(8. 17) φαιθν aba aba [ Πορ] 


= grove [al (2) () 69 (ὦ) Ὁ) (D) 


+ gh tus [ρα] 
(MOOG) a 9) QE) 1 
* 69690599 &- QO) κ OC) 4] 
+QQ (OO &- OO 6+ OO RJ 
+ gh^ [σου] 
Ate iu eus 
ο $51) - CHORE 2 8 
"ορ cr (Eg 4-45 
(2) (2) ene tetas] — (ο) tetas tomtar] 
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+ (5 [tetp — tg ilg o2] t) 


+ [tp,%09,2%¢ 2° + 9, ndp totg + ἐριαιέρ, tp 
— lp tp olg, 2o — fg rig tg — tp. nilo Qo[o 05]. 


In the same manner as for the second resolvent, we may write (3.17) 
in the following form, 


(18) ον [ωσεί] (EEG) 
τι" 
aw 
HEED |(O) ὢ) w um tam | ght aL gaa] 
G) Ge) fae ia ig 


a. a. 
G) (Qu am ὦ 








e 1 p," 1g," tg, 1g, 1g ^ lg, ^ 
. i gn [θαυ] + tg, tg,” bg,” 

ἃ d 

(9) (p^ dat da la" ἐδ. dg 


As for the two preceding resolvents, we can find a similar expression 
for the fourth resolvent. It is highly probable that a similar expression 


holds good for the nth resolvent. A proof of such a relation however appears 
to be difficult. 


THEOREM II. The first i resolvents g*fi[gos],:::, gf» «e gay], 


(i = 1, 2, 3, 4) form an absolute invariant class of i functionals. 
If we inquire as to the meaning of 


b 
(3. 19) here pipe f kothe®do — 0 
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we find that this condition gives us the orthogonal group of Fredholm trans- 
formations. The characteristic property of this group is ordinarily given as 


| | 
Ket + Kf + f. KK edo — 0 
a 


which immediately yields (3. 19), by noting the fact that Καθ is the resolvent 
kernel of ΚΞ and by making use of a theorem of Evans.” 
Under the orthogonal Fredholm group we note that (3.13) reduces to 


(3.20) ο [δω] = ον ρω] (D (E). 
Substituting (3.20) in (9.11), we obtain 
(3. 21) ge abas ... 3 ἄπβη [Gav] 


πω (2) (ὦ) ϱ) C) 09 GD 


whieh gives us the general law of transformation of the nth resolvent under 
the orthogonal Fredholm group of transformations. 

While it may seem that the orthogonality property imposes a great 
restrietion on the Fredholm group of transformations, we shall show that 
this group is exactly the same as the group of Fredholm transformations 
which leaves the general Gramian invariant. 

Let us consider, then, that we have a Gramian which is left invariant 
under a Fredholm transformation. That is to say 


Gh). (8109) cc. (Ppa) (yii), (92), i Qao) 
(3. 22) (9:31); (3.80), toos (Hs) -- (4111) (4119) © -» Qs) 
(fr); (109) 5° I. (Inta) (Yni 1); (Yny); ty (yuya) 
where 
b 
(yim) =È yendo —— (km 1,277, n. 


Let us expand (3.22) in order to have it in the following form 
(185). - +> (Goin) 
(.233) p) | τ | b Qag [as 9s co Gn) HGF 
(9»85),- τν (Gun) 


* Cf. G. C. Evans, “ Functionals and Their Applications,” Cambridge Colloquium 
Lectures, New York (1918), pp. 122. 
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(9syo)s* * τν (Yn) 
= (yu) με + Φαβ [ys Vos ^ oo] yay, 
(ynYe) re (yng 2) 
where Qag is the coefficient of a quadratic functional form of y, and y, re- 


spectively. Let us consider jj», ja, * ᾿ *, Yn and ys, ys * * ^ , Yn to be constant 
and then calculate the first variation of (3.23). Doing this, we obtain 


(6.05), Pe (Jn) 
2 Γ desde o0 oo on € ο. 
a EDE ἄρ. + Θρε[θο.'''» 941) W780." 
(3.24) (6109), » (na) 
(YY) s (sio) 
= f By da + {Qasly2,*** Yn] 
pU ee ee + Θρε[νω”'',φν])ην”δγνθ. 
(119) την (yos) 
Recalling that 
i y! + Kae 
and hence that 
δγ' — δῦ! + Καῑδῦς, 


we can write (3. 24) in the form 


(3. 25) {9122 [9s. t, dus Yar" "^, Yn] 
+ Ag" [Gey id E Üns 3/2; me 3 1n; Kè] 7387.7 == 0 
where 
(3292), s (Gon) (gays). s (oia) 
(3. 26) Ress. PLE La Jeco ooo 
EIC (99). > Qm) 
and 


A= {Qasl Ve s Gal + Qga[ 95 t s Fad? 
i {θαρβ[φ», ts Ya] — Qsalye"** Yn} 
— (Qua[yo * s Yn] + Qev[ys ^ > yn] }KaY 
— (Θα6[γ:,:-'» Yn] + QsalYo,*** > Yr] JEg 
— (Quilys; t Yn] + Qoylyz t gs] Ko Ee 


(ψ:ψα), ΤΡ (959) 
£C ο ow. οφ cS e. Ie b 

—2 (Kat + Ef + J, K.°K p°do). 
(Yaya), > (yao) 
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By the fundamental lemma of the calculus of variations, we see that 
(3. 25) implies : 


(3.297) Ὠ[ΐο,''', In, 9277s ya]ih? + Δρ [9s ^^^ δη, Jo, ** s Yn Κμλ]διβ == 
In order, however, that this relation be true, we must have * 
2[ Ge, 1509 Yor 717592] — 0, Ag? [35, ° +s Üns P “Yn, Ky] --0. 


Considering (3. 26), we see that © = 0 implies the invariance of (n — 1) 
rowed minor of our Gramian. Hence, a necessary condition that a Gramian 
of the nth order be an absolute invariant under the Fredholm group of trans- 
formations, is that the Gramian of the (n — 1) degree be absolutely invariant. 

Repeating the above operation (m — 1) times, we see that the proof of 
our problem depends on the invariance of à Gramian of the first order. Con- 
sider, then, the Gramian of order one 


b b 
(3. 28) f Φε" da = { itis? da. 
a a 


Under the Fredholm group of transformations, we obtain the condition 


bb b 
fof e + Kat + (enne y epetaudg — 0, 
a a @ 


in order that (3.28) be true. This, however, implies 
b 
(8. 29) Ky + Kf + f. Κισκροᾶς — 0, 
a 


as we have seen above. Equation (3.29) is the characteristic equation of the 
orthogonal’ Fredholm group of transformations and hence a necessary con- 
dition that a Gramian of the nth degree be an absolute invariant is that the 
Fredholm group of transformations be orthogonal. 

Interpreting (3.28) as a general element of a Gramian of the nth degree, 
we see that the above necessary condition is also sufficient; since when each 
entry in a determinant is an absolute invariant, it follows that the determinant 
is an absolute invariant. 


m] 
TzuzonEM III. A necessary and sufficient condition that a Gramian 
be an absolute invariant under the Fredholm group of transformations is that 
the group of transformations be orthogonal. 


* Cf. 6. Kowalewski, “ Über Funktionenraume," Sitzb. d. mathem. Naturw, Kl., 
CXX Bd., Abt. IIa, Novem. 1911, pp. 1455. 
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i. The Fredholm group with a parameter. Let us consider a Fredholm 
transformation with an arbitrary parameter A, 


(4.1) yt = je + Ko, 


such that A is not a characteristic value of the kernel Ky*. The totality of 
such Fredholm transformations form a group. In fact, let us consider two 
arbitrary transformations of the type (4. 1); 


9 


T, : j^ — γα + AA ety? 
T, : je = 7% + eB, ry? 
where A and μ are not characteristic values for their respective kernels. 
By taking the product 7,7. of the transformations T, and T, we obtain 


Poy + Kory, 
where 
Kot T AAot + μβσα + λμβιαβσῖ. 


By a theorem due to Jonesco,” we see that the kernel Kẹ? has for a Fredholm 
determinant, corresponding to the value 1 of the parameter, 


Dx(1) = Da (à) : Da(u). 


Since by hypothesis Da(A) +0 and Ds(u) =} 0, we readily observe that 
Ῥκ(1) is different from zero and hence that the transformations (4.1) satisfy 
the closure property. 


Since D4(A) += 0, we have the unique, continuous inverse 1 


γα ως δα + Adis" j^, 
where 


Qot = — [Ds* (4) /D4 ()]. 


Obviously the kernel, zero, gives us the identical transformation. We 
may state then the 


THEOREM IV. The Fredholm transformations with a parameter 
yt = Je + AK oy’, 
where X is not a characteristic value of the kernel Kw constitute a group. 
* Cf. Jonesco, “Sur la fonction caractéristique et le noyau résolvent d’un noyau 


donné,” Bulletin des Sciences Mathématique, 2e serie, tome 50 (Juillet, 1926). 
+ Cf. Goursat, Cours d'Analyse, Paris (1927), Vol. III, pp. 373. 
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5. Cogredient and contragredient functional transformations. We shall 
say that the functions u*, v%,- - - transform cogrediently to the function y! if 


di? == u* + Kotus 

(5. 1) Q* == yt + σος 
ete. 

when 

ği = yt + Katye 
where the kernel K,¢ is the same in both transformations. 

In addition, we shall say that the functions ἔα, Παν" © © transform contra- 

grediently to the function y, if 


: b 
Éa = Éa + { ko*£cdo, 
(5. 8) e 
ἧα = Ία + f. ko*node 
ete. 


where fy? is the resolvent kernel of the kernel Ky. 
With these conceptions clear in mind then, let us investigate the induced 
transformation in the function A8 when the quadratic functional form 


h98£ £s -+ f (éa) 2da, (he8 =s hba) 


is an absolute invariant under the contragredient transformations (5.2). 
This problem is analogous to that of equation (2.9) and, as a result, we 
obtain 


(5. 3) 18 — hoB 4. hYBj. o + heka 4. YS eso 
b 
quet Eg f kothabde, 
a 


which is precisely of the form (3.4), the law of transformation of the kernel 
g*®[gav} when the quadratic functional form (1.1) is absolutely invariant. 

Thus we see that the resolvent kernel itself may be considered as a co- 
efficient of a quadratic functional form 


b 
9*9 [Gav] Safe + { (éa) da. 


Let the functional Q[£, η] be defined by 


b 
Q[& »] = gP [ga] Eang + f. ξαηαᾶα. 
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On the basis of the above result it is clear that the determinant 


Q [ὁ E Q[£ η] 
Qin él Qima] 


is an absolute quartic functional form under the contragredient transforma- 
tions (5.2). The determinant A when expanded can be written in the form 


(5.4) A= 








(5. 5) ge sl gay] E Eoo mg. 
é 
ο |. | RO gaan, | f 
72122; 78:201 Hoye, 

















(integration on σι and c») 


This can be verified most easily by substituting for g^f» «*[g,,] its expres- 
sion in terms of g*[gav] as given by formula (8. 11). 
These results then imply the following interesting theorem: 


THEOREM V. The second resolvent ge» [gay] and the resolvent 
kernel g| ga] of an absolute quadratic functional form (1. 1) may be taken 
as coefficients of the absolute quartic functional form (5.5). 
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On. the Contact of a Quartic Surface with an 
Analytic Surface. 


By EnNzsT P. LANE. 


1. Introduction. An algebraic surface A is said to have contact of order 
k with an analytic surface S at a point P on S in case every curve on 8 
through P has k + 1 consecutive points on A at P. If A and S are in ordi- 
nary space, and if S is represented in the neighborhood of P by a power series 
expansion of one non-homogeneous projective coordinate z of a point on the 
surface in terms of the other two coórdinates z, y, with respect to a local 
coordinate system, while A is represented by an algebraic equation of degree 
h in z, y, 2, then this equation is satisfied identically in z, y as far as the 
terms of degrees £ when the series for z is substituted therein. 

It is (k+ 1)(k--2)/2 conditions for an algebraic surface to have 
contact of order & at a point of an analytic surface. Since an algebraic sur- 
face of order h depends on h(h? + 6h +11)/6 parameters there is a limita- 
tion on the order of contact possible for a given algebraic surface. For 
instance, a quadric surface, being of order two, depends on nine parameters. 
Since contact of the second order imposes six conditions, there are o»? quad- 
ries having contact of the second order with S at P. These quadrics play a 


"prominent part in the projective differential geometry of a surface. But, 


since contact of the third order imposes ten conditions, there is no non- 
composite quadric having contact of the third order with S at P, if S is not 
itself a quadric. 

A cubic surface depends on nineteen parameters, so that there are co* 
cubic surfaces having contact of the fourth order with S at P. There is no 
non-composite cubic surface having contact of the fifth order with S at P, if 
S is not itself a cubic. A quartic surface depends on thirty-four parameters, 
so that there are co? quartic surfaces having contact of the sixth order with 
S at P. There is no non-composite quartic surface having contact of the 
seventh order with S at P, if S is not itself a quartic. 

It is the purpose of this paper to summarize briefly the most interesting 
results that have been obtained concerning cubic surfaces having contact of 
various orders at a point of an analytic surface, and then to initiate an inves- 
tigation of the contact of a general quartic surface with an analytic surface. 
The cases in which the quarties have contact of the fourth, fifth, and sixth 
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orders receive particular attention. In each case the possibilities as to com- 
posite quartic surfaces are considered, and emphasis is laid on the curve of 
intersection of a non-composite quartic and the tangent plane at the point of 
contact. 


2. Analytic Basis. 1f the four projective homogeneous coordinates 
zO,- ++, gO of a point P on a non-degenerate non-ruled surface S in ordi- 
nary space are given as single valued analytic functions of two independent 
variables u, v, and if the parametric net on S is the asymptotic net, then 
the functions when multiplied by a suitably chosen common factor, are 
solutions of a completely integrable system of differential equations in Fubini’s 
canonical form, 


(1) tua — pr + butu + Bar, tw = QE F Yiu F Out, (0 = log By). 


The coordinates of a point Q on S near P can be represented by Taylor’s 
formula as power series in the increments Aw, Av corresponding to displace- 
ment on S from P to Q. Then by means of (1) and the equations obtained 
from (1) by differentiation it is possible to express each of these series in 
the form zz + Letu -|- vat» F aas Where zi, *', v4. are power series in 
Au, Av which represent the local coordinates of Q referred to the covariant 
tetrahedron 2, Vu, vv, Luv With suitably chosen unit point. It is easy to cal- 
culate power series in Au, Av for the non-homogeneous coordinates x, y, 2 
of Q defined by placing 


(2) T == T/T, y = 23/2, g — 94/3. 
y ; / 


From these series it is possible to compute an expansion for z as ἃ power 
series in z, y. Το terms of the sixth degree the series thus obtained can 
be written * in the form 


(3) ο... 

where 
T = zy —(B82? + yy?) /3, 

(a) 12U = Bort — 4Byaty — bhua? y? — tygry? + yy", 
60V == βορα + ὄβοια" + 10Bcoa*y? + 10ycsz?y* + ὄγο,αγ" + yesy?, 
W — βάρο' + Bday + Bax? + ἀκοθγξ + γιαγγ' + γάκαγρ + γᾶιφε, 





* Lane, “ Power Series Expansions in the Neighborhood of a Point on a Surface,” 
Proceedings of the National Academy of Sciences, Vol. 13 (1927), p. 808. 
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o (loz BY), y = (log ϱΎ)». 

C Φ. — ĝo — $* + Bu — ip. C5 = Yro bew B y- + Syo y* 
e gy dec TE ABy. e= ph — be H Our + dy. 

no γφ- YOY Ver, α--δβψ--φ' dE hs bet de 


0e verticients dat + +, d; having never been calculated in terms of the co^ 
~: (1). The series (3) is the basis of the investigat ons of the cos 


Lo Cubic Surtaces, Tf we write the most general equatio: of th ts 
lo: ww, y, 2 and demand that this equation be satisfied by the exp oss. 
~~, te (3) identically in z, y as far as the terms of the fourth degr » d 

~ cat be written in the form 


Aft -E βαν + (2 - vy) (or + wy) /A + 52 (Bue? + yey^ 1? 
- Dc Crs? + Dy? + Ez(z — ry) = 0, 
(0 dets, Lt. D, C, D, E, being arbitrary. Every one of ihe cub: ~ 


in eented by (6) has contact of the fourth order with SN at 2. Τι 
à" xt of these surfaces which are composite, one compoment of each P cu 


DO. aat plane z στ and the other being a quadric surtive having e» a 
o ^ 5 χοπ order with S at P; tor these surfaces, 412-0. AN the nte, x 
' s σεν represented by (6) cut the tangent plane ta the seme cann 
‘ eor ev equations "atc 


z. eys (Bn > yy) 3 + ry (er + yy) t- 0. 


à sin η cubie curee having a node at P, w?n tre asyr utn 
ats ar donble-point lanttenls. and huriug three inflcccons wh ch v 

tos tun Tine chase equatious in homogeneous coordinutes ue Focus a, 

E vw dh 

(> wes bn + pre + be, = 0. 


T ds the second canonical edge ? of Green. One of the points of int eric: 
a sneh of the tangents of Durbour, 


(tà Qm Prot yr? --- 0. 


It ae demand that (6) be satisfied by (3) identically in c, y as a. 


B. Segre, " La cubique indicatrice de l'elément linéare projective d'une su fre” 
Cte, εν Rendus, Vol. 134 (1927), p. 129. 
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the terms of the fifth degree without restriction on S, we obtain the tangent 
plane counted three times as the only cubic surface having contact of the 
fifth order with S at P. But if we suppose A Æ 0, then S is restricted to 
be itself a cubic, and necessary and sufficient conditions therefor are found 
to be 

(log 8/y) uw = 0, ; 
(10) 4p = pu = bup + $°/4 — 4/8, 

4q = po — Ow + 97/4 — 9/8. 


By a suitable choice of parameters * it is possible to make 8 = y and con- 
sequently to simplify these conditions. 


4. Quartic surfaces with contact of the fourth order. lf we write the 
most general equation of the fourth degree in z, y, z and demand that this 
equation be satisfied by the expression for z in (3) identically in x, y as 
far as the terms of the fourth degree, the result ean be written in the form 


(ge + fy) (s — T) +A — T — U) + c(? — oi) + Cz 
+ Ea?z + Gyz + Πως + ys + Ke + Lyze + Maye? 
+ Nay’ + Qa?ys + (2 — zy) (E'a? + J'zy + Gy?) 
+ C23 + Hre + lye — 0, 


(11) 


the twenty coefficients g, f, h,: - +, H’, J’ being arbitrary. Every one of the 
cool? quartic surfaces represented by (11) has contact of the fourth order 
with S at P. There are co!? of these quartics which are composite, one 
component of each being the tangent plane z — 0 and the other being a cubic 
surface having contact of the second order with S at P. Any one of the co? 
other quartic surfaces represented by (11) intersects the tangent plane in 
a quartic curve whose equations are 


(12) g= (ge 3- fy) T - &(T + Ὁ) + ay [ E'2* + (6+ σα + G^y^] = 0. 


There are only oo? of these curves, instead of the oo? that might have been 
expected. Each of these curves for which À = 0 has a node at P, the double- 
point tangents being the asymptotic tangents z = zy — 0. A curve (12) 
for which 4 = 0, but not both of f, g are zero, has a triple-point at P, the 
triple-point tangents being the asymptotic tangents and the line 2—gz--fy—0. 
It is clear that if either of f and g is zero while the other is not, two of the 


* Lane, “ The Contact of a Cubie Surface with an Analytie Surface," Transactions 
of ihe American Mathematical Society, Vol. 29 (1927), p. 471. 
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-poirt tangents coincide in an asymptotic tangent. Aud iz f.-g=-A- +0. 
arve ig composite, the components being the asymptotic tangents an 
«Ὁ straight lines 


i z= Be? + (c-r-J')zy + G'y? — 0. 


Phere is another ease of interest in which the curve (12) is composite, 
^. © ty, the case in which this curve consists of two proper conics, ene bo v. 
- at te each of the asymptotic tangents at P. Writing the equations « 
^v^ -ach conics, multiplying them together, and comparing the result wit 
τὸ. ye easily find that conditions necessary and sufficient that. (12° out 
1 represent two proper conics are 


19’ = 4/ + 369 + 3βψ — 39/4, 


cna 120 = 3yf + 4yg + 3y6 — 34/4, 
12 (c 4- J’) = 12fg — 34f — 39g + 3494/2 
+ 604, + 48/3. 


Tt every tangent plane of a quartic surface cuts the surface «n two come . 
u arae js a Roman surface of Steiner. Since such a surface dooce 
^: titeen parameters, and since contact of the fourth order imposes alwe 
το € tions, it is not surprising that there should be a unique Roman surf 
"uo iig contact of the fourth order with S at P. Wilezynski'- determination 
sf this surface is the only instance, known to the writer, of any previo. 
-+ : of the contact of a quartic surface with an analytic surface. TF 
"Tod used by Wilezynski gives the following parametric equations of th: 
ns + ting Roman surface of X at P, referred to the tetrah-dron, and im ^L 
tto ion, ‘hat we are now using: 


4, 34. 3(285 A od) + (399,4 — 408y/3 — 136, Yin 
3(2y$ +? δ)η", 


{17 ry oce -i SpE - — BYE) + Syr, 
d; = 2 ty g SBE" aes Ἀφξη + oy, 
"NE τάξη. 


~ Cuutaet of the fifth order. Proceeding as betore, we ind the. tF 
4^4 ton of the most general quartic surface having contact of the si th ord 
“Set P is 


Wilevyu-ki. “ Fitth Memoir," Transactions of the American Mether atual Noddi, 
[ 1 T8099. p, 278 Dar! oux alse determined this surface, Ceo ptes Re da Ni 
S805, n. 909, 
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g [π(α--- Τ) + ε(ἑβψαῦ + 60urz*y + Sypay? — ypy*) /12 
+ éx?(z— 29)/4] +f [y(s — T) + a(— Boa? + 5Byaty 
+ busty? + 4y$y?) A2 + py? (z — zy) /4] 
+ h [z—T —U +2 {B(¢s — 10c2) y + y (e — 10e3) vy? 
— pez? — Bycay*®} /60 + (z — xy) (cot? + es^) /20] 
+ ο [2 — ay? + 22 (B2? + yy?) /3] + Cz* + Haz? + Iys 
+ Καθα’ + Lam + Maryze + C25 + (2 — vy) (He + Ily) 
+ J'[sy(z — ay) + 2(823 + yy?) /3] — 0. 


(16) 


Since this equation contains fourteen arbitrary homogeneous constants, it 
follows that there are co!? quartic surfaces having contact of the fifth order 
with S at P. Of these there are co? that are composite, one component of 
each being the tangent plane z = 0 and the other being a cubic surface having 
contact of the third order with S at P. Any one of the œt other quartic 
surfaces represented by (14) intersects the tangent plane in a quartic curve 
whose equations are 


z= g(zT + $x*y/4) + f(yT + yoy?/4) 
(7) +h [T +U + xy (cor? + esy?) /20] 
+(e+ J^) 2*y? = 0. 


There are oo? of these curves, which ean be discussed as in § IV, the only 
difference being that when f= g= h =0, the curve breaks up into the 
asymptotic tangents each counted twice. 

The fact that two quadrics each of which has contact of the second 
order constitute a composite quartic with contact of the fifth order suggests 
that under certain conditions the left member of (16) is factorable into the 
product of two quadratic expressions of the form 


2— LY -+ pez - qyz + 12, 


since the vanishing of such an expression gives the equation of the most 
general non-singular quadrie having contact of the second order with S at P. 
In fact, multiplying together two such expressions and comparing the co- 
efficients of the result with the coefficients of (16) we easily show that (16) 
represents two non-singular quadrics each of which has contact of the second 
order with S αἱ P 1} the coefficients of (16) satisfy the conditions. 
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f=g=h=0, c=], J' = 2, 
RH — CHEY = (C? — 4C) (H^? — AK), 

(21 — OTY = (€? — 4C) (12 — 4L), 

[2(C' + M) — ETP = (7? — 4L) (H? — AK). 


(18) 


For such a composite quartic, the curve of intersection with the tangent 
plane is the asymptotie tangents, each counted twice. 


6. Contact of the sixth order. Since the equation of the most general 
quartic surface having contact of the sixth order with S at P is rather long, 
we shall not write it here explicitly, although there would be mo difficulty 
in doing so." We shall merely write conditions on the coefficients of (16) 
which are necessary and sufficient that the quartic surface represented by 
(16) shall have contact of the sixth order. These conditions are found hy 
demanding that (16) be satisfied by the expression for z in (3) identically 
in x, y as far as the terms of the sixth degree, and can be written in the form 


1β(ο + J’) = Bef + (13ο, — 80βψ + 1547) 9/20 
+ (36d, + Ber + 360/20), 

dy (o + J’) = (126 — 80y + 154?) f/20 + yg 
+ (36d, + yes + 9ycs/20) h, 

AIT — p (26 +I’) (3e — 25y) f/15 + (01 — buo — oh) 9 
+ [12d, + (108c: — Bes — ὀψορ) /15] ^, 

4P — y (2c + J') — (ca — buo — op) f + (805 — 25yh) 9/15 
+ [12d; + (10yes3 — yeo — 3465) /15] h, 

(19) — 12K — 5 By (2c + J’) — (os — e — 5449/4) Bf + [38 (co — 100.) 

+ 1896,,] 9/10 + [128 (ds — ds) + 3οιθιυ/10 
— f$cs/4] h, 

12L — 5y6 (2c + J^) — [2y (co — 106.) + 1596,,] [/10 
T (61 — ca — ὄφψ/4)γῃ + [12y (di — d.) 
+ 3e564,/10 — γψορ/4] h, 

bbur (9ο + J^) + 88y (c + J’) /3 — 12(C’ + M) 
—(2es — yo — 4?) Bf + (Res — BY — 4?) yg 
+ [12ds + (οι + ¢s) By/3 ---(Ύφου + Byes) /5] h. 


* For details see R. E. MePherson's master's thesis, University of Chicago, 1929. 
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There are οοὗ of these quartics, and there are oo* of them that break up 
into the tangent plane and a cubic surface with the contact of the fourth 
order. Any one of the co? others intersects the tangent plane in a quartic 
curve whose equations are (17) with ο + ο” satisfying either of the first two 
of equations (19) while f, g, h satisfy a linear homogeneous equation deduced 
from these two equations by eliminating c+ J’. There are œt of these 
curves forming a pencil, and in this pencil there is just one curve which has 
a triple-point at P; for it, h — 0. Its triple-point tangents are the asymptotic 
tangents and the covariant line 


(20) = (19600 --- 100γφ + 1592) Bx + (12e, — 1008y + 1659?) yy = 0. 
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Non-Monoidal Involutions having a Congruencc 
of Invariant Conics. 


By HAZEL EDITH SCHOONMAKER. 


Che present paper has for its purpose the derivation of all the birat. >. 
νη. 9 itoriol] point transformations of space which have the following pro 


` 


a) each transforms every conic of a linear congruence into itself, 
h^) the transformations cannot be reduced birationally to the mone 
type. 


jveiy conie of a linear congruence, that is, a sc? system such t» 
. Ὁ gh each point of space passes just one conie belonging to it, cuts r 
^c''arv plane in space in a group of an involution of order two wh'cn 
vu able to the Jonquières, Geiser, or Bertini type, the harmonie homo os 
ne az included under the Jonquiéres. We shall study such a linear cor 
sr ‘ve of class 1* (hence of the Geiser form), whose generating net co, 
2s. of cubic surfaces, the basis curve of which is a C; of genus 5. We sha 
‘ut le such a system and examine its properties. 

Then we shall consider those involutorial birational transformations «` 
avae under which the conics of the congruence are invariant and derive the 
apo ions, Associated with the plane of each conie is a point lying in n ur 
un y iely determined by it, which is the vertex of the pencil of lines joinn 
wos of conjugate points on the conie. Thus it is the center of a quadrat 
1n. 0 ation under which the conie in the plane is invariant. The locus of tu 


po n' may be a point. a curve. or a surface. We shall show in the last fw: 
ca unless the basis curve breaks up or other peculiarities exist. thet i! 

:0:9g uence cannot be reduced to a bundle of lines, and hence that the tram 
formations are non-monoidal. 

n doing this we shall establish the fact that a linear congruence c^ 
suc. is not reducible to a linear congruence of lines if every directrix curs 
w. 20 even number of points on a conic of the system. 

Next we shall study the forms into which the C; may break up, ono 


` By the class of a congruence of conies is understood the number of conics in th> 
cora cence which have a given line for bisecant, 
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few cases where other peculiarities exist. In each of these cases we shall 
derive the equations for the generating surfaces. 

Finally we shall mention without discussion other linear congruences 
which are reducible to the Geiser type. We shall not discuss in detail the 
Jonquiéres or Bertini cases, but we shall give some criteria for determining 
the type to which the involution given by a linear congruence of conics can 
be reduced. 

Some articles by Montesano * suggested this problem. He has developed 
all the properties of the congruence we have studied, and in parts his treat- 
ment is fuller. For instance, he discusses the complex of tangents to the 
conics, and derives all the elementary characteristics of the system of conics. 
His treatment, however, is purely synthetic, while much of our problem has 
been to develop the analytic point of view. Only one paragraph in his first 
paper is devoted to the transformation upon which we have centered our 
attention. 


I. Equations of the conics of the congruence. 


1. Consider a bundle of planes and a projective net of quadries R. Let 
O ==(0, 0, 0, 1) be chosen as the vertex of the bundle of planes. Then any 
plane of the system has an equation of the form 


(1) 012, --- (odo + 33 = 0. 


If H; = 0 is the equation of the quadric corresponding to z; == 0, then the 
πεί of quadrics is given by 


(2) a,H, + aHa + aH; = 0. 


Each plane meets the corresponding quadrie surface in a conic. Through 
an arbitrary point (y) passes a single conic of the system Σ aix: = 0, 
ZH; = 0 the equations of which are given by 


(3) [zy H(y)] =0, | H()y H(y)l — 0. 
Since each is uniquely fixed when the point (y) is given, the system z ~ H 


* D. Montesano: “Su di un sistema lineare di coniche nello spazio," Torino Atti, 
Vol 27 (1892), pp. 660-690; “Su le congruenze lineari di coniche nello spazio," 
Istituto Lombardo Rendiconti, Ser. 2, Vol. 26 (1893), pp. 589-604; “Su i varii 
tipi di eongruenze lineari di coniche dello spazio; Note I, IL" Napoli Rendiconti, 
Ser. 3, Vol. 1 (1895), pp. 93-110, 155-181. Α number of later memoirs by him and 
by others are concerned with the classification of various systems of conics, but 
do not discuss the birational transformation. 
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defines a linear congruence of conics. Denote this system of conics by $, and 
a conic of the system by y. 

When the plane describes a pencil, the corresponding quadrie describes 
a pencil projective with it, and the conie of intersection generates a cubic 
surface. Thus z, = pz, H, = pH. generates z,Hs — zH, = 0. There are 
three such cubic surfaces forming a net Ἐ, 


(4) PF, =2j;Hy — vH; (i, } k=l, 2, 3). 


Any cubic surface that can be generated by conics of the system can he 
expressed linearly in terms of these three. Equation (3a) may now be written 


(5) Άι (y) + Ρι(θ)α: ἠ- Ρε (y)2s — 0. 


2. From the general condition v; == kH; and (4) the curve of intersec- 
tion of any two cubies F:==0, F;— 0, lies on the third unless Te == 0, 
1I,:—0, which lies on both. That is, any two cubic surfaces of the system 
intersect in α variable conie, and the residual is a basis curve lying on all the 
F;—0 of the system. Since the complete curve of intersection is of order 
9, the basis curve is therefore of order 7. Its genus is found to be 5. It will 
be denoted by C;. Since the quadries of R do not pass through O, the varia- 
ble conic does not pass through O, yet each surface of the system = does. 
Hence C; passes through O. Any plane through O meets it in 6 points not 
at O, and this plane also contains the conic associated with it. These six 
points then must lie on the conic.* 

The curve C; does not admit a quadrisecant, but its oo! trisecants form 
a ruled surface 0 of order 15 on which C; is five-fold. It follows that the 
surfaces of Z passing through any point of a trisecant t of C; contain t. Then 
the variable base of the pencil which these surfaces form is composed of { 
and a second trisecant t’ of C, situated in the plane Of. The trisecants of 
C; then, are distributed in pairs in such a way that the trisecants of one pair 
compose a degenerate conic of the system X, and the plane which they deter- 
mine belongs to O. Any line r of the bundle (0) meets both components of 
five degenerate conics of $. These degenerate conics lie in planes of the 
pencil (r) of F: Cyr of Ξ and therefore their planes envelop at O a cone A 
of class 5 and genus 6. 

Consider the locus of points common to the pairs of trisecants of C; 


* Every C, of genus 5 has just one point O having the property mentioned. R. 
Sturm:  Synthetische Untersuchungen. über Flächen dritter Ordnung, Leipzig 1807. 
See p. 229. 
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which form the degenerate conics of the system. This is a double curve on 6 
of order 10 and genus 3. It will be denoted by Πιο. 


3. The surfaces F: C; of the net Z cut an arbitrary plane « of space in 
a net £ of cubics having in common the points P, -- - P; in which 2 cuts Cr. 
Therefore all the conics of the system X, variable base of a pencil of Ἐ, have 
for their section with α a pair of points which with P, - - - P; form the base 
of a pencil of ¢ and which form an involution J, of the eighth order and 
first class having for fundamental points the points P, .' ' δι as triple 
points. This is the Geiser involution. The curve of invariant points is a Ce 
with the seven fundamental points as double points. This curve which is the 
locus of the points of contact of the conics of Σ with the plane « evidently 
contains the points of section of the plane « with Hio. 

Any space C; of genus 5 can be used to obtain a system like the one 
described in the preceding paragraphs. 

It can be shown that through any conic of the system $, can be passed 
co* quadrie surfaces, any one of which meets C; in 8 points not on the conic. 
Through these 8 points can be passed a net of quadrics, which being made 
projective with the given bundle of planes, generates the original system 
Σ of co? conics. Thus the C; contains an involution Is with 4 degrees of 
freedom. 

The Geiser involution in the plane can be generated by the lines of the 
plane and a projective net of conics. 


4. The polar plane of O ==(0, 0, 0, 1) as to the quadric belonging to a 
point (y), that is, H=| H(z)y H(y) | 0 is simply 0H/ór, — 0. Thus 
the polar of O as to y, the conic determined by (y) is the line o whose equa- 
tions are 

2 Fi(y)zi = 0, X Fi(y)8Hi(z)/0z, = 0. 
If each H: were replaced by Hi + ἴσοι where o = a2; + dey + lata + 8474, 
it would give the same line. 

If (y) varies, all the polar planes of the system pass through the fixed 
point Ο’ conjugate to Ο in the polarity as to the net of quadrics, where O” is 
given by 

0H, (x) /0z, = 0, 0H, (x) /Oxr, = 0, 0H; (x) /üz, =Q. 
The projective systems 
(6) [9Η: (9) /0z4]/2i = [9H; (x) /024] /z« d [0H (2) /024] / 3s em k 


define a cubic curve C, for which every line o is a bisecant. 
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Now consider the polar quadrie of O as to any cubic surface F;(z) —0 
of the system. Since Fi(z)— v;H, — tHo, OF, (a) /0x, = v» OH; (x) /0v, — 
αι 0H, (z)/Ór,, we may say: given any point (y), it uniquely determines a 
conic y of the system. This conic lies on a cubic F of the system, and the 
residual section of its plane is a line r passing through O. The polar quadric 
of the F is therefore the quadrie determined by the C, and this line r. Thus 
the net of first polars of the system is exactly the net determined by the cubic 
curve Cs. This is seen at once from the system of equations (6). 

Let P be the point (y). There is an F of the net which contains the 
line OP. Its equation is given by 


| F(x) 0P/0y, aF /0y4? = 0. 


If P is on Cs, the polar quadric is the cone projecting C; from O. The cubic 
surface has a double point at O, and the quadrie cone is the tangent cone of 
the cubic surface at the node. The surface contains 6 lines through O, the 
tangent at Ὁ and the 5 trisecants of C; at O. C, and C; always have the 
same tangent line at O. 


IL The transformations. 


w 


5. No birational correspondence exists between two systems in space in 
which the conics of the system $; are related to the lines of a bundle. This 
fact will be established later. There do exist, however, birational corre- 
spondences in space in which the correspondence is between two systems of 
conics $. Among these correspondences we shall consider the involutorial 
ones in which each conic is conjugate to itself. 

A correspondence of this kind determines on an arbitrary conic y of the 
system $, an ordinary quadratic involution. Three cases arise: either the 
center of the involution is the fixed point O, or as y varies in δι it describes 
in a plane ω of the bundle (O), a curve Cy: O^ in such a way that every 
point G of this curve is related to all the conies y which have the line OG as a 
bisecant; or as the conics vary, the point G describes a surface Sm. 


6. Case I. Take any point (y). It defines a conie y of the congruence 
uniquely, and it lies in a plane through O. The line O(y) meets y in a sec- 
ond point (y’). When (y) takes all positions in space, (y^) will also. It 
groups the points in pairs, (y), (y’) in such a way that the line joining any 
point (y) to its conjugate (y’) always passes through the fixed point O. The 
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involution is therefore monoidal. It will be denoted by I. Under I, every 
y of the congruence is transformed into itself. 

To obtain the equations of the transformation, let (y) be the point 
determining the conic and (y’) a variable point on the line O(y). The coór- 
dinates of (y’) are then given by 


(7) yi^ syi, (1-1, 2,3), ys’ = r + Sys. 
If (y^) is a point on the conic its coórdinates must satisfy equations (3). The 
first of these is satisfied identically since the line lies in the plane. 


Substitute (7) in (35). Hereafter we shall use the following notation 
for the quadric surfaces. 


IT, (2) = Uot? + um, + Ue == 0 where to is a constant, 
Uy = 0434 F Aala -|- 9395, 
Ua m dava? + asus? + agus? + Oya We + bonam + Davos. 
H (L) = Vot? + Vta + ve = 0 where vp is a constant, 
v, = i. + But. + Bots, 
Va = 6,047 + esos? + 6303? + div vs + dotita -᾽- daas. 
Eg (£) = wots? + wiv, + Ww == 0 where wo is a constant, 
Wy == γιΏι + Yete + ysts, 
Wa = fus? + fas? + favs” F gitta -[- gotitts + fatatrs. 
'Then 
Hy (y’)= sH (y) + rs (2usya + Ur) + ur? 
Ha(y’)= s'Hs(y) + rs(2voya + v1) + vor”, 
Hily) = sls(y)-- rs(2woys + wi) + wor. 


After some manipulation we get 


r= — By? | Uy Yo wi | — 29a | uo Yo we | — lus Yo we], 
S= gy, | Uo ya i | + | to yo wel, 
in which the determinants are of order 4, 3, or 2. If these are substituted in 
(7) the eoórdinates of (γ΄) become 
pyi^— Yi (i=1, 2, 3), 
py = — [ψε | uoyows | + 2 | νου. | ]/ [ga | μοθοωι | + | woyewe | ]. 


The transformation is of order 4. The surface of invariant points is 
Ya? | Uoisits | + 294 | woes | + 2 | tyw | = 0. 


This surface can be used to define the transformation for the image of any 
point P lies on OP and is the harmonie conjugate of P as to the two residual 
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points in which OP meets this surface. This surface has O for a double point, 


contains C; simply and the trisecants ἐν * ^ * ts. 
The image of 0 is y, | uo ys wi | + | Uo ys We | — 0. The basis curve 15 
defined by 


Ya | Uae | + 2 | wyw | — 0, Ya | uopoti | + | uogsts | = 0 
which projects from the cone 
Ks AT | UoYoWs | i ---8 | AMoff2tU1 | | 1611/2105 | == 0. 


The Jacobian is of order 12 and consists of the image of O, taken twice, and 
this Ke. The lines tı’ -> fs are fundamental and are those common to the 
three cones 

| Woy: | == 0, | togata | — 0, | wiyewe | = 0. 


^ 


7. Case 2. Each conie of the system Ὁ) is conjugate to itself in an 
ordinary quadratic involution, the center of which belongs to a plane rational 
curve Cy:O^7.. Any plane through O meets the curve in one point not at Ο. 
Let (£) be the point on Ομ in the plane of this conic. The line joining (y) 
to (£) meets the conic in a second point (γ΄). The relations between (y) 
and (y^) define the involution desired. 

The codrdinates of any point on the line joining (y) to (£) are given 
by ré -} sy. If this point is to be (y’) its coórdinates must satisfy equation: 
(3). Substitute in (35) and expand. Denote by H(y, C) the polar of H(y) 
as to the point (£) on C, and H(C) the result of the substitution of the point 
on Cy itself. Then the quadrie becomes 


s| H(y,C)y H(y) |+r| H(C)y B(y) | — 0. 
From this we get | 
s= DIAC) Pe(y), r ——XHx(y, C) Fe (y).* 
The coórdinates of y^ are therefore 
(8) py’ =y: E Hi(C)Fr(y)— é: Xi Hily, C)Fs(y) (61-4), 


where & is still to be determined in terms of (y). 
Let the equations of Cp in parametric form be 


(9) péi = R(A) (A — ai) i= 1, 2,3), pé, = f(A) 


3 Here and following the summation is taken from kb —1 {ο k=3. 
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in which R(A) is a polynomial of order »—-1 in A. The curve lies in the 
plane 
(10) (Q2 — a5) 2x + (ds — αι) t2 + (41 — Ma) #3 = 0 


and contains O 2x(0, 0, 0, 1) as a point of multiplicity »— 1, the tangents to 
which are the »—1 roots of R(A)— 0. The plane associated with a point 
(y) meets the curve in the point having for its A the value determined by 


(11) |(A—a)y H(y)| — 0. 
From this it follows that A — $i aiFi(y)/ £ Fi(g) and 


péi = Β[Σ Fely), Σ Fe(y)] [X asFs(y)— αι X F«(9)] 
(12) (t= 1, 2, ὃ), 
pé, = f [Xi ele (y), Ὁ Fa(y)]. 


On substituting these values in (8), the equations of the transformation are 


py = iX Hy(C)Fi) — R[X aFi(y), 
03) € F()] [X ax(g)—a: Σ F«(y)] E Hx(y, CO)F&(y) (¢= 1, 2, 3), 
pla = Ya ο Ha (C) Fx (y)— Ὁ Ha (y, C)Faly) [Sake ly), Xi F«(9)]. 


R(A)(A—ai) and f(A) are of order p in Fy and Εν are of order ὃ in 
(y). Therefore they are of order ὃμ in (y). The expression Hz(y,C) is 
of order ὃμ + 1, since it is linear in C and in (y). Hz(C) is of order 6p in 
(y). The transformation (13) is therefore of order 6j + 4. 

All of the cubic surfaces P;(g)— 0 pass through Οι. Since these appear 
to order » in the parametic equations of the curve Cy, it follows that the basis 
curve C; is of multiplicity 2u + 1 on all the surfaces of the web (18). 

Now suppose that the point (y) is chosen on Cy. The plane and the 
quadrie are determined as in the general case, and since the conie determined 
by iheir intersection passes through the given point (4), for this point every 
point of the conic is a point (y’). Thus C, is a fundamental curve, every 
point of which goes into a conic. Hence Ομ is a double curve on every surface 
of the web (19). 

The plane of Cy contains a conic of the system. Its equation is (10). 
This is identical with (3a’). Hence for a point (y) on this conic 


da — às = Fi(y), as — m = F2(y), αν — a2 = Fe (y). 


Then à = 0/0, and A — a; — 0. Therefore the conie in the plane of Ομ is a 
2u-fold fundamental curve on the web (13). Every point of the conic has 
the entire conic for image. 
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Finaily, the trsecants of C; which meet Ομ apart from O are all raro. - 
mit al, «mee C; is of multiplicity 2& +- 1 and C, is double. Since ca ` 
u «sant meets C; in three points we thus have 3(2u -+ 1) —- 2 points on e»t . 
Hci ce these lines lie on every surface of the web and are fundamental. Th 


mo of any point is the entire line passing through it. The order of t 
iv.Cl surface ϐ was found to be 15. The order of C, is p. Therefore τν 
sc roce meets the curve in 15g points. But O is 3-fold on θιο and of mult - 
"d yp 1 oon Cp, hence the number of remaining intersections 
15. -5(g&—1)— 10u +5. Therefore there are 5(2& 4-1) simple bo. - 
In s, trisccants of C;, which meet Ομ on every surface of the web (13). 

The images of €; and of Cy together constitute the Jacobian of th: «« 
The order of the Jacobian is 4(62+ 3); it contains C; to multinlics 
10 +1)—1 and Ca to multiplicity 7, the conic in the plane of C. * 
italtipheity 4* 20 aud each trisecant to multiplicity 4. Herce we have 


Nie Nato rt Ομ yop ἐν... lg pes 
C Toon! (uer Ce yop he la ques 


Cum M gay : ΟΠ Cu yen hts TERES pa 


To obtain the surface of invariant points, let y'— y in (13). Th. 
OUO 165 
Πιν, C)F, (y) —0 which has the signature 
Kat (rn Cn Yep ΠΝ ts; oper) Hi. 


The lines joining pairs (y), (y') of conjugate points in the involat‘o ᾿ 
are οὗ, They consist of all the lines which meet Cp Given any Jine 
me dong C,» at P. Pass a plane through 7 and O. This plane will meet K 
De ated quadric in a conic containing an involution of conjugate point-, 
Do nter of which is P. This line in the general position will not con'ri 
wo than one pair of conjugate points. 

\n interesting special case occurs when p==1. In this case T belone 
to 8 special Huear complex.” 


κ. 


δρ Case δ. Now suppose the center of the involution under which cacy 
~ai Ñ remains invariant describes a surface Sm. The lines joining pairs «` 
oj. zate points P/" now form a complex. Every point of S, is the vate 
» oa pencil, and the plane of our system determined by that point is th 
4 » ot the pencil, This is a very particular form of a line complex: “κ 


M. Pieri: “Null trasformazioni birationali dello spazio inerenti a un comple-+ 
oso Speciale? Palermo Readiconte. Vol. 6 (1892), pp. 234-44. 
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lines arranged in œ? pencils, the vertices describing a surface and the 
planes all passing through a fixed point O. The planes and the points are in 
(1, 1) correspondence and in united position, that is, a plane π and its 
associated point P are perspective, π passes through P. 

Conversely, every such complex Τ' and the system of planes of $, deter- 
mine an involutorial birational transformation which leaves every conic of $, 
invariant. 

Through an arbitrary point of space passes just one y of >, but through 
a point of C; pass co! such conics. Let P be such a point of Ον. There 
is one F of the net which has P for a double point. All the planes through 
OP cut from this surface the line OP and a conie of $ always passing 
through P but not through O. In each such plane is a point of Sm. The line 
joining P to this point meets the y of the plane in one other point P". 
The locus of P’ is the image of the fundamental point P on Οι. ‘he point 
P’ must always lie on the F: P? having the point P for a double point, and 
every line must lie on the complex cone belonging to P. Let u be the order 
of the complex. Every line of the bundle (O) is of multiplicity »— 1, hence 
OP is a line of multiplicity & —1 on the cone Kp of P. It is simple line of 
P: P?, hence the residual curve of intersection is of order 8p — (y — 1) = 
2a +1. Since P is of multiplicity p on Kp and 2 on F, the complete curve 
has a point of multiplicity 2& at P. But OP counts for & — 1, hence the 
residual curve of order 2a -+ 1 has p+ 1 branches through P. 


9. In the involution Ι there is now a surface K of invariant or coincident 
points. It is the locus of points of contact of tangents from points of Sm 
to the associated conic and contains C. Any conic of $, has just 2 
points on K, not on C;, namely the points of contact. Let v be the order 
of K. A conic of X, meets C; in six points, and each counts for μ--1 
intersections with K, hence the 2¢ intersections of y and K are made up of 
G(u +1) +2. Therefore z = ὃμ + 4. 


10. In an arbitrary plane α of space the pairs of distinct points of the 
involution J are conjugate in the Geiser involution determined by the points 
in which the plane « meets C;, and the lines joining such pairs of conjugate 
points all belong to the complex T; that is, they envelop a curve of class p. 
We have seen that when a point describes a straight line r. the lines from O 
to the conjugate describe a cone of class 3. Therefore if r is in the plane 
a, these lines form an envelop of class 3. Hence' the points in æ whose con- 
jugates also lie in œ form a curve of order 3y. Moreover, α cuts K in a curve 
of order 3u + 4. These two curves together form the complete intersection 
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at z iud its conjugate surface in J. Hence the order of the conjugate surfac 
the ceder of the involution, is ϐµ + 4. 


11. Let r be a line passing through O. <A plane through r contains a 
assoc ated point of S,. As the plane turns about r, the point deseribe- . 
cuve such that each position of the plane contains just one point of it. 
apu” from points on r. Let Q be any fixed point of r. In every positio: 
of th» piane connect Q with (é), the corresponding point of 5, in this plan. 
This diee Q(g) meets a pair of conjugate points on the conic of its plan. 
heic dt is a line of the complex. The curve must then lie on the comple. 
son of. Q and meet every generator once, hence the locus of the points o 
^, i- of order p, and it therefore meets r in p — 1 points. 

.onsider any plane section π of Sm. To each of its points P correspend - 
a ah πρ of the bundle (O) and passing through P. The lines of the perc: 
hang P for vertex and lying in the associated plane through O all belon 
io th» complex T. One of these lines lies in the given plane π. Conversely 
ol toe Hines of T in z are in the corresponding planes. 

[ἱ cach of these lines of T in π is connected with O, the planes envelop 
cove of class p. Some of the planes may contain fundamental curves, t: 
wlico the plane is associated rather than to a point. Let oi: "σι be su 
pleas belonging to Ay, and let σι be counted to multiplicity 8... Morcove: 
it S he the order of the fundamental curve in σι. Then every line of ih 
plo: e isa multiple line of T to multiplicity s, The conic of € is invari 
mhr æ? involutions, namely. all those having a point of C., for cente 
T] s requires that at every point in which y meets C,, the point be fund - 
meatel corresponding to the whole conic. Each such conie is thereiore 
Ἂν rud fundamental curve of the second kind. 

Xy arbitrary line r meets S, in m points. These are associated with 7 
plows ot (O) which belong to all the cones, images of all the plane sectiot - 
thoigh r. Hence the two Kp. Αμ. having p? common tangent planes, hav 
alvo “he fundamental planes σι. hence p? — $8? = m. 


12. There are oo? conics in Σ. Among them are oct, each pasan; 
then gh the point of S, associated with its plane. Such conics are image- 
of ike associated points of S, lying on them. The locus of such points is a 
iu ul imental curve, double for the surfaces, images of the planes of space in f 
sive the image of each point is a curve of the second order. Let v be th. 
ordei of this curve Cy. It is of the first kind. It meets every fundamental + 
of th» second kind in the 2s; points in which y is met by the curve C,,, locus c 
associated points of its plane. "Therefore the planes of the conics containin: 


450 SCHOONMAKER: Non-Monoidal Imvolutions 


points of S, on the conic envelop a cone containing the singular planes σι 
to multiplicity 2s;. The class of this cone is Ωμ 4-1. 

From this cone and that of class 5, the planes of which contain composite 
conics, we obtain the result that there are δ(ϑμ + 1) planes through O which 
contain composite conies—that is, α pair of lines, and the associated point 
of S, lies on one of them. There are consequently 5(2u 4- 1) lines ¢, such 
that in I any point of any one of them has the entire line through it for 
image. 


18. This completes the list of fundamental lines in the involution, hence 
we may write 


Bi Sena: QM (NR: yi e yi? hoc " Íscogon- 


Since the image of an arbitrary straight line is a curve of order ϐµ + 4, this 
means that the variable curve of any two Seu, of the web has all its inter- 
sections in the basis or fundamental curves, that is, 


(6u + 4)? — Υ(8μ + 1)? —4v —8 X 8? — 5 (2u + 1) — 6p + 4, hence 
y = Qu? + p—23D 8 — 2m -|- μ. 
Cy ~ Yscpaay : C Ον yit yn? ντ + + isop 
€, ~ Motu : Ορ Ον yo ο. y: tis t. Birun 


The other fundamental curves are all of the second kind, each point having 
for image the entire curve through it. The Jacobian of the web Sous is of 
order 24% -᾽- 19. It consists of P'(;5,, and λίοσμνυ. The surface of invariant 
points is 

Kapa t C77 C, yir cc yat ha tr t becom. 


All the lines ¢; are trisecants of ΟἹ. The surface Kays, of invariant points 
also contain Πιο, double on θις for the plane of a pair intersecting at any point 
of Ἠιο passes through O, and every y of $ remains invariant under I. 

The numbers m, p, δὲ, h, δι are connected by the single relation 


p? — δι) — m, hence p= m. 
14. Analytieally, proceeding as in Case 2 we get as analogous to (8) 


(14) pyil —Hi > Hil Sm) Fi (4) a é > Any, Sm) Fx(y) 

(i=—1, 2, 8, 4). 
where é; denotes a point on the surface Sm still to be determined in terms of y; 
H(y, Sm) the polar of E (y) as to the point (£) on Sm; H(Sm) the result of 


the substitution of (£) itself. 
Let us consider the following cases: 


9 


hating a Congrucnce of Invariant Couics. Εν 


«) bet the surface he a plane not passing through O. Let the eque tio 

ct S be ree 0. The coordinates of any point on Sm are 2 2(&, én, ἕ-. 0) 
.o1m (é) into (s^) by means of 

i= liči, (i — 1, 2, 9), £^, = 0. 


ο, x and all are distinct. This establishes a (1,1) correspondei« 

ret een the points οἵ Sm and the planes passing through these points. Henc 

<» plane of the bundle is so taken as to contain one of these line-. th 
.¢ ed conditions are satisfied. The plane through O, (é), (€’) is 

i v éa | —0, 
"" becomes 
(43 — a3) Ésa + (αν — 43) S522 + (αι — αι) Eé t; = 0. 

“i c this is a plane of the bundle it is identical with (5). From this v 
eler s thet 
do Fi(y) = &G& (t — a2), F.(y) = $é (tı — l3), Faly) = &&i(": 
Up solving, we get 
(16) ρὲ = FaF. (0,— ao), pës = Εναν — 45), pés = FoFi (a2 -= 0). 
iher these values are substituted in (14) the equations of the transforme tios 
21 yen by 
ph” = Yı Σ Il, (S4) Fi (y) T (a3 = tn) FF. > Hi:(y, Sa) F; (y); 
πα τπτ. x ΗΕ (Sin) (9) — (αι ον ds) FFs > Hi(y, Su) Fx(y), 
pr. = Ys E IB (Sm) Pe(y) — (a —6)FF. X Hi, Sa) δι (4), 
pis = yi È Π (Sm) Fr (y). 
Sizs: (£) is of degree 6 in (y), H(y, Sm) of degree 7 in (4). and H(5 
t ‘learee 12, the transformation is of order 16. Therefore 64 4-4 te 


Ux 


ird =. 

“he vertices of the triangle ot reference in the plane 7. — 0 are sirg la 
routs The image of each of these points is the whole pencil of lines having 
‘he point for vertex. Therefore we have three bundles of lines, apart from {0 
fe’ ire singular lines of the complex. 

Wl the cubic surfaces F;,=0 pass through C;. Since these appear te 

| don (8, ) and to order αὶ on (4, Sn), it follows that C; ‘s o 


- 


τος t alicity 5 on the image. 


3. Consider a pencil of planes through the line O(£). In α.-- { 
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each line of the pencil has a point associated with it, and for one position of 
the line the associated point is (£) itself. Hence the locus is a conic. Now 
take any point P in space. The line OP meets $4, — 0 in (é). The complex 
cone belonging to P contains the conic in s4==0. This again proves that 
the complex is quadratie, and that the bundle (O) belongs to it simply. 

The point (£) is associated with the line 


(az — 83) zést: -- (αι i αι) ἔωξιως + (αι ---αρ)ξιξοσο = 0 


in z, = 0, and hence with the plane of (O) having the same equation. The 
quadrie of the net corresponding to the latter has the equation 


(az — a5) && Hi (£) + (as — a) &€,H2 (£) + (αι — te) éH (2) =Q. ' 


The point (£) lies on the associated conic of Σ) in its plane if it lies on the 
quadric. Therefore 


(a2 — as) &&& Hi (£) + (as — a: )ésé H (É) + (a, — a) éH (£) == 0 


is the equation of the C, in x, = 0, every point of which has the whole conic 
of Σ passing through it for conjugate in J. Hence C, is double on the con- 
jugate of every plane in Z. This C, passes through the fundamental points 
in z, == 0 simply. 

The planes containing the sides of the triangle of reference in the z,- 
plane have a fundamental conie double. 

Finally, for certain values of (é), the point (ἕ) lies on the associated 
conie of €, and the latter is composite. The first condition requires that (£) 
lie on C4: the second that the plane containing (£) shall be tangent to the 
associated quadrie. This gives rise to a determinant of order 5, each element 
of which is quadratic in (£), and therefore represents a ιο which meets C, 
in 40 points. Each fundamental point counts for 5 intersections, and there- 
fore there are 25 fundamental trisecants of C;. 

We have then 


Si ~ 8, : CP CP y ys? ys? tit e oe tass 
C, Tu: Οδ Ca γι ys ys ici, 
C; — Mas © Ort C9 γι) γοῦ yi tt . + Bas. 


The surface of invariant points is obtained by letting y — y' in (17). This 
gives 
Ki = Ον C, Yı Y2 Ys tis + * bes Πιο. 


16. (b) Let the surface S, be a plane passing through O. Let its 
equation be zı — 0. Then in the correspondence between the lines passing 
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Voth points on 5, and the planes of the bundle, it is necessary thet ^ 


T 


bros themselves pass through O. This correspondence can be established i 
o X Let Save — 0 he any fixed plane through O. Then 

ÀA (Aot -+ (laa) + pry == 0 
| sa pencil of planes. all passing through s = 0, Xas, — 0. Men 
P planes projective with points on the line, in such a way that 5: (0: 
` 4 


ted with (0. for every set of «u;i, and the plane tag: -p 27, 
(0 with the point O’ — (0. a3, — as, 0). We get then 


-0 ds cM 


A(O, ug, — ua 0) + (0, 0, 0, 1) = 0. 
A µε bat, + ary = 0 ds associated with €== (0, αν. — a, 1). Th 
~ iare of the bundle of (307). We get then 


p& --0. pt να), pés = — Fly), pti FAQ). 
Πας these values in (11) which applies to this case (leo. gives ων th 
p Ὅλο of the trausformation 
pili ca S I (SUP). 
il- pn Yo DL Sid Fey) --Fs(y) S Πα, Sw) FD. 


pla ca X PD (μι) LC) + Faly) i Hily, Sad Fi (a). 

pl iom ys DUS Cy) -- FQ) HQ; Sud δι). 
Th» ransformation is of order 10 and p — 1. The multiplicity of © j 
P0 the image. The point ($) is associated with the plane 


Eti £s έτη = 0. 


Vr «equation of C; is then. 


Hy (a) — éH. (E) + éH (é) = 0. 
"Te have then 
Sem Was CP CPA + hs 
Coo Ta : CPCs te tt tis 
Cy Land Ma M C, Qu hs P ees δις. 
Th surface of invariant points is 


>> Ih, (y, S, MF) =l) of form Οὐ C, ty fag ee tis Ha." 


This is included as a partieular case of the transformation belonging to . 
near complex. D. Montesano: “Su le trasformazioni involutorie dello spazio che 


Sette mano un complesso lineare di rette. Academia dei Lineri Rendiconti, Ser. 4 
Vol 4 (188), pp. 107-160; 277-86. 
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17. (c) Let Sm be a quadrie passing through O. One method of relating 
the planes of the bundle with the points of Sm is as follows. Let Sn = 
LLa — TaT = 0. Let (£) be a point on Sm. Project (é) from 0 on the 
plane z, = 0. The coordinates of (£^ are ἕι, és é, 0. Make a transforma- 
tion in the plane v, = 0 such that έν = a;£/', a; distinct and 540. Take as 
the plane of the bundle, the plane containing O, (é), (£^). This has for its 
equation 


(αι — 43) E3604 + (αι — 3) E 8,02 + (4; = 01) ξεξισε == {), 


From this we get equations (15). These and the one obtained from the fact 
that (6) lies on the surface give 


pé = FF (03 — as), p: = FF (t1 — l), pés = FF, (as — αι), 
pés = [ (a1 — a5) (a2 — t1) / (as — a2) ] FY. 


18. Another method is as follows: take the surface as before. It con- 
tains the line 7 whose equations are z, = Tə, Ts = v4. It does not contain 
the line I’, the equations of which are z, = 0, 2, —- 0. The coordinates of 
points on 1’ will be denoted by (z). Through (6) passes only one transversal 
of these two lines. : 

Relate (€) to the transversal passing through it, and take as the plane 
of the bundle, the plane through O containing this transversal. To set up 
this relation, take the plane through (£) and two points on 7. Its equation is 


(24) + (41) + (13) + (39) = 0, [ (ij) = vids — géi]. 
This will cut /' in the point (z) whose coordinates are 7, == 2, == 0 and 
20 = É — bo, 23 = £1 — £s. 


Let the plane of the bundle be the plane through O, (é), (z). Its 
equation reduces to 


(ξεέι — iés) tı + (— ξιξι + &&)vs + (é? — ξιξε) £a = 0. 
This gives 
F, = ££, — ἔιδε, F, = — ξιξι + iés, F; = £? — &&. 


and since (£) is on the surface, £, = £&£,/&. By solving these four equations, 
we get 


ρξι = FE, pé: = — F; (Fi + Fo), pé = FF, p = — F: ( PF, + Fo). 


e 
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This is the same result as for the previous method if 
B3 — Qa = 1, tı — dg = — (F4 + Εο)/Ει, Og — αι = F/F. 
Substituting these results in (14), gives as the equations of the transformation 


py! = yi X Ae (Sm) Fly) — (as — ἄν) Ῥεξο Ὁ Hx(y, δι) Fe(y), 
rye! = y. Σ Hel Sn) Ῥν(9) — (a, — ta) FiF Σ Hey, Sm) Fey), 
pys' = ys 22 Au(Sm)Pe(y) — (as — m) FF; Ὁ Hx(y, 85) Fx(y), 
pi^ = ya D Ax (Sm) Fe(y) 
— [αι — ἄν) (83 — 1) / (85 — t) | Py? (y) 5, Aa (y, Sn) Fk(y). 


The transformation is of order 16 and p==2. The image contains C; 
το multiplicity 5, 25 trisecants, ΟΦ, and 2 fundamental conics double. In 
the second method these conics lie in the planes, one of which contains 7, and 
the other 7’. The lines of the bundle (O) are simple for through O there is 
one transversal of { and V and through that transversal there is a pencil of 
planes to which O is therefore related. 


19. (d) Let S, be a quadric not passing through O. Using the second 
1nethod, let the equation of Sm be zv, — vo? + x — 0. It contains the line 
| whose equations are £1 == Y» — ta, v4 = Ta -+ Va It does not contain the 
line 7’ the equations of which are v, = 0, 7, —0. Proceeding exactly as in 
the previous ease, we find that 


Ze = o == a m 81, Z3 = És — 26, — δι. 
The plane of the bundle reduces to 


(E223 — 8522) ὃν — ξιβνζα + $1239, = 0. 
We get 
Py == ξιξο — igs — Ess + 28a, Fo = érés — 26,6, — &. 
F; = — ξιξο -+ &£& + é,?. 

Solving these together with the relation obtained from the fact that (é) lies 
on the quadric, gives 

ρξι = Pe? (Fe + 2F;), pl = — F (F + SF.F, — F, F; + FS), 

pés = (Fs -+ FA) (P? - EFIE, 2PM), pés = — Ps? (Fi + Fo + Fs). 


Substituting these in (14) gives the equations of the transformation which 
are of degree 22 in y. Therefore p = 3. 
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20. (e) Humbert * discusses a remarkable complex of conics by con- 
sidering the doubly infinite system of space cubic curves which pass through 
5 fixed points in space, namely, the four vertices of the tetrahedron of reference 
and the unit point. The locus of the point of contact of those cubics of the 
system which touch a given plane gives a conic of the system. These conics 
satisfy the two equations 


Ai + Any -- Age + Agi == 0, AWW? + Aa? + Aag? + λα == 0. 


The tangents to the space cubics form a complex of the sixth order. It follows 
that the locus of the points of contact of the tangents which can be drawn 
through any point P in space to the cubics is a C; of genus 5 which ‘passes 
simply through P and the 5 fundamental points and has 6 points on every 
conic in any plane through P. The point P is called the pole of the Cr. 

The C, is situated on 5 cones of the third order whose vertices are the 5 
fundamental points, and all of whose generators cut C; in 2 variable points, 
that is, they are trisecants of C;. The curves of the system | C; | also pass 
through the ten points which are the intersections of the straight lines joining 
two fundamental points with the plane containing the other three funda- 
mental points. These curves lie on a doubly infinite linear system of cubic 
surfaces. There are a triple infinity of them, one for each point in space. 

By considering only one bundle of planes this system reduces to a special 
ease of the one under discussion. The vertex of the bundle is the pole of C;. 
Let the pole be the point 0 == (αι, a2, a3, αι). On changing the notation the 
equations determining the conics become 


λι (az, = Qat) + Aa (los = Qata) -+ Àa (Qaa = Qata) == 0, 
Ai (lata? — a42,?) + Ao (0o84? — a425?) A Ag (aata? — atg?) — 0. 


By means of the transformation 
Ti = 814 + yo (i— 1, 2, 3), Ta == 0494 
the equations of the conics become 


As T ÀY + Aya = 0, AA, + AsH + AH, = 0 
where Hi = ys? (tita — 0?) — Φα — yi = 0. 


ΞΟ. Humbert: “Sur un complexe remarquable de coniques,” Journal de Vécole 
polytechnique, Vol. 64 (1893), pp. 123-149. 


‘4. ng o Congruence of Lararant Comics. 


Da ngewek fn uts ave transformed as follows: 


10,10, 1) œ~ (i, 12, 3, — 1), 
t1.0,0,0) ~ (1, 0, 0,0), 
(0, 1,0, 0) ~ (0, 1, 0, 0), 
4,3, 1, 0) ~ (0,0, 1, 0), 
(1, 1.1, 1) ~ (Qa — Ga, 4 — ανν 44 — 05, 1). 


Ln 


Foot ty ate cub cones with vertices at (0, 1, 0. 0), (0.0. 1. 0). (1. ον 0. 
voe tively. The surface of trisecants breaks up iuto 2 cubie cones, are 2) 


00099 fle 10 lines joining the 5 fundamental points by two’s. 


Fo dfeotundutila tu linear congruence of couies lo a linenr congu i 


lin: Να 


il. Tf a linea congruence of conics has a directrix which has e : 
vos ports or each conic ot the system, this congruence is recne 
t ar congruence of lines by means of a birational transformation. 


3. Case 1, jr a directrix has one point on each conie of Moa (€ 
sven ence ean be established in the following manner. Relate the voru « 
ΝΗ vationally ta the lines of a linear congruence $7, add a pencil o 3 | 

-4) 10a perdi of planes (a^). Any point P in space cetermines v (o 
y v the plane « This conic passes through P, has oue point D ae <) 

ds. and corresponds to the lme g’ of the congruence M. PD ews € 
Di ar the pencil ((1£ — 2), namely the line r, determined by the pour 
] PD cuts the line of intersection of the planes o and g. The .3: 
nents to the plane p’ of (a^). This plane p' is cut by the line g’ i: 
ew which js P". the desired conjugate of P. 


23. Case 3. Lf a directrix has three points on a conic of δν the 0) 
sooo once js established in the following way. Relate the conics of Σ) τα.) 
"ars of a congrueme S^. and the pairs of an ordinary involution I οἱ is 
ta wneil C1 — z) to the planes of a pencil (a^). For any point P in «p 
‘ues der the conie of 7€ which corresponds to the line ῃ’ of 27. Throvgi 
ent he three poi ts in which the directrix cuts y, passes a pencil of cori 
ewig x in two points, For only one conie γ΄, do these two points (à € 
2o j gate lines r and 7” of the involution I. These lines r and ^ correpti 
to 2 lane p’ of the pencil (a^). The plane ρ’ is cut by g’ in a point P’. 


24, Case 3. Ji the congruence Ὁ has a directrix which has five poi. 
9 
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on each y, since the total number of such points is six, then the congruence 
has a directrix with one point on y and this reduces to Case 1. In all three 
cases the conics of J, are evidently related to the lines of $Y in a (1,1) 
correspondence. 


25. Conversely, a linear congruence of conics is not reducible by means 
of a birational transformation in space to a linear congruence of lines if it 
has only one directrix, or if it has two which have four and two points 
respectively on each conic of $, or if it has three, each of which cuts y in 
two points. 

In all three cases it is not possible to relate to a conic of the congruence 
Σ one of its points, for if it were possible, the surface which is the locus of 
such points would have in common with each conie of the system Y, aside 
from the directrices, the one point related to y. This is absurd for the points 
common to y and the directrices consist of an even number (or zero) points 
of section. Therefore in these cases there is no birational transformation in 
space making the conics of correspond to the lines of a linear congruence 
>’. If this correspondence existed, to a plane of the system Σ΄ would corre- 
spond in the other system a surface having apart from the directrices, one 
point on every conic of >. 


26. It is true, however, that a linear congruence of conics which has an 
exceptional point is reducible by means of a birational transformation in space, 
to a linear congruence of lines. The proof of this is entirely analogous to that 
given for the congruence when the conics have only one point on a directrix. 
It is merely necessary in the argument to substitute the exceptional point of 
the congruence for the single point of section of the indicated directrix. 


IV. The cases for which the C; is composite.* 

27. Case 1, If each cubic surface of the net contains a line not passing 
through O, the C; consists of this line which is a trisecant, and of a C, of 
genus 8. 

Let the line { be the line whose equations are v, —-0, $,— 0. The 
equations of the cubic surfaces are given by (5), where as before 


H, = Uot? + σι + Ue == 0, etc. 


* Montesano enumerates these, but without discussion or equations. “Su i 
varii tipi di eongruenze lineari di coniche dello spazio; Note IL," Napoli Rendiconti, 
Ser. 3, Vol. 1 (1895). 
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{t+ ~ on the cubic surfaces the quadries of the net R are of the form 


IH, uor? uy + (aum + byte + bum.) 2, = 0, 
Hy Vt -- tyre + (esi + dits + dans), + (ος. + dst3)re> U, 
H mann) ann, (Πτι + giis + Getari -+ (eats + dyrs)r,— 6. 


[E uy = xung + XT + xr, as before, the conie z, =0, Hi —0 pass 
thea gh X = (0, — 25, 22,0). Similarly the conics of the system in the pla.v 

0, 2;7=0 pass through F = (0,0,1,0); Y'zx(—2,0,0.0) an 
Z 0,1,0,0); Z’ = (gi. —f1,0. 0) respectively. The section o? £, | 
the pane z,5— 0 consists of ¢ and a conic passing through Y’ and Z'. Th 
ction of F, by the same plane consists of { and a conie passing throush 7 
TI two conivs have three points of intersection apart from C... It 1 lev 
Jit js a trisecant of Co which is therefore of genus 3. 


"8, Case Ὁ, Let each cubic surface of the net contain a line pessi» 
ανν zh O. Then this line is a quadrisecant and the Cg is of genus ?. 

aet the equations of the line q be 2; == 0, te — 0. If F, and F, contain + 
then M, and JZ, must contain g. The third quadric is perfectly arbitrary 
‘Chey quadrics are then of the form 


Ty es (ann A αι) ον F (αντι + διαο + beta) ti --- tum = 0, 
4 I, in (Bit + B-T) 94 + (eei + di. + dots) σι -+ Coto = 0, 


{TEW --- nur, + ies = 0. 


The voint O is simple on each cubic surface and lies on q. The residua 
-uto cetion of any plane through q with any two cubic surfaces consists 0 
woa ones which have two points in common apart from g. The line g 1 
there ‘ore a quadrisecant and the genus of C, is 2. 


9, Case 3. Let every cubic surface of the net contain a conic no 


μας. s through O. Let the conie C, have for its equations ayr,—.r =C 
r, 0. Then the quadrics are of the form 


Mi U, Pè A aun. mm rur? + aum + bum, + ἔνεισι = 0, 

Π. targ runs m (s -- D yr 4 eur? + (a, οι) αι + borat, = 0. 

H, Wat d] anra + (ba — gi) πο” $F gatus - LTs + (ds + bier, = 0. 
Th: onic H,-=0, σι--0 is tangent to the plane σ.---0 at the poin 


(0. 1.0, 0). The conic M. — 0, r, —0 is tangent to the same plane at th 
point (1,0,0,0). The conie Z;-—0, z,—-0 passes through the point 
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(0,1,0,0) and (1,0,0,0). Therefore C, has four points on C, which is 
then of genus 2. 


30. Case 4. Let the cubic surfaces of the net contain a conie passing 
through O. Let the equations of this conie bez,z, — αμ” = 0, 7, — 0. Then 
the quadries are ; 


Εθνος am? + ass) + lata? + bitit + bolita + botot; = 0, 
Hy == (Bit + Bote) as + Code? — bit? + ditit + dalot == 0, 
Ay = au? + [ (b2 — fa) as + γοῦο + (αι + (5) 23 |24 + fot? T fats" 

+ gitits + Jalot; + lı = 0. 
The residual basis curve is a C, which does not pass through O. This C; has 
5 points in the plane +.==0 which must be on C, since C, is the only curve 
in the plane common to all the cubic surfaces of the net. Therefore C; has 
genus 1. 


91. Case 5. Let each cubic surface of the net contain a space cubic not 
passing through O. Let the given C, be the residual intersection of 


H = tto — 4,7, = 0 and 
H = Mots" +(mt1 + Mota + Mag) 2. + (pats + Pols + pata) Wy --- 0, 


Eliminate 2, and remove the factor 2, giving 
Mol" + (maa, + 11.007) £3 + (Matz + ai + pola) s? + pata? = 0 


as the equation of the cone projecting C, from O. Eliminate z, between F, 
and H which gives the cone projecting the curve of intersection from 0. 
Impose the necessary conditions that this shall contain the above cone. Do 
likewise for 7, and F, and the quadrics become 


H, = (a2; + 0595) 94 + hit? + botit = 0, 
H, == [£ + (αι — dy) t3 ]24 + as? + dava + botat = 0, 
H; = mt? + [mz + Met + (Ma + po + ἄν — Gi) Talta + pats? 
+ bot? + gıt F (μα + αι) vits F αφσραα = 0. 


The C, and C, compose the C;. The C; has 5 points on C, which is therefore 
of genus 1. 


32. Case 6. The Ον may break up into a Cs passing through O and a 
C, which have 6 points in common. The genus of C, is therefore 0. 


having a Congrueuce of [Invariant Conies, uL 


t onsider a Ci which is the intersection of Q == tiri μοι τϐ um 


4o m rë p (nun m mary H Mata) ti num + nam? + nas 


pug + paa pas --ι 
Mon ate sí giving us the projecting cone of C, from Ο, 


V. durs! A (p rim puru )as? A (Molito A MT + mac) + pyres) ee 


-- (MaE Saat ey gt es 


\o. limirate ας between F, and Q and impose the condition that this qv r! 
wil contain A. Doing likewise for the other two cubie surfaces c +> 
.i «lind that the quadries of the net R have the form 


‘ mata m 25, — ege P (na + Ca — bi — m; — pi) ea] ee ae 
— nur? — nass + bugs + (ps + da — po) Erta — pott t 
ἤ =m, ri - | my, + (αι -- ma — m) T 
= (ty by — ὧν — My — py) tg |81 — 31m? Core? = tr? 
A,X yz — petits + dr n, 
00 (ay - my — fs ttc (pat dg) es" + gait ts 
+ (αι F κ) νο + (ete) = 


33. An interesting special case of (6) occurs when the C; break- v: 
t) Gof the secoud kind and three concurrent lines which are its hisec ut. 
L t the three concurrent lines be 


Jim 4. wp Or 5 


(o impose the condition that these lines lie on every cubic surface o tio 


quadrics have the form 


H,zc(xa Hears) eb tum? + bar, + bert; == 0, 
H. (gen yon) + Gat, + borot, + bit = 0, 
[= z anres Ewes + Dota? F gitt + autas + bear, -= 0. 


"qs completes the cases, given by Montesano. where the C; may be. ». 
κα «te by breaking up into two pieces, but two other cases are worthy ot 
ή It may happen that the cubic surfaces of the net have a commo1 

point which is not exceptional for the congruence. If the (7 do. - 
| ak up and the net has no other peculiarities, this point is quadrupie 

‘hose genius is therefore 1. 
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Let each cubic surface of the net have a double point at P= (1, 0, 0, 0). 
The quadrics are then of the form 


H, = Uot? + Uta 0392 + lata + bitit + batts + batt = 0, 
He = vot? + (Bota + Bats) £a -|- Coan” -|- CaTa? + dalata — 0, 
Hy = wa? + (γοῦα + Yata) 4 + fete” + Jator = 0. 


34. Now suppose each quadric of the net E passes simply through Ο. 
Then O is a double point on each cubic surface of the net E and a triple 
point on C;, the genus of which is reduced to 3. In this case the conics of Ὁ 
can be mapped on a linear congruence as follows: 

Establish a (1, 1) correspondence between the planes and the lines of the 
bundle (O) so that a plane and its related line are in united position. Let 
$ azi =0 be the equation of a plane of the bundle. Let $ az: == 0, 
> axı = 0 be the equations of the related line where a,’ is linear in a;. This 
relation can be established in oo? ways. 

In the plane Σ aiz, = 0 is a conic whose equation is X a;H: = 0. If the 
conie passes through O, the line related to the plane cuts the conie apart from 
O, in only one point G. To get the locus of G, solve the first and third equa- 
tions for a; giving a; = Fi (x), and substitute in the second. Therefore the 
locus of F = X aiFi(x) ae = 0, is a monoid of order 4, with vertex at O, and 
passing simply through C;. These monoids form a homoloidal web and hence 
are suitable for a birational transformation. Two monoids have for variable 
intersection a conie y. Therefore a conic of the system would go into the 
intersection of two planes, that is, would be mapped on a line. 

By the linear congruence of conics we have been discussing there is deter- 
mined on a plane in space an involution reducible to the Geiser type. The 
congruence had a net of generating surfaces of the third order with a C; of 
genus 5 as directrix. 


35. Other linear congruences. There are other linear congruences which 
determine on an arbitrary plane in space an involution reducible to the Geiser 
type, but every one can be reduced to one or another of the types already 
discussed. Montesano* gives eleven of these with the iransformations by 
which the reduction can be made. 

A linear congruence of conics which determines in a plané an involution 
reducible to the Bertini type can be obtained by considering a pencil of cubic 


* D. Montesano: “Su i varii tipi di congruenze lineari di coniche dello spazio; 
Note IL" Napoli Rendiconti, Ser. 3, Vol. 1 (1895). 5 ` 


karing a Congruence of Invariant Conies, Mo: 


su feces having is common Ὁ double points D, D'. The residual intere ctio 
cf fy o surfaces of the pencil is a Cs of genus 3 with two triple points. T! 
pure which is tangent to a cubic surface of the pencil along DI/ contan» 1 
residaal a line c. Any plane through c cuts the cubic surface containnie 
ine onie belonging to the congruence. The line c has 2 points on Cy hers 
{hy s 6 points on each conic, The class of this congruence is 4 and thee το 
its of the Bertini type. 

ὃν a suitable non-involutorial birational transformation this congrio. 
ciate reduced to a congruence of conics of class 0. It follows that the ont 
po-st ole transformations for this case are reducible to the monoidal tyne. 


"L Criteria for determining the various types of linear congruences : 


Or os E pter, 


6. In conclusion let us consider some criteria for determining th 
"a nos types of linear congruences of conies in space. For such a congri 
ιτ vy surface formed by oo! conics of the system cuts two arbitrary plat 
zte x of space (which do not contain conics of the surface and which er 
<o t.ngent to it) iu two curves of the same order and same genus. Tie 
nurve- are respectively invariant in the two involutions which X determire: 
eth planes x and x’. 

Conversely, consider in an arbitrary plane a, a curve C which is conjaget: 
co -ts Lf in an involution jg which X, determines on the plane v. The coc 
ci he congruence which cut C are on a surface which cuts another arb tro, 
plane 2^ of space in a curve of the same order and genus as (', except for the 

vs * hen the two ploues α and α΄ are tangent to the surface or contain a cons 

Now ti. is known that in a plane involution ja there exists either a pomi 
σε τα ariant rational curves, or a uet of elliptic invariant curves, or only , 
erer of eHiptic curves, Then the involution is reducible to the Jonqu Ὁ ος 
(e ^ or Bertini type. It is also known that in every case such an invarion 

ic of the peucil or of the indicated net, corresponds to itself in a ration ο 
Wor. tion 
Co respondingly. the type is known if a linear congruence of conics has : 
were titing pencil of homoloidal surfaces with rational plane sections: or nas 
| get rating net of homoloidal surfaces with elliptic plane sections: or ha> 
εἶν α generating percil of homoloidal surfaces with elliptic plane sectio s, 


“Hy. There are then three different families of linear congruences οἱ 
onas, For the first kind. if the linear congruence of conics determines or 
cn sroitrary plane P. space an involution reducible to the Jonquières type, 


464 SCHOONMAKER: Non-Monoidal Involutions 


it is generated by a pencil of Steiner surfaces or ruled surfaces. For this 
type the congruence can always be reduced to a bundle of lines, and our 
transformations to monoidal involutions. 

For the congruence of conics of the other two families it is to be noted 
that a homoloidal surface with elliptic plane sections which contain oo! conics 
can always be represented on a plane in such a way that the plane sections 
have for images either a C, : P?Q? or a C, : P having in common the other 
simple points (in number equal to or less than 5) so that for the congruence 
in question the order of the generating net or generating pencil formed by the 
surfaces having elliptic plane sections is equal to or less than 8. 

Conversely, given a homoloidal surface S, (9 < m < 9) with elliptic 
plane sections, it is easy to recognize whether the S, can be part of a net or 
of a pencil of surfaces generating a linear congruence of conics, formed by 
the surfaces having the same order and singularities as Sm. 


38. Hence the only types that give rise to a birational involutorial 
transformation of space that cannot be reduced to the monoidal type are those 
for which the conics of } meet an arbitrary plane in the groups of a Geiser 
involution. Even then the transformations are non-monoidal only when the 
conics cut every directrix curve in an even number of points. 


CORNELL UNIVERSITY, 
June, 1927. 


Extensions of Clifford’s Chain-Theorem. 


By F. MORLEY. 


" propose to state more fully what is implied in the final section Οἱ 11 
" Metric Geometry of the plane 2-line," Transactions of ine Ame cien 


‘n matical Society, Vol. 1 (1900), p. 115. I refer to this as M. G 


hc us recall Clifford's Theorem, Works, p. 51." 
i. plane we take lines, say 1, 2, 8, - νη. We complete the ‘ig. 


| ντ We mark the intersections 12, - * - . We mark the circles 17. 


33. 31.: την There is à point 1234 on the 4 circles 123, 234, . 
Thoe is a circle 12345 on the 5 points 1234,--°. There is a poin 
τας on the 6 circles 12345---. And so on. For an ever number ο 
- he igure ends with a point -the Clifford point; for an odd m.n: 
vcrde -the Clifford circle. 
aonlinz the Imes as circles on the point oc, we have » configu at on 
ford. configuration. 


- 


Tre fundamental curves ^. An account of these curves aid tt. 


“ont theory is given in my paper on Reflexive Geometey,* to wh en 


Das R. G. I shall state a little differently what is needed here. Th 
. to obtain for any given number of lines a curve which pays ho p.. 

í Cireumcircle for three lines. 

` 'e take a base circle τε — 1. An equation a — f(/) maps thes owd 


sone cue. The point : is stationary--that is a cusp of th o ous 


rade Wt, 
1 especially simple class οι curves with 4 —2 cuss vill the + 
D 
de dd Kt- “)(ί--{) :: Ut). 
swa a curve by Cr. 
Unus when n 2, dr/'dis- k. $ — kl +24, so that C- is o ciel. ( 
(ordoo:d, and so on. 
L is convenient here to mean by C? a point, for which «Ρα - 0: an 
alme, Ir de ‘dt==«/t and t= e", then x == t + wf, which di οἱ 
Ti the equation (1) which gives the cusp-parameters is written 


d e/dt + (n-—1) {αι + (n —2) et Έτσι à P072) = -0, 


or exceptional eases, see W., B. Carver, American Journal of Mathematics, Vol 
201. pp, 137-167. 
ρα ουν of the American Mathematical Society, Vol. 8 (1907), pp. 1155’. 
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then the lines of the curve C" are given by 
(2) € — To + nat +( ; eat fo + ngQP + (ᾱ--- ἕο) tP = 0. 


We call zo the center of the curve. If conversely we write a self-conjugate 

equation in 7, and regard the end-coefficients as conjugate variables, we have 

a curve C^ with center 0. R. G. 83. l 
The fully polarized form of (2) is 


(3) € — To F 6481 + 4582 +> * ---- (E — Fy) Sn — 0, 
where $,35* * * Sn are the -product-sums of tı, ts * * -tne This is the osculant’ 
line of C" for the parameters ¢;, or points t; of C". If we set h = t => - 
== fm — t we have the osculant C for the points πι - * * tn. Two osculant 
Cs have a common osculant C"-? and conversely two C"-Us with a common 
osculant C"-? are osculants of a C". R. G. 8 6. 

A curve C” is defined save as to homologies z == ay +b by its n — 
cusp-parameters. Suppose n= 2m --1. Then there are 2m —1 cusp- 
parameters. There is then a canonizant, m parameters apolar (or harmonic)’ 
to the cusp-parameters. These m points give an osculant C"*! which is a 
repeated point. This point is the Clifford point of the C?"*1, The reason 
for the existence of this point may be stated thus. An osculant C" is defined 
by taking n — m points t; on the given C". These have a polar as to the cusp- 
parameters. This polar gives the cusp-parameters of C". Thus when the 
polar is arbitrary, the cusp-parameters are arbitrary. And this implies that 
in (1) a = αντ" ::— 0. For the curve C?"*? with 2m cusps the sim- 
plest set apolar to the cusp-parameters is a pencil of sets of m + 1 points. 
Such a set has an osculant C"*1 which again is a repeated point. The locus 
of such points is a circle.* This is the Clifford circle of the 03335, 

To prove this it will suffice to take one case. Suppose we have a C^, 
with 2 cusps, 

z — 2x + δαιί + δρί: + at? — 0. 


The oseulant of t, ἐ» is the circle 
€ — To + aS, + ρδε + ἆδα = 0. 
If é and t are apolar or harmonic to 


αι + 8ρί + ài? — 0 
then €i + p(t, + te) + at, 2—0 


* Strictly, we should'speak of the Clifford circle or are, for the circle may or may 
not be complete. 
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and the circle became the point 
2 —— To + a, (5 + te) + plile. 
Fi we eliminate ¢, + tz from these two equations we have 


X—X39 A 


= ty. 
αι ap 1b2 





a p 

i p a | 
which is a circle (or the are of a circle). The argument is general—see M. G. 
§ 4, p. 103. We are here restating that § 4 in geometrical language. 

Given a C?"*2, each osculant C?"*! has a Clifford point. The locus of 
these is the Clifford circle. The reason is that if we have m + 1 points i; 
apolar to 2m points τι the polar of ¢; has as canonizant the points ἐ;-'' tina. 
The algebraic argument is in M. G. § 4. 

Given a C?"* each osculant C?" has a Clifford circle. These are all on 
the Clifford point. The reason is that if we have m points t; apolar to 9m — 1 
points, τι the polar of fı has an apolar set the m points. The algebraic 
argument is again in M. G. § 4. The gist is that we regard the Clifford chain 
as a property of a curve C and its osculants. "The lines come in by taking 
n + 1 points t; on C". Each n of these points has an osculant line, so that 
we have a set of n + 1 osculant lines. These are any lines and they determine 
the C? uniquely (M. G. $1). This C" is the fundamental covariant, under 
the group σ-- ay + b of homologies, of the n + 1 lines. The fundamental 
covariant C" of any m -+1 of the lines is an osculant of C*—in fact the 
oseulant for the unused ¢;. Thus for two lines the ΟἹ is the intersection. For 
three lines the 3 intersections are on the C? which is the circumeircle. For 
four lines, the 4 cireumcircles are osculants of the C?, and meet at the cusp 
(the Clifford point). For five lines the 5 C?s are osculants of C^. The 
five cusps are on its Clifford circle. And so on. 





3. The incenlers of an (n 4+ 1)-line. A three-line has four inscribed 
circles. Their centers are the incenters of the three-line. We ask then for 
the curves C" which touch τι + 1 given lines, and more particularly for their 
centers. These centers we call the incenters of the (m + 1)-line. 

A line is given most simply by the image in it of the base point 0. Let 


the images be T1, T2 °° + x44. We have then from (2) n+ 1 equations 
--- 20 F titi +o --- att + (Ti — to) li” = 0. 
Eliminating To, αι * ᾿ * d, we have a determinant 


| Lite o (£i — το) ti” ] --0, 
and therefore 


(4) o= $ [E5/(5—5)::(h—ha)]. 
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But the clinant of the line given by x; is — z:/f; and is from (2) — t". 
Thus we have r 
(5) Ui = Sul", 


so that (4) takes the form, the equation of incenters, 


n-l 

(4) ἆο = = [αι/({ — ts) en (tı — tay) J- 
These incenters can be constructed, if we can solve (5) for ¢;, that is if we 
assume that we can divide an angle into n equal parts. This operation is all 
we need, in addition to Euclid's, in this paper. For any ¢; we may substitute 
εἰ; where e — 1. The set £; and the set εἰ; give the same value of sọ. Hence 
there are n” incenters, and n” inscribed 03, 

Each can be named 1, ει," ρε where εἰ) = 1, and repetitions are 
allowed. 


3. The axes of an n-line. The conjugate of (4) is 


(5) 2ο -- 21 [ate [ρε Uia/ (ta — ἐμ) SOS (ἐπα e ti) ]. 
Eliminating Όλα from (4') and (5) we have 


(6) ας δω τω ος th Id) (8) 
the sign being + for n odd, — for m even. This is a self-conjugate equa- 
tion, denoting a line. There are ΛΣ such lines. We call them the axes of 
the n-lines. They constitute the locus of the centers of inscribed C"s. The 
clinant of an axis is a geometric mean of the clinants o2 the n lines; in 
other words if a line makes with a base line an angle 6; (to the modulus π) 
an axis makes an angle @ where 

nd = X 6i. 
Therefore the n?-! axes fall into n sets of parallel lines, inclined successively 
at angles m/n. In each set are n'^? parallel lines. 

Each axis can be named 1, εἰ, ρε. If in two axes so named we have 
the same ε in the same place, the axes are parallel. 

Two curves C" touching n lines may or may not have their centers on 
an axis. Then the common lines of two curves C" fall into sets. To verify 
this directly we compare with (2) a second equation 
(3 ο yo + qnte gy) = 0 
and we see at once that if these are to be the same equation we must have 
7? — 1", 7 — et. For a selected root of unity e, we have on subtraction an 
equation of degree n in ¢ giving what we call a tied set of n common tangents. 
This equation is 

Yo — To ++ *+ (Go — ἄν) ἐ" 
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80 that 

(y — to) / (Jo — 5ο) -- (ην ο το fs. 
Accordingly, when the centers of two curves on n lines are on an axis, the 
n lines are a tied set. 

The eurves C^ which touch n lines fall then into n"-! discrete systems. 
The transition from one system to another is when the center falls on two 
axes. One of the n lines is then a double line of 63. 

It follows that when n» is not a prime number the double lines of C" 
will fall into sets. For example if »-— 4, the center may be where axes 
meet at right angles, or where axes meet at 7/4. 

If we apply the theory of this section to a triangle abc, we obtain us 
the locus of centers of inscribed cardioids three sets of three parallel lines, 
forming equilateral triangles. The vertices of the triangles are the centers 
of the cardioids which touch a side (say bc) of the given triangle twice. If 
7ο be such a center, then the angle x be is a third of the angle abc. For 
Job is an axis of the 3 lines ab and be twice. Thus if we take the interior 
trisectors of the angles of a triangle, the points where those adjacent to a 
side meet form an equilateral triangle., 


4. The chain for an incenter. Taking the equation of an incenter, 
8 q 
(4^) we interpolate, as in M. G. § 2, 


t ΠΩ 21(t, — 7) 
(11) Ἔν.» πε 


this becomes (4/) when t= e». It is a circle on selected incenters of any 
n --- 1 lines out of n + 2. 

There are then for 7+ 9 lines n™*® circles, each on n -|- 3 incenters. 
For a second interpolation we write 
- "3 m(ü—r ) (ἐν — 72) 
19 ᾱ-- ο ο πα. 
( ) ? X (tı — tz) cds (tı — tus) 


This becomes (11) when v; = ἕνα. It is an osculant of the curve 


i= 5 





@,(t,-—7)* 
(tı — te) ΣΣ (ti — tus) 


And the point is that this curve is a Οὔ, For differentiating we get as 
eusp-condition 





e 


σι (1 ----τ) 
i: 2 (ii — te) oF ᾳ (ti — Lus) = 





0, 


* Morley, Mathematical Association of Japan for Secondary Mathematics, Vol. ϐ, 
Dec. 1924, This theorem, which I obtained in this way long ago, has excited much 
interest. 
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whose conjugate is 
gi(r— t) 
ee HH DU 
X (ta — &) ve (inss — hh) x > 

The equation (13) is then self-conjugate. 

Thus the circles attached to n+ 9 out of n 4-8 line 
a Οὔ, and therefore meet at its cusp. There are then for 
cardioids. For n + 4 lines, the cardioids are osculants of 
— 2i (t μμ τ) 3 
(6 2— ἃ (t:— te) τσ + (4 — tne)” 
Writing dz/di, and forming its conjugate we see again 
cusps, and is a C*, And so on. 


We have then the table: 

number of lines 1 2 3 4 5 

axes C? 1 2 8: 43 54 

incenters ΟἹ 1 2? 3° 44 

circles C? 1 93 34 

eardioids C? 1 9* 
C+ 1 
(5 


The table is read diagonally; each C" is a first osculant of 
next column. 

The first column says that a line is its own axis. 

The second column says that a two-line has two axes an 

The third column says that a three-line has 3? axe 
incenters, the intersection of the axes of the two-lines con 
that it has one circumcircle, on the intersection of the two- 

For the nth column, the axes are new; the incentei 
axes of the preceding column, that is the n(n — 1)"? axes 
(n —1)-lines meet in the (w—— 1)"-* incenters, there be 
point and & — 1 points on an axis. The circles arise fr 
of the preceding column. That is the n(n — 2)" ince 
(n— 2)"- circles, there being n points on each circle, 
each point. These n — 2 circles eut at the angle z/(n — 9). 
eardioids arise from the n(n— 38)" circles; the circles 
the cardioids, each C? having n osculant C?s; and ea 
n— 3 0s, And so on. 

The leading diagonal indicates Clifford’s chain. We 
n-line has a unique 03:1, 
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The second diagonal indicates the chain discussed by F. H. Loud, T'rans- 
actions of the American Mathematical Society.* The ambiguities which enter 
from (5) are there cleared up by regarding lines as directed. This makes 
the incenter of a 3-line unique. In general the ambiguities disappear if we 
recall that two osculants of C" have a common osculant. Consider the 2* 
Cs for 5 lines. These for 5/6 lines are osculants of C*s. The 6 X 2* C?s 
are osculants of the 25 C?s; 66039 on each C5; 2C*s on each C?. "The C? 
taken from lines 12345 and that taken from 23456 must have a common 
osculant C? (taken from 2345). 

The ambiguity is explained in another specific case involving axes by 
P. S. Wagner in the article following this one. 

There is in fact no ambiguity where we name the C"'s by the roots οἱ 
unity. "The naming is carried on from one column to the next. 

This completes the object of this paper, but it is convenient to add a 
canonical equation of the curve C". 


4. Canonical equation of a C". The curve 0” is defined save as to 
homologies by the » — 2 cusp-parameters. It is proper to give these in- 
trinsically, so far as possible. When n is odd, say n — 2m + 1, Sylvester 
pointed out the proper intrinsic or canonical form for an equation, here 

αι + (n —2) αι + Sei + G,t?"-1 τε 0 
namely the equation 
(15) = Ai(£— r)? — 0. 
Here the m numbers 7; give the canonizant, the unique equation of degree 
m apolar to the given equation. Accordingly the canonical form for a 
(atl is 

(1/2m) (dz/dt) => Ai(t — 1,)?" 
or 
(16) ᾱ--Σ Ai(t—)?". 
The equation (15) must be self-conjugate, that is the same as 


€ Aj (t μας τε) 2-1 /7;2m-1 -- 
This is secured by 


(17) j; = AT", 


The base-point in this canonical form (8) is the Clifford point of any 
9m +2 lines which are an osculant set of the C2"*1. It is in fact the 
osculant of the canonizant. The simplest case, m — 1, is the cardioid, with 


* Vol. 1 (1900), pp. 323-338. 
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the canonical equation 
s= (1 — tY. 
Απ osculant point is here 
g —(1—145)(1—1;) 
and 3 such points are on the line 
ᾳ--(---ἰι)/(}--ἑ). 


Four such lines are given by 


α--1Ι [1—50/0—29 (1—1£)] 


and are tangents of the parabola 


s= [Ip a—9. 


And so in general the C?"*! can be immediately connected with 


=X [B/(t—5)] 

which is Clifford’s m-fold parabola (loc. cit.). The case of Οὔ, with 3 cusps, 
was analysed, with figures, by Father E. C. Phillips (American Journal, 
Vol. 31, 1909). It may be remarked that if the cusps c; are given there are 
four curves, for the Clifford point is given by | [1/(z — οι) κ] — 0, which 
rationalized is a quartic for which g» = 0. 

When n is 2m, we have for C?" a cusp form of degree 2(m — 1). The 
lowest apolar forms are of degree m, and therefore as in Sylvester's theory 
we take 


1 dz δ. 20-1) 
mai di ἃ 406—79 


whence the canonical form is 


t= Š Ailt — 7i)?n1, 
This may be regarded as a first osculant of (8), namely 


2— Y Af —n) (— n). 
There is no advantage for small values of m. "The circle C? is naturally best 
as v — $ and the Οἵ as s — 3t — 3pl? + t. 

The eanonical form might have been used throughout, but it would not 
have been possible to use the references. 

It is to be remarked that in the form used the coefficients αι, a» - +- of 
the C"-i of an n-line are invariants of the n-line. They form with the 
parameters ¢; a complete set of rational invariants (under homologies). The 
parameters are by (3) inversely proportional to the clinants of the lines. 


Tue JOHNS HOPKINS UNIVERSITY. 


Am Extension to Clifford’s Chain.” 


By PAUL SMITH WAGNER. 


1. Tied Tangents. Two non-intersecting circles which are exterior to 
each other have four real tangents which can be separated into two pairs, the 
one exterior and the other interior. This pairing may also be effected by 
noticing that the sum of the angles formed by each pair of these tangents 
with the line of centers is congruent to zero modulo -. We shall define as a 
set of tangents any pair which fulfils this condition. 

Algebraically, if we express these circles as 


a — 3t - dt? — 0 and s—¢—2pr + (£— τ---θ, 


then for a common tangent, we identify the equations so that 7? = i. We 
have then r= + £, so that the common tangents fall into two sets. With 
r == 1, we have . 
€ — 2 (1 — ϱ){ + ct? — 0, 


ziving one pair of tangents. With r = — t, we have 


e+ 2(1 — p)t -|- δὲ — 0, 
ziving the other pair. 
From these equations it follows that, if the parameters of the tangents in 
either set are ¢, and te, tt. = c/é, which is the clinant of the line of centers. 


Obviously, tta = (ο/δ)᾽, 


which means that if 6,, 0; and $, respectively, are the angles which the lines 
tı, 1 and the line of centers make with the axis of reals, 6, -|- 0; = 24$ (mod 7). 
Tn case we take the axis of reals as the line of centers, 


6, + 6.==0 (mod T). 


Such a set of tangents is a set of tied tangents. 

This classification leads to an immediate generalization. If we take the 
two cardioids { 
(1) c — 3t + 88? — Z — 0 


(2) £—c— Bar + 3ài? — (Z — 6)? = 0 
* W. K. Clifford, Mathematical Papers, pp. 51-54. 


t F. Morley, Journal of the Mathematical Society of Japan for Secondary Educa- 
tion, Vol. 6 (1924). 
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and identify these equations, we have 
== Es 
Thus the common lines fall into three sets. If we take 7 = t, then 
e—3(1—a)i+3(1—a)#—a=0 
gives the three common lines of one set. For then 


titats = c/6 and ttt, = (¢/2)3; 





Fie. 1. 


so that if 0; and ¢, respectively, are the angles which the lines ἐ; and the line 
of centers make with the axis of reals, 


θι + 62 + bs 34 (mod r). 
If we take the axis of reals for the line of centers, we have 
θι + θα + 6; = 0 (mod π). 


Here, then, any three tangents with the parameters t, ta, ta such that 
litats = c/6, w C/E, or w^c/6 are a set of tied tangents. 


2. Method of selecting tied tangents. The cardioid whose line equation 
is (1) has z — 2¢— t? for its point equation. At a particular point, this 
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becomes Ὁ = 2/, — /,? and a line from z, through the cusp will have for 
its equation 


(3) edt i 

The cardioid (2), which has c for its center, has t = — dr? + βατ -+ c 
for its point equation, and, at a particular point, z, = — än? + 2ar, + «. 
The equation of the line from a, through the cusp of (2) becomes 
(4) Vo ar^$/à + f (Tu α, à, ο, €), 


since the parameter of the cusp is («/a@) + c by virtue of the fact that, at the 
cusp, dz/dr = 0. 
The relative clinant of lines (3) and (4) is a7,7/at,?. Accordingly a~ 
we let T= t, o£ or wf, we have the relative clinant as @/d, ωα/ᾶ or ω”α/ὅ, 
respectively. 
If we let 7 — t, the line equation of (2) becomes 
(e — c) — δαί + 8a? — (2 — 0) — 0 


and, as shown before, titl = c/ó when we consider the common tangents 
with (1). But when r= t, πο and 2, will lie on the same tangent line and 
the cuspidal chords (3) aud (4) will have a relative clinant of a/d. Hence. 
this selects three tangents whose cuspidal chords, respectively, form angles 
such that the relative clinant is α/ᾶ, so that the three angles are equal, 
modulo π. Hence, the three intersections of the cuspidal chords of these three 
tangents lie on a circle through the cusps. 

But the same is true for 7 = e£ and c = ot. Therefore, the nine pos- 
sible tangents of two cardioids are in three sets of three each such that in 
each set the cuspidal chords intersect on a circle through the cusps. See fig. 1. 

Since this puts five points on each circle, the cusps being on each circle, 
one tangent is sufficient to definitely, determine the other two associated with 
it to complete the set. 

The angle of intersection of these circles on the cusps is that of their 
tangents at the cusps, and hence the angle between a tangent and the join 
of the cusps of (1) and (2) is, in each case, equal to the angle between the 
corresponding cuspidal chords. But these angles differ by 27/3 so that the 
three circles cut each other in angles of 22/3 each. 


3. Special types of curves. Two parabolas have at most three common 
tangents and their corresponding focal chords intersect on their circum-circle. 
See fig. 2. This can be shown as follows: 


DAG* + AGD + GDA = « and ΤΗΣ + LYV + YVL =r. But 


* Unless otherwise qualified DAG, AGD, etc. stand for the angles DAG, AGD, ete. 
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YVL = GDA and LYV = AGD. Therefore, DAG = Ti 
triangles FCS and JLT are similar for SFC = TJL x 
Hence, FCS = TLJ = 0LI. Also, triangles EBM and 
for MEB — RIL and BME = IRL, so that EBM = RL, 
this it follows that FCS — EBM, DAG + FCS = x and Dz 
Therefore the points A, B and C are concyclic with 6 and ϐ 

Expressing the equation of the cardioid in polar 
r = a(1 — cos 0)/2 or r = œ% sin (6/2). For the 1 
175 — q% sin (6/2) and for the circle r= asin 6. All of 
under the general type * 


(5) 72/4 — α”/α sin (20/4). 


In the case of the cardioid p/q — 1/2, and if we set | 
ῥ-Γᾳ--δ. For the parabola p/q — —1/2, so that if p = 
ϱ-- 4-1. In the circle p/g — 1 and letting p 1, 
p+q=2. This seems to indicate that when p/q is in its 
| 2 +q | -is the number of sets of tied tangents between t 
type of (5). It is not meant that only curves of the abo 
tangent relationship. 


4. A theorem on the parabola. If the parameters of t 
are 7; and £4, respectively, the equation of the tangent 23 is x 
and if τ is the parameter of the focus, the image in 23 is s 4 
. The images of the same focus in the three tangents are on c - 
which is the equation of the directrix of the parabola, with 
tangent to these three lines. This equation can be written m 
as τὸ ---ὤττ (τ--- t) (τ---- t) (r— &)/(v—1). The « 
directrix is (S,/r)* and that of any line perpendicular t 
If we consider the particular perpendicular which passes t 
of contact of τοῖς with the parabola, we know that the lin 
angle which this makes with the focal chord. That is, if : 
of the focal chord, then [2(85/7)'5r]** = i(t)” and 
Now if the parameter of 0 [see fig. 2] is τι, then 2 = i (r,t. 
the direction of GA. If the parameter of 6’ is v», then : 
and this is the direction of DA. The difference of directio: 
is z/a! == (7/72) which is one-half the central angle 71/r; 
vertex A is on the circle of which this latter is a central 
A, B, C, 1, 2,3, 0 and @ all lie on the same circle. 


* For another curve of this type, see F. Morley, “ The Curve of A 
Journal of Mathematics, Vol. 46 (1924), pp. 193-200. : 
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Since the direction of 0A is i(rtıt2t3/tı)# amd the parameter of 6 is τι, 
the parameter of A must be tots/t, In like manner, B is t,f,/t, and C is 
t,t,/t3 These evaluations are on the assumption that the parameters of 
1, 2 and 3, respectively, are tı, tz and ἐς. 

It follows that the direction of 14 is i(é:t,)%. But this is the direction 
of 23. Hence they are parallel. Since a single infinity of parameters satisfy 
the above condition we have the general theorem: If a varying parabola has 
three fixed tangent lines, the focal chord of any one of them passes through 
a fixed point. 





Fig. 2. 


5. Comparison with Professor Loud’s work. In the case of four lines, 
Professor Loud * showed that the center circles are in two sets, orthogonal 
systems, of four each obtained from the directed lines as follows: 


System I System IT 
+ +++ + ++ 
+ += ++— + 
+—— + +— ++ 
—— ++ — +++ 


# “Sundry metric theorems concerning N-lines in a plane,” Transactions of the 
American Mathematical Society, Vol. 1 (1900), pp. 323-338. 
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where a change of sign indicates a reversal of direction. Now if we draw our 
sixteen circles tangent to the four-line, three at a time, and select them 


AKAH 


System. I 

X X X 
< < < 
X X X 
< < < 


or X < X < 


System II 
< X X< 
X < < X 
< X X < 
X < < X 


where < denotes an exterior and X an interior pair of tangents, we will obtain 
the identical grouping of Professor Loud. In each choice there is an even 
number of each type of tangents—an odd number will not complete the cycle 
for four points. : 

In the language of clinants, we can leave the center of any circle in two 
different ways, namely t,t — c/č and t,t, = — c/6 where the former may be 
a set of exterior tangents and the latter a set of interior ones. Hence, there 
are two centers on each circle which gives us a set of eight center circles. 
That these are in orthogonal pairs is shown by the algebra of Professor Loud’s 
article by replacing tm by —tm. Hence, Professor Loud’s algebra is also the 
algebra of tied tangents. 


6. 


Tied tangents applied to cardioids. There are one hundred and 
thirty-five cardioids tangent to a five-line, four at a time. Our problem is 
to effect some systematic classification of these, if possible. 


It has already been shown that two cardioids have three sets of three 
tangents such that if ἐν, f, and t; are the parameters of any particular set, 
titats = c/6, wc/é or ω”σ/δ. We now select the particular set titats == c/é and 
proceed by means of this direction to the center of another cardioid of which 


these three are a set of tied tangents. 


From this center we proceed by 


tatata = ¢/@’ to another center, see fig. 3, etc. 
We see the a, = tgtsts/totgls = t5/te 
üs = tz/ts, Oy = tz/ts and a5 = t,/t,. Since 


ls/to * ἐν / ία laf ta/ts 


and in like manner @ = titz 


‘t/t, = 1; 


the polygon is a closed polygon. It is also inseribed in a circle, as we shall 
show later. We have, then, when we remember that we can leave any center 
by three ways using ἰχΐηΐο -- ec/6 or w°¢/é instead of c/c, this significant 


theorem : 
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The centers of the cardioids tangent to a five line, four at a time, arrange 
themselves so that there are five centers on each circle and three circles on each 
center. Hence, the centers of the 135 cardioids lie on 81 circles. 





Fic. 3. 


7. The algebraic statement. In the closing pages of a paper by Pro- 
fessor Morley * the equation of the tangent to a cardioid is given as 


at? + y = Tot? + Yo + at? + bt 
which in another form, | 
(y — Yo) — bt — af? + (£ — a)? — 0, 
1/r, we obtain (2). If p 





is analogous to (2). In fact, if we replace ἡ by 
is the distance from the origin to this tangent, then 

p= (Αα + Az + p)/2(AA)*; 
i. e., pi [— tea — y + ἐ ο -+ Yo + bi, + at? ]/24,/ 
and Rph = ἐιΖο + Yo + bt, + ai. 


* * Metric Geometry of the Plane N-line,” Transactions of the American Mathe- 
matical Society, Vol. 1 (1900), pp. 97-115. 
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For four tangents, if zo is the center of the cardioid to which these lines are 
tangent, and if αὶ = 25,1,9/2, 


Zi 
(& — ἐν) (ἐν — ἐς) (ἐν — t) 





4 
To = 5 


If now we put 


6 pp SS ο ον oo eus 
| ) > (h— to) (& — ts) (& — ἐκ) (& — ts) 
we have a circle whose center is 
5 
ae Tt 
ca SEY t SE UE" 


and whose radius is | a; |, where 


5 σι 
a= 2 5 5) (5-5) — hy’ 


which is the circle on the centers of the five eardioids each one of which 
(center) is obtained by letting t = ἐι, ἐς, ts, t4 and ἐς successively. 

The clinant of a4a5 is (as — αι) /ᾶς — à4) which we find to be — 1/t tots. 
But bearing in mind that ἐ; of this equation is — 1/7, of equation (2) we have 
fij, as clinant of αμα. Hence 1,9555? == [ (ds — αι) / (ὃς ---ᾱι) 1 and 
6, + θε -+ 0s = 36 mod m. Hence, the underlying relation of these cardioids 
whose centers are given by (6) is that they are connected by tied tangents. 





8. The relation of the 3* circles. The method used in establishing this 
relation is that of Professor Loud. If a4 is the characteristie constant, then 





fic τει ως. -ᾱ (α--1,9-- πὴ 
* (& — ἐκ) (4, — ἐκ) T S (ἐν — ἐν) Ez : 
and 
2 quie 397^ 
a= X δι 1/5) το (025 1765) 
g ἐ -δί n-lf as3-n 
= (—1)"1 iti 1 s 
( ) ας ο (E) 
where r = ttats* ++ tne Therefore 


ayt,0°2 


(fi — te) ++ + (tr — ta) 


me (— 1 ) ltd a a-1. 


la = (— 1γ3-1τ Σ 
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When we omit the line z, from the n-line, we have an (n — 1)-line 
whose constants are * 


ay — ola, ls — Asta; ἘΣ Gg — antn. 


Now since titats = c/é, or we/é, or o?c/G then wtlata and wtitata, on the 
assumption that i,i.£, = ¢/é, take us to the other two centers. That is, this 
is equivalent to replacing tn by wt, or wt, Three circles derived on these 
respective assumptions that the n-th line is used or is replaced by wtn, or ων, 
have the equations v = a; — ast, 2 = αι — a/t and c= a," —a,"t. These 
three circles coincide at a point which when the n-th line is omitted is called 
Ον — ota, Oy’ — a; l, and a," — aZ" ἐπ. Their angle of intersection is that of 
the strokes extending from their respective centers. Hence, it is the amplitude 
of asta /as" tn, or as/as"*, ete. 

To obtain this amplitude separate from the ratio of the absolute values, 
we divide this expression by its conjugate and take the square root of the result. 
Since the conjugate of a; is (— 1)™ lran- and of az” is e*(— 1)" 1ra" ns 
we have 

(az/az"^) (dz /ᾶν)  — (2/0) ** (ωΐα νο /dn-s) ὃν 


and in the case of n = 5, this becomes ω or 27/3. Hence, on each of the 135 
centers there are three circles cutting each other at an angle of 27/3. 


9. General conclusions. As a complete statement, then, we may say that 
a five line has 185 cardioids, each tangent to a four line, and their centers lie 
on 3* circles which cut each other in threes at these points at an angle of 22/3 
so that there are five centers on each circle and three circles on each center. 


~F, Morley, “ Metric Geometry of a Plane N-line," Transactions of the American 
Mathematical Society, Vol. 1 (1900), pp. 97-115. 


On the Group for a Class of Self-Dual Plane 
Rational Curves. 


Bx LUTHER E. WEAR. 


1. Introduction. We are concerned in this paper with the group of 
transformations, including both collineations and correlations, under which a 
curve remains fixed. Self-duality implies that the curve must have the same 
number of cusps as inflexional tangents, and of double points as it has double 
lines. 

Haskell (Bulletin of the American Mathematical Society, January, 
1917), discussed the question of the maximum number of cusps of an al- 
gebraic plane curve, and enumerated the self-dual curves. The binomial 
curves,” 


Ly" == Ly" Ea" 


have been studied and shown to be self-dual. The case of the quartic was 
considered in my dissertation at the Johns Hopkins University,ł and the 
quintic in a later paper.] 


The equations of the Curve. Consider now the case of a rational plane 
curve of the nth order. Since the class of the curve must equal the order, 
we have 
(1) n=n(n—1) —2d— 3c, 


where ὦ is the number of double points and ¢ the number of cusps. Also, 
rational curves being of genus zero must have (n —1)(n—2)/2 double 
points and cusps together, hence, ᾿ 


(3) d + c= (n — 1) (n — 2) /2. 


Solving equations (1) and (2) for d and c, we find c= n— 2, 
d == (n— 2) (n — 3)/2, which are the number of cusps and double points, 
respectively of the self-dual rational curve. 


* Loria, Spezielle Ebene Kurven, page 308; Wieleitner, Algebraische Kurven, page 
136; Snyder, American Journal of Mathematics, Vol. 30; Winger, American Journal 
of Mathematics, Vol. 36. 

+ American Journal of Mathematics, April, 1920. 

t Bulletin of the American Mathematical Society, June, 1919. 
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Simularly for the inflexional tangents, 
C = 3n (u — 2) — 6 | (n —2) (0 —3)/2] -8(1— 2); 


v. hic 2a reduces to, 
e =n — 2. 
Also 
Ë == [n (n — 2) (n? — 9) /2] — (2d + 3c) (n? — n — 6) 
4- 2d(d —1) + [9e(c —1) 2] + ar, 
ν fuc 1 reduces to, 


d' = (n —2)(n —3)/2 


εἰν αμ the number of double lines. Hence the self-dual curve has v - ὁ 
cusp, and also inflexional tangents, while it has %(n—2)(u--38) doub > 
pen s with the same number of double lines. 

The curve, to he self-dual, must admit a correlation (polarity) or co 
s.t ons whereby dual singularities are interchanged, and in particular oisi - 
ara uflexienal tangents are interchanged. The class of curves to he cor 
sidered here are those which admit of a sufficient number of correlations 1 
to given cusp into each of the 2-— 2 inflexional tangents. The produc- 
ot these correlations, two at a time, will generate a set of collineations whic: 
vil! permute the cusps. Hence the curve will be self-projective wieder: 
vie G, s or under a larger group containing the Gas as a subgroup, Witt 
ias ternary group (a-o, will go a corresponding binary group on the pars- 

με πα yist The transformations of the evclic gna, can be written ia Ἡ 
«αυ vical form 7 = ef’, where en? -1, 

The curve then can be written down at once in the following mov 

eo. way: 


C τ = d" p αἰ”, py, =bt 3], tt, = [3 4d, 

(oss with the g, ; on the parameter, there goes a ternary Gy.» ou th 
lu ΕΝ YZ., 

(ti To -- εἶπρ πι =T To! = er. 


It is easily seen that the curve (3) remains unaltered when the transforma - 
tions /:-c" and (1) are made. ΑἹ] members of the ternary (,.. can h- 
Written, 


(5) Lo = eo, ay’ = £1; v. = ez, 


aber)? —] and k==1, 2, ++, (n— 2). 
Salmon, Higher Plane Curves, page 93. 
Nee Winger, American Journal of Mathematics, January. 1916. 
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Let us now obtain the line equations of (3) by finding Jacobians two 
ata time. We have, 


éo = — bni? H-D + [(b—1)n2 + (1— 3b) n] t2 — 1, 
é = — ni? (£207? — [(g — 1)n + 1— δα] t? + a), 
és — nt (2bi20-D 4 [ab (4— n) +n] t? + 2a). 


Since the cusps are to be interchanged cyclically by the gus, then they are 
given by the special set £7"? .— 1, and the other special set, {5-2 -+ 1, will 
give the inflexional tangents. Since the class must be reduced by the n — 2 
cusps, then 77^?-— | must factor out of ἕο, ἕξι, é. Dividing by this factor 
and equating the respective remainders to zero we have for ἕο, b = n/(n — 4); 
for íá, a= n/(n — 4) ; and for é, 2(a-- b) + 4ab == nab —n which is 
satisfied by a = b = n/(n — 4). So the curve may now be written, 


(8^) gg t + [n/(n — 4)] 13, g, = [n/(n —4)] t? + 1, 
t= in -L d, (n > 4), 
and the line equations are, 


(6) & = [n/(n — 4)] oe? — 1, & = f^ — [n/ (n — 4)] £, 
£& — — [n/ (n — 4)] t(f-? — 1). 


2. The Self-Projective Group. It is evident now that the curve is also 
invariant under the transformation t= 1//' when combined with the col- 
lineation, 

(7) To = Ti; αι = To, Lo! — T». 


If the transformation t= 1/0’ be combined with the transformations 
t = et’ we obtain those of the form = «€/t or in general ὁ == e*/t’, where 
k—1,2, :-,(n— 2). There is thus generated a dihedral group of order 
2(n— 2) on the parameter 1. 

If the collineation (7) be combined with (5) we obtain these new col- 
lineations: 
(8) Zo == eg, qj = Tos χο = εἴθ». 


There will be » — 2 of these and with the original n— 2 will constitute a 
collineation (ρα) of which the original cyclic Gn-2 is a sub-group. 

Collineations (4) will leave the reference triangle fixed. Those of the 
type of (8) are reflexions having as axes the lines, 


Bt, = 0, 


and as centers the points e: —1: 0. The axes of reflexion meet on the 
point é — 0 while, dually, the centers lie on the line z: — 0. 
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‘The cusp tangents are given by the determinant, 


Lo Zi Xo 
~=- a, (n—-4)] t, [n/ (n — 4)] £^? 4- 1, id, 
Lyfe 24 Rn /(n—A)], [n(n—2)(n—3)/(n—4)] t, (n—1) (n 2): 7 
— 0, 


whi. reduces to, 
Zo — ery, == 0. 


The} oints of inflexion are y: : —1 : 0, where 1-1, 2,---,(n—2). an 
chos y are the (n—2)-th roots of — 1. Hence the cusp tangents mee 
atl, +0, while, dually, the points of inflexion lie on the line z; — 0. T.: 
(uss avise according as « is odd or even: in the first case the flexes or. 
‘is. 1 points of intersection of the line Φε-Ξ-0 with the curve, since ἡ. 
or d stinet numbers: in the second case the numbers η give only (n--2) : 
is iat values and that means points of inflexion will come together in pa'r 
ο "v m bi-fleenodes. Dually, when n is odd the cusp tangents will be d's 
ο 1-t, but when n is even they will combine in pairs and we shall have dovble 
cusp angents meeting at & = 0. 
We may summarize the results to this point by saying that in equation 
(911 xe have a curve which is self-projective under a dihedral G2,.-2, ο 
«olineations when combined with a dihedral gone) on the parameter. Thy 
clencnts of the groups may be set out as follows: 


ή 
οι 5-2) Gacn-2) 
t= El, πο = e po. m, = hh, To! --- bro, = = 1, 
k—1.,2,7;*:, (n- 1). 
i dP, To = hy, αι =X, Le = du. 


The Self-Dual Group. Now let us write a transformation which 
valt iiterchange dual singularities of the curve as, for example, fr == 7 wher: 
DS7i2:.-]. This will interchange the cusp parameter ¢=-1 with the fle 
parameter r == and similarly with the other cusps and flexes. The equation 
t an’ line of the curve is, 


co [a/(n ----4) 7? 2-1) to + (0 — [n/ (n — 4] 7°} 2i 
+ (I2n/ (n — 4) Je — [2n/ (n — 4)] τ) 2« — 0. 


310 i' we make therein the transformation tr == we obtain 


L[n/(n — 4) 172 + 1} to + (— 92/0 — [n/(n — 4] η”/}3} σι 
+ {— [2n/ (n — 4)] 4/07 — [2n9/ (n — 4) 11} v. = 0. 
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Any point of the curve is, 
U^ -+ [n/(n — 4)] 43} é 
+ (n/(n — 4) 1 t? 4-1) & + [£3 t] & — 0. 
If these two polynomials in £ are identified there are obtained these equations: 
(9) f= %, É S= ena, éa = — [2n/(n—4)] entz- 


These are the equations of a correlation sending any line of the curve into a 
point of the curve, and in particular exchanging dual singularities. 

If now the correlation (9) is combined with the collineations (5) there 
arise the n — 2 correlations, 


ἕο = Xo, é = — ey, £j = — [2n/ (n — 4) ] εἴηα., 
where k= 1,2,- ++, (n— 2). Furthermore combining correlation (9) with 
collineations (8) we obtain a further set of n — 2 correlations, vz., 

& = 21, é = — ey, éa = — [2n/(n — 4)] εἴησ». 


There have been obtained then the elements of a G4(4.5, of collineations 
and correlations with a corresponding g.n-2) on the parameter. It is easily 
verifiable that the product of any two collineations is a third collineation 
of the set; that the product of a collineation and a correlation is a correlation 
of the set; that the product of any two correlations is one of the given col- 
lineations; and finally that the inverse of each element is included. We may 
now tabulate the elements of the group as follows: 


Collineations 
i = Et, 0 = ey, LM = Ti; 20 = eas, 
where €^? = 1, k =1,2,°-', (n—2), 
t= &/ť, Lo = εἶναι, ἄν = To Lo! = εἶσ». 
Correlations 
tr = εἴη, £o = Ty; & == — kya, £s = [2n/ (n tem. 4)] enta, 
where η” ο — — 1, 
t= (εἔ/η)τ, ο X, E= — Puy É — — [2n/ (n — 4) ] εἴηο.. 


Among the correlations only the first set written will be polarities. 


4. Special Case of the Seztic. The foregoing general theory may he 
illustrated by the p°. The equations of the curve are 


go = ἰδ + 308, a, = 3 + 1, Lo = Ë -+ t. 


Th. 
E 


d9 ες 


ef th 


i 
πι, 


Self-Dual Plane Rational Curves. án. 


‘usps are given by /|— 1 and the points of inflexion by #+1. Ou 
3 we have double cusp tangents and on z = 0 bi-flecnodes. Using the 
il results a. given above we may write the self-dual group of the p 





lows: 
('ollineations. 
λε id Ji s SS FH; da = Xa (11 
! i Pac — 4e du = ty qa = 17; (S) 
t " ry duy rn’ =p qa =- ga (93) 
t if’ Jur. -- Ζαν ty =a, ro’ =— its (83) 
1 τ Fa m5 J dos Ie = Ta (Ta 
t iť rye met, 4a = on te = dr. (ST) 
t Τη faoc οί tr = Xo, Le) — dq (ST ) 
bo se Do Duo eye ἂν = d ty =— ir, (STi 
Correlations 
L- τι E,= ο é = itn É = (D) s tor) 
Cee Eo = — To & =i, & = O (i) ues. (75) 
- (τ f= Io & —in. ἕντς G(r. (7S) 
( Dm & ων &=in, é S= b 1) (rS } 
Pir, Erm T4 ἕξι -- ir, é =- 61)” os (0: T) 
—( id). É,— — Xj ES ity Ee = — UC cna rs (m STI 
— (i)*r, ξο == Li, É = iTo É = 6 (1) 5r». (v: ST) 
ο τς, a=, ἕι--ἰτωι ἕν- 6(— i) rn (απ. Τι 


Perspective pt, We proceed now to find the equations of a eww 
(#  1)-th order which shall be perspective to the p” i. ο, a eru 
hat a line f of the (2 — 1)-ie shall eut out the point / on the p 


A dn joining the points f; and f, of the p" can be written 


1 
ἰ 


Lo Ti "un 
ο ο ο” he Ü 
ΓΕ [a/(a- D] 1”. [n (n— 4) ] t? + 1, Tuc 


ah ct becomes, after amplifying and factoring out t — ἐς, 


tL (a 4) ]6n 25, Aan (n λε ΙΡ m fun 3) 
+ (1,73 A ia -+ LX) + 1} 2ο 
ett νο ο μα ον Ον ο. 
--- [n (n— 1 )] 262 u Ste -- 1,71) [Gt n—4)] tif; 
Hio [a(n -3)] Plo? (5 + te) + [n/ (nm — 4) ] PtP? (679 
pty Ofy ee HE ἐς (urn -ἕ- mS e + t1) 
E [n/(1 —3)] (ἐν + ἐκ) } qa. 


488 Wear: On the Group for a Class of 
This may be arranged as a polynomial in f, as follows: 


CCo) o [n/ (n—4) t41] σο}έι1ἠ-{[π/ (n—4) Jt tT 
— [n/ (n —4)] tz. + tr, — [n/ (n — 4) ] te” la, — tora} ty? 
+ Co [n/ (n — 4) Jito + tat, — [n/ (n — 4) ] tt, + 1252: 
+ [n/(n — 4) ] ?&?z, — 1:225) t7? + {— [n/ (n — 4) ] tto + t22£o 
— [n/ (n — 4) ] ttz: + tatt: + [n/ (n — 4) ] tata — 1,32, t,7* 
(10) + à ; : E ο΄ ; STREET ; l : ; 
+ Co [n/(n — 4) ] tatzo + ttt — [n/(n — 4) ] t"7?2, + (722, 
+ [n/(n — 4) Jt Saa — ἐν 8aa}te? + { — [n/ (n — 4) ] 72s 
+ ieo + [n/ (n—4) ] ἐσσι + 127712,—[n/ (n—4) ] to—to”*ato } ἐν 
F {2o (0627? + 1) — [n/ (n — 4) ] tata — tatea} = 0. 


Given a point £, equation (10) gives the n— 1 points ¢, in which the line 
through i£, cuts the curve. Thus an involution, L,.,, is set up on the curve, 
the fixed points of which may be written, 


(11) Qot in + ay pr? +: ++ ᾱν οἳ + n-i == 


The fixed points are apolar to every set; hence writing the condition that 
(11) be apolar to (10) we have, 


a, (zo (07? -H 1) — t(07? + [n/ (n — 4) ]) x2} 
—a{ — [n/(n — 4] 3r, + P32 + [n/ (n — 4) ] te, + 1a, 
— [n/ (n — 4)] t: — i?r} + as( — [n/ (n — 4) 1 itto + tto 
— [n/ (n — 4) ] t"7?2, + t2, + [n/ (n — 4) ]?t792, — 17732,) 
+ as { — [n/ (n — 4)] Seo -+ t2, — [n/ (n — 4) ] Ίνα, 
+ we + [n/ is — 91 ainmig, — ολ 


+ (--- yet än- { — [n/(n— 41 ἔσο + tap — [n/(n — )] an 
if bay + [n/ (n—4) ]*/925—1525]— (—1) "71 dno{[n/ (n—4) ]t” Pat 
-- zo — [n/(n — 4) J Pa, + £22, — [n/ (n — 4) ] 7124 — tza} 

+ (—1)*1 a, 4 (1.1 + t) 2, — [n/(n —4)] £7? + 1)29) = 0. 


Since the parameter ἡ runs over the curve, it is seen that the last term 
consists of the factors an-ı andz,z, — z,t;, the latter of which vanishes 
identically. Collecting coefficients of z,, 21, %2, and equating to ἕο, &, Éz 
respectively, we have, 


wi 


= (e — (— 1) "t [nan2/ (n — 4)] t7? + [427 (n — 4) ] i? 
BE (n—4) 1t e+ + (—1)* [40 5/ (8—4) ])- 84 — (—1) 77185. ο], 
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ἕο = — aj 071 — [1a5/n — 4) ]t**? + [4a4/ (n — 4) ]t*3 
Toc (1)? [42s of (n— 4)] E — [na,/ (n — 4)] t, 

£ = {— αρ + (— 1)? [nas 2/ (a — 4) ] f + a 07? 
+ [8(n — 2)/(n — 4)?] aat — [8(n — 2) / (n — 4)?] aat 
CL) [8(0 — 2)/( — 4) 1 aat 
+ C [nao/ (0 — 4)] + (— 1)? ana} + [παι/ (n — 4)]. 


Or the Ἢ may be written more briefly as follows: 
= {a — (— 1)" [nas 2/ (n — 2]pe 
+ [4/ (n — +)] 8 2 (— 1)5a, ο {15 + [ao — (— 1) 3 an], 


(9) &-—— atri [4/(04)] s S C1) ass nm — dran) 
bs = (— ao (— 1)" [nan "D ο 
+ [8(n—2)/(n—4)2] s È C 1) aus te 
"νον Ded qi pad cta 


It is easily to be verified that, if we take the z's from the p" and the 
£s as written for r*-1, the row product (sé) vanishes identically, which means 
incidence of a point of p” with a line of »"-!. 

Among the indefinite number of curves represented by equations (12) 
there will be a unique curve invariant under the collineation group, i. e. 
self-projective. The p" as given in lines by equations (6), is invariant under 
the transformations t == ei^ when combined with, 


ξο΄ ρα £o, &' z e, & = εξ». 


We require that the perspective curves (12) be invariant under the same 
transformations. Since the equation for £, is to be unchanged then & can 
contain only a constant term and {7-5 since e"? — 1; also the equation for $ 
ean contain only {5 since e must factor out; and finally, £ must contain 
only "7! and { since e factors out. Hence the curve may now be written, 


ἕο = (ay — (— 1)" [na s/ (n — £)]) 7? + Γαο--- (— 1)77t 25-2]; 
(13) a= [4/ (n — 4) ](— 1 an2 17, : 
éz = {— do + (— 1) [nan2/(n — 4) ] t 
+ {— [nas/ (n — 4)] + (— 1) a... 


Furthermore the curve is to be invariant under t = 1/7, with which go 
the transformations, 


(14) ἕο = ἔι, ξι = ἕο, fo’ = és. 
11 l 
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Making the substitution t — 1/¢’ in (13) and clearing of fractions we have, 


éo == {do — (— 1)? [na 2/ (n — 4) ]} t+ [@o — (— 1) αν ο) 071, 
&' == [4/n — 4)](— 1) ana $3, 
2 == (— as + (— 1)?" [nas.s/ (n — 4)]) 
+ {— [πας (n — 4)] + (— 1)? αν α) 1-2. 
It may be seen that conditions (14) are satisfied when the coefficient of {1 
is made to vanish, i. e. ay = (---1) an Hence the equations may be 
written, 





& = pes. & — — t, &==— in? 1-1. 


The curve has now become one of order n— 2 instead of n — 1. 
To illustrate the matter of perspective curves consider first the pë. The 
general set of perspective (n — 1)-ies become when n equals 5, 


ξο = (40 E δας) 8 + 4a, t? a 4aot + (a — 43), 
p eese a, — Atot? + dat? d δαιῖ, 


£s = (— dy + ὅαφ) tt + ait? + 24aot? + (— ὅσο + αι) t + ὅαι. 
The equations of the self-dual p? are, 
ty = f + 5t, 2, — 58 1-1, gs --- tt + ἐ. 
It is easily verified that (sé) vanishes. The unique .perspective curve in- 
variant under the group is, 
ἕο --- 1, ἕι e ---- t £ — — P -- 1. 


In the case of the pë we have for the general set, 


ξο = (40 + δα) t* + 2a,0? = Rat? + Rast + (4ο + as), 
ξι πας a,b Έτ Ratt + Raat? =e Raat? --- 3a4t, 
£y = (— ay — 3a,) 9 + att + 8240 — Bayt? + (— 3a, -— a4)1 + δαι. 


and the unique perspective curve invariant under the group is, 


ξο = t, ἕξι----ἑ, μωρο ανα 


Determination of All the Abstract Groups of 
Order 72. 


By G. A. MILLER. 


A group G of order 72 may contain either one or four subgroups of 
order 9, and the number of its subgroups of order 8 must be one of the 
following three numbers: 1, 3, 9. If it contains only one subgroup of each 
of the two orders 9 and 8, it must be a direct product of these two sub- 
groups. Since there are two groups of order 9 and five groups of order v, 
there are ten distinct such direct products. These ten groups include the 
six possible abelian groups of order 72. The four non-abelian groups in- 
cluded in this category are the direct products of the two possible groups of 
order 9 and either the octie group or the quaternion group. 


I. One subgroup of order 9 and three subgroups of order δ. If G 
contains three subgroups of order 8, it must transform them according to 
the symmetric group of degree 3 since the Sylow subgroups of every group 
must be transformed according to a non-regular substitution group whose 
order is divisible by the prime number which divides the order of these Sylow 
subgroups. Hence such a G contains an invariant subgroup of index 2 
corresponding to the subgroup of index 2 in the symmetric group of degree 3. 
As this invariant subgroup contains only one subgroup of each of the orders 
9 and 4, it is abelian. Its Sylow subgroup of order 9 must be non-cyclic 
since it must admit an automorphism in which just three of the operators 
of the subgroup of order 9 correspond to themselves and one of the other 
operators of this subgroup is transformed into its inverse. Hence such a 
group is the direct product of a group of order 3 and a group of order 24 
whieh involves three subgroups of order 8 and only one subgroup of order 3. 
As there are seven such groups of order 24, there are exactly seven groups 
of order 72 which contain only one subgroup of order 9 and three subgroups 
of order 8. 


IL One subgroup of order 9 and nine subgroups of order δ. The nine 
subgroups of order 8 are transformed under G according to a transitive group 
of degree 9 whose order is 18, 36, or 72. If this order is 18, G contains an 
abelian invariant subgroup of order 36, and it may be constructed by ad- 
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joining to this subgroup an operator whose order is a power of 2 and which 
transforms every operator of the Sylow subgroup of order 9 into its inverse. 
There are eight such transformations, and two groups correspond to each of 
six of these while only one group corresponds to each of the other two. Hence 
there are 14 such distinct groups of order 72. 

When the nine subgroups of order 8 are transformed under G according 
to a group of order 36, the Sylow subgroup of order 9 contained in G must 
be transformed according to a subgroup of order 4 in its group of isomor- 
phisms, and hence this Sylow subgroup must be non-cyclic. The group of 
isomorphisms of this Sylow subgroup contains a cyclic and a non-cyclic set 
of conjugate subgroups of order + and each of these subgroups involves the 
operator of order 2 which transforms every operator into its inverse. Hence 
G involves either the generalized dihedral or the generalized dicyclie sub- 
group of order 36. The group of isomorphisms of each of these subgroups 
is known to be the holomorph of the abelian group of order 18 contained 
therein * and hence it contains 18 operators which transform the operators 
of this abelian subgroup in the same way. 

As this abelian subgroup is transformed according to a group of order 2 
under the group of inner isomorphisms of the said groups of order 36, and 
as the 18 isomorphisms of order 4 which transform this abelian subgroup 
in the same manner appear in two sets of conjugates, while the six isomor- 
phisms of order 2 which transform this abelian group in the same way and 
are not inner isomorphisms also appear in two sets of conjugates under the 
group of isomorphisms of the given groups of order 36, we have to consider 
only three automorphisms of each of these two groups. In the case of the 
generalized dihedral group of order 36, the automorphism of order 2 under 
which six non-invariant operators of order 2 correspond to themselves evi- 
denily gives rise to two groups in which the subgroups of order 8 are abelian 
and of type (1, 1, 1) and (2, 1) respectively. The automorphism of order 
2 under whieh no non-invariant operator of order 2 corresponds to itself 
gives rise to only one group, while the automorphism of order 4 gives rise 
to an additional group of order 72. Hence there are four such groups in 
this case. As there are also four such groups which involve the generalized 
dicyclic group of order 36, there are eight groups of order 72 which satisfy 
the conditions that cach of them contains only one subgroup of order 9 and 
nine subgroups of order 8 and iransforms these nine subgroups according 
to a group of order 36. 





* Miller, Bliehfeldt, Dickson, Finite Groups (1916). pp. 169 and 170. 
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Vhen the nine subgroups of order ὃ are transformed according to a «rou 
»oroer 72, the groups must be simply isomorphous with s transitive grou 
ο} ματος 9 and of order 22. It is well known that there are three succ 
4^rUs and that they are abstractly distinct.” Hence the total number « 
arou%s of order 72 which separately involve only one subgroup of order 
anj une subgroups of order 8 is 25. It will be found that this is exacti 
^i. he number of the distinct groups of order 72. 


II. Four subgroups of order 9. The four subgroups of order ! mo 
ne trinsformed under G either aeeording to the alternating or accordi 1 
he -ymmetrie group of degree 4. In the former case, cech subgroap ¢ 
owlet $ contained in G must transform the four subgroups of order “οἱ 
.0 Uaz to the non-cyelie regular group of order 4, while in the latter εαν 
." . "eur subgroups are transformed under a subgroup of order X avcordi 
voro octie group. In each case, these four subgroups have a cross-cut « 
: ὁ which is invariant under (7. When these subgroup- are transfo 
unit G according to the alternating group of degree 4, then (6 imow 
'sriant subgroup of order 24 which contains only one subgroup « 
^ * 3. [f this subgroup contains also only one subgroup οι order ^. ih 
otis subgroup must admit an automorphism of order ὃ and hence i | 
Pc the quaternion group or the abelian group of type (1. l. 1). Ther 
on ivar such groups of order 72. Two of them involve operators of orde 
^v 1 » the other two do not have this property. 
εἴ the given subgroup of order 24 contains three subg wunns of orccr δ 
"ort involve as an invariant subgroup the symmetric group of orcer 6 
V. tos js a complete group, the subgroup of order 21 mast he the ra 
weta t or this group of order 6 and the non-eyelie group οἱ order ἐν Hea 
» st mvolve a subgroup of order 12 composed of all its operator. >ii 
mautative with every operator of the said invariant -vmunetrie «roi 
Poo er B, and it must therefore be the direct product o the tetro? cra 
vou and thi svmmetric group. It remains therefore to determin t: 
atcups of order 72 which involve four subgroups of order 9. and tian-"oin 
‘ne-a aubgroups according to the symmetric group of degree 1. Tt «ch; 
sroup contains no operator of order 9, it must involve two operators οἱ 
ordor 8 whose product is of order 2, and hence it must contain ἃς a. i: 
varii t subgroup the direct product of the tetrahedral group and a group 
α ΟΡΙΟ 3. To this direct product we may add two operators of order * 
hich transform the tetrahedral group according to an outer isomorphism 


"VN. Cole, Bulletin of the American Mathematical Society, Voi. 2 (18820, 1. 3089 
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One of these operators is commutative with the invariant operator of order 3 
in the given direct product while the other transforms this operator into 
its inverse. Hence there are two distinct groups of order 72 which involve 
this direct product and transform its four subgroups of order 9 according 
to the symmetric group of order 24. 

When the four subgroups of order 9 contained in G are cyclic and are 
transformed under G according to the symmetric group of degree 4, the 
subgroup of order 36 which corresponds to the alternating group of degree 4 
involves two operators δι, 8; of order 9 which satisfy the following two 
conditions : 


3 


5,3 == 8,75, (5852)? == 1. 


These equations represent a generalization of those which define the tetra- 
hedral group. It is easy to prove that when s, and s» are two non-commuta- 
tive operators which satisfy these two equations then 1, $182, S281, δι 18081 is 
the non-cyclic group of order 4, and this is the commutator subgroup of 
the group generated by δι, δρ. This subgroup of order 4 and s,° generate 
an invariant abelian subgroup of index 3 under the group generated by 
Sı, S2 Moreover, the commutator quotient group is always cyclic and these 
generators may be so chosen that the order of this invariant subgroup is 
an arbitrary multiple of 4. In the present case this order is 12 and the 
order of all the additional operators in the group generated by δι, δα is 9. 
In general, there is one and only one such group whose order is an arbitrary 
multiple of 12. Since an operator of order 2 which is adjoined to the given 
group of order 36 to obtain the group of order 72 transforms two of the 
four cyclie subgroups of order 9 into themselves and is not commutative 
with their generators, it must transform their operators into their inverses, 
and hence the automorphism of the given subgroup of order 36 is completely 
determined. There are therefore eight groups of order 72 which contain 
separately four subgroups of order 9 and the total number of groups of 
order 72 is 50. Each of these groups is obviously solvable. They may be 
classified as follows: 


Number of subgroups of order 8.... 1 8 9 1 8 
Number of subgroups of order 9.... 1 1 1 4 4 
Number of groups of order 72..... 10 7 25 4 4 
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Geometric Aspects of the Abelian Modular 
Functions of Genus Four. Part II. 
By ARTHUR B. COBLE. 


Introduction. 


This article is a continuation of one which has appeared under the same 
title in this Journal [Vol. 46 (1994), pp. 143-192]. The sections are num- 
bered consecutively with Part I. The notations of the earlier article are 
carried over without further explanation. In the meantime the author’s hook 
entitled Algebraic Geometry and Theta Functions* has appeared. This 
contains an exposition of some of the matter treated in Part I along witi: 
some further results (Chap. V, 54, 55, 56). It contains also a sequence ot 
lettered theorems which are unproved [54 (a), ©- > , (h); 55 (a), (b), (ο): 
56 (~), (b)]. It is the purpose of this article to develop the general subject 
under consideration somewhat further, and incidentally to give proofs of the 
theorems mentioned. 


11. The Stahl Quadric of the Symmetroid and the Perspective Curves of 
the Planar Rational Sextic. 


Let the rational sextic locus of o»! planes in space 83(z), E;(i), whose 
point sections are apolar to the line sections of the planar rational sextic, 
S(t), be expressed parametrically (with binary parameter {) as 


(1) (Bz) (bt)9 = 0. 


The: any linear pentad on S(t), with points determined by t= tz, * * -» ἴα 
or by (4£)5 = 0, which contains the further point t = t, of (t), will have, 
for polar as to (1), the value 


(5) (82) (bq)* (bt) = p* (s£) > (tit). 

For, (qt)5- (t,t) is apolar to (1) for every z whence the polar of (qt)* 
alone is either (¢,¢) or zero. The apolarity must occur for points z on a 
plane ζ. The locus of planes £, each a locus of points z with point sections 
apolar to a fixed linear pentad on S2(¢), is the Stahl quadrie K. If the 
linear pentad q revolves about a further point é of S,(i£); i. e, if q runs 
over a pencil, the plane £ of Æ rotates about a generator t = tł, of K. The 








* Colloquium Publications, Vol. X, of the American Mathematical Society, New 
York, (1929); cited hereafter as “A. G." 
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other set of generators + of K arises from the perspective cubic curves of 
S.(t). When these are written as in 5 (1), 


(3) (ae) (ar) (at)? = 0, 
with z, £ as dual ternary variables, the sextie S2(t) is 
(4) aw E) (ad^) (at)? (xt)? = 0. 


The line  — £4 of the perspective cubic 7 in (3) meets δ.({) in (4) in the 
point ¿= t, and in the linear pentad (qt)® given by [ef. 5 (5)], 


(8) (wa’n’”) (aa^) (α΄τ) (at)? (at) 8 (at)? 
= (th) f(r, 55,0) = (th) > (qt)? 


For fixed + and variable ἐν in f(r}, 113, 15) — 0, the plane ἕξ of E, which 
corresponds to the linear pentad in {, turns about the generator r of E [cf. 
A. G., 54 (24)]. 

If a pencil of binary sextics has an apolar net of binary quintics (rather 
than a pencil), the sextics are the first polars of a binary septimic to which 
the quinties are apolar. For given τ, the linear pentads, f(t, τῇ, ἐι7) = 0, 
on the lines ἐ of the perspective cubic r are apolar to the pencil of point 
sections of R(t) from points z on the generator r of R. For variable ἰι, these 
pentads lie in a net, and therefore the point sections are polars of a septimic. 
As r varies, this septimic, 


(6) (er) (yt)? = 0, 


must lie in a pencil, and therefore must contain the parameter r linearly, since 
its polars, 


(7) (er) (y) (yt)° = 0, 


must be included in the linear system (c0?) of point sections of {νο({). We 
prove that 


(8) The equation (7) is the parametric equation (1) of R(t) im which 
the coordinates z in Sa are referred to K with generators 7,1, =t 
asin 7 (1) [cf. A. G., 54 (a)]. 


Evidently (7) is the equation of R(t) referred to some quadric Κ’. 
Let a plane ἕξ of Κ΄ contain generators τι, t;. Then three independent points 
of £ are τι, t,; τι, 15; and ra, ἐν; and the corresponding point sections of R(t) 
are (οτι) (yh) (yt)®=0, (οτι) (yte) (v0 — 0, (ora) (yh) (y)! — 0. Since 
the first two are polars of (οτι) (yt)? — 0, their common apolar quintics are 
those of the net apolar to this septimie. The polars of this net as to the 
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fer (γη enstitute e vet of quadrat ως whic ae s at 
hoc cone quivtie, (af). apolar to the first two sextio wr! hosi 
ο“ ΕΝ aris oar as to (er) (yf)*: and this quintie ^ d? oe. 
608 oy! fyi. Thos the thre -point sections have a common «volar y 
eol ot phone isa plane of A 1. e, A’ coincides with X. 
fy tae qaramcters of the double tangent of the ner- oet) e 
ΜΕ πο πε” by civ a ein (3). The triad of cusps of this cubic enve o; 
en | v) (6) 2) (6. δ. pp. 163-4). Then bydh are the . 


- a this binary ο bic in /. 1. en 
(a a (al uat) (ar)? (I) E (th) Qa 


ο section of Si(£i by this double tangent consist o th, ta 


ἐν ἐν in addition to?) ΠΠ... The three linear | ntis. eot. 


yar saecessively from this linear hexad. determi e p. 


: ommameters are, respectively. (7,5). (tle), (π’.1.}. whore 7 
Tono (rater) (ας) 0 when f = f; and r is a (AG Qi Si CO. 


Manes mect in the generator τ. of Æ and the toird ere 


«ον zt the point 2 — (7. /;) of Æ. But these planes meet in t 
1} ον Xo Ov the other haud, the equation satisfied by a po 
| K as obtained by setting the catalecticant of the binary semie (i: 


pa 2 τ. 4.04 


I (er) (el) == 0. 


ss fer ALG. 54 (b)]. 


Die equation of the octecic curve of intersection of X tae K 
op the generators =t on & is given by (10). Far dires 
the quartic in Fd termines the further linear fete + : 
out by the double tangent of the perspectire cul e r roe 
Πα are gien by (9). 


Soc the double tangent of the perspective eubie enveleoe + io | 

« "se do the cubic. it is projectively related to the sextie, ἄν ον Toe 
a joining corresponding points of the double taugen’ and th 

5 4e the perspective cubic envelope. Thus the four points 5. 

ο double tangent and the sextie are self-corresponding sod i» 


toys Hence fel. A. Gu 54 (0)]. 
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(12) The only linear tetrads of S(t) such that the four points on their 
line are projective to their parameters on S2(t) are the sets of four 
residual points of S2(t) on the double tangents of the perspectwe 
cubics of 82(t). 


The problem of determining linear pentads of S,(í) whose parameters 
on their line are projective to their parameters on §.(¢) is poristic. The 
projectivity imposes only two conditions on the œ? possible pentads. If, 
however, one pentad exists which satisfies the required projective relation, 
the locus of lines joining corresponding points of the line and sextie, which 
ordinarily would be a septimic, reduces to a conic, since five points are self- 
corresponding. The conic is necessarily a perspective conic of the sextic and 
the sextic satisfies one condition. If such a perspective conic exists, the 
problem has co! solutions, namely, the «+ tangents of the perspective conic. 

The parametric equation of the double tangent, or perspective line, of a 
cubic envelope is of degree five in the coefficients of the parametric equation 
of the envelope.* Being of degree five in the coefficients of (8), the para- 
metric equation of the double tangent has the form, σ(ξ', τὸ, £1) — 0; and the 
ternary equation has the form, g(z', τίν) —0. Hence [cf. A. G., 54 (b) ]. 


(13) The double tangents of the perspective cubics of S2(t) envelop a 
rational curve of class 10, R° (τ). The ten tangents of 19 (τ) on 
a point of a(t) divide into a set of six, and a set of four, whose 
parameters τ are determined by (9) and (10). For the set of sia, 
t belongs to the pair tı, t2; and, for the set of four, t belongs to the 
tetrad ta, * * * , te. 


The form, σ(ω, 7°), is of degree ten in the coefficients of (3). When 
x on (t) is substituted from (4), the result is the product of the forms 
(9) and (10). Since (9) is of degree six in the coefficients of (3), there 
follows that (10) has the same degree, six. 

In order to interpret the form (10) on the jacobian J we recall (cf. 10, 
p. 188) that, if y is a point on J, the two trihedrals of planes of the cubic 
curves, Οι (τ), C;(t), on y (with parameters τι, το, τος Éu te, Ès respectively) 
are six planes of a quadrie cone, g'(y), with vertex at y. If y is so placed 
on J that this cone breaks up into two pencils of planes on lines L, Τ/ through 
y, then L must contain planes τι, το, t, and L’ must contain planes το, br, ts. 
Thus y is a point where an axis rı, 7» in a plane ts of C. meets an axis tı, te 
of C, in a plane τε of C,. We recall from 5 (3) that, in the plane τε of C,, 


* Of. A. B. Coble, “ Symmetrie Binary Forms and Involutions, III"; this Journal, 
Vol. 32 (1910), pp. 333-364; in particular, p. 353. 
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the perspective cubic (r= τε) is cut out by the planes of C(t); and S(t) 
is eut out by the axes of C; which lie in the planes of C,(£). Hence L’ is 
the double tangent of the perspective cubic τα with parameters tı, tz, which 
meets S.(¢) at x(t = ts). This is the situation which, as observed above, 
gives rise to a plane {(t;,7,) on the Stahl quadrie Æ tangent at the point 
2(ts,73) which on X is the point z(£4, ts, ο). The birationally related point 
on J is y(t, ts, te), the image in 7 [cf. 10 (2)] of the point y(t, ἐς, ts). 
Hence [cf. A. G., 54 (d)]. 


(14) The locus on J which corresponds to the intersection of K with X is 
the image in I of the locus of points y for which the cone q'(y) of 
10 (5) breaks up into two pencils of planes, i. e., the points y in 
which the axis of C; ùn the plane τ of Οι meets the axis of Οι in 
the plane t of Ca. For such points y, the t,t must satisfy (10). 


A perspective envelope, E, of S2,(¢) of class m + 8 is a rational locus 
with parameter ¢ such that line ¢ of E cuts δε (1) in the point t, and a further 
linear pentad which corresponds on Æ to a point £,v. For every t there is 
just one pentad, and therefore one τ. For every τ, or perspective cubic, there 
are m tangents, common to the cubic and EZ, which have the same £ since the 
two envelopes generate §,(¢) of order six. Hence the parameters t,7 of 
the pentads of E satisfy a relation of the form, (Kr) («t)™=-0. The para- 
metric equation of E is obtained by the elimination of + from this relation and 
(wa) (ar) (at)? — 0. Hence [cf. A. G., 54 (e)]. 


(15) The family of perspective envelopes of a(t) of class m+ 3 corre- 
sponds in (1,1) fashion to the family of oo?"** curves on K of order 
m+ 1 and type (kr) («t)™==0. The parametric equation of the 
family is (πα) (ak) (xt)™ (at)? = 0. 


In this last theorem it has seemed more convenient to think of ἐ,τ as a 
point on K. We shall continue this view throughout the following discussion 
of the perspective quartic envelopes of 9,(¢). The symmetroid X is then the 
quartic envelope of planes which cut a rational space sextic curve, R(t), in 
catalectic sextics; and Æ is the locus of points z such that plane sections of 
R(t) by planes on z have a common apolar quintie which determines a linear 
pentad on S,(£). If (mr) (μὲ) = 0 is the equation of a generic plane section 
of E, whose coordinates £ are the coefficients mi; = mip; [ef. 7 (2)], then 


(16) (πα) (am) (ut) (αὐ: — 0 
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is the generic perspective quartic envelope of S,(£). If this is written in the 
form, 


(17) éo = (Bt)*, & = (yt) *, & = (80)*, 


where the coefficients 8, y, ὃ are linear in mij, the condition that the per- 
spective envelope have a perspective line is (cf. loc. cit.) 


Bo Bi B Bs βι O | 

0 Bo Bx Be Bs Bs 

Yo n Ye ys Ya 0 
18 == 0. 
( ) 0 Yo γι ya Ye Ya 

δο δι δ. δι δι 0 

0 Ln δι 85 à; δ. 


2 3 


This condition, of degree 6 in £ — mi;, is the product of the equations of the 
quadrie envelope K, and of the quartie envelope X. For, the curve (16) has 
a perspective line, either if it is a proper quartic envelope which has a tritan- 
gent, or if it is a perspective cubic with a bitangent. The second case occurs 
when (mr) (pt) factors into (t,t) (rır). Then (16) is the perspective cubic 
τι» l. e., (πο) (ar) (αὐ)ϑ’ (tt) = 05 also the plane £ — mi; is a plane of K. 
1f, on the other hand, (16) is a proper quartic envelope with a tritangent é 
with parameters t, t2, ta then é cuts 8.(¢) in points /4,,* > -, to, and the three 
pentads, obtained by dropping tı, te, ts successively, correspond to three points 
on K, and on its section by the plane = mi; which is also the plane 
(ta, ts, te) of X. Hence 
(19) The tritangent condition of the curve (16) of class four factors into 
the equation, (mm) (up’) = 0, of K, and into the equation of the 
symmetroid Σ of class four, and degree six in the coefficients of (3). 
If, in this equation of 3, the m, µ are replaced by t, τ, the equation (10) 
of the section of Σ by K is obtained. 
If z’ = a' (0) is a point of S(t) with parameter 4", then 


(va^) (ar) (at)? = (tt) - f(r, 0), 


since, for any τ, one of the three tangents on 4” of the perspective cubic has 
the parameter /". If pi (1 1,- -, 9,0) is one of the ten nodes, Για”, of 
Ss (t), with nodal parameters (1) 3, then ' 


(20) (mpi) (ar) (at)? — Qut) (lir) * (qt). 
Now the pencil of lines on p:, covered four times, is a degenerate perspective 
quartic of S(t). This particular perspective curve is obtained when 
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(mr) (μὲ) in (16) is (Ast) (liz). For, if r is eliminated between (20) and 
(3), the resulting line, 


(πα) (πρι) (aa^) (ut)? (at)? = 0, 


vanishes when a == p; for every f, since the left member then changes sign 
on interchange of equivalent symbols. Let the “incidence condition” of 
the perspective quartic be the condition that its tangents t, łe, l3 are on a 
point. Formed for (16), it has the degrees, 


(21) f(m?, μὲ, 1,7, ta”, 12°) = 0. 


The tritangent condition of (19) is of degree two in the coefficients of (21). 
But when the perspective curve is the four-fold point pi, the condition (21) 
is satisfied for all values of tı, tə, ta Hence, for variation of 1,1. ἴα, the 
envelope (21) is in a linear system (00°) of cubic envelopes on the 10 planes, 
(Ait) (Lir) = 0, of (20). Since, according to (19), X K is a quadratic in these 
cubic envelopes, the 10 planes must be the double planes, or tropes, of X. 
Hence 


(22) The ten bilinear equations, (Ait) (lir) — 0, in. (20) are the sections of 
R by the ten tropes of 3. If Αι is a common axis on J of the cubic 
curves, Οι (τ), C.(t), and if Αι 15 on the two planes (qir)? of Cy 
and the two planes (qit)* of C», then, as y runs over Ai, the further 
planes t,7 of C,, C. on y are related as in (Ait) (lir) = 0. For 
variation of ty, t,t, in (21), the linear system of cubic adjoint 
surfaces of X is obtained. 


The statement concerning the axes A; of J is an immediate consequence 
of the constructions given in 5 (8). 


19. Loci Associated with a Division of the Nodes of the Rational Sextic 
and the Symmetroid. 


Let q($ 1)? (i= 1,- - -, 9, 0) denote the binary quadratic in ¢ which 
determines the pair of nodal parameters of S;(t) at the node pi; and q(t, t) 
the quadratie which determines the parameters of the two further intersections 
of S.(/) with a line on the nodes p;p; The corresponding quadraties for 
the paired sextic δι (τ) will be distinguished by the parameter τ. 

The pencil of lines on the node p; of S(t) will cut δ.(ἑ) in the fixed 
pair of points q(1, £)? and a variable tetrad ts, £4, ts, te which lies in an ὮΙ 
with equation 
(1) (tet, ἐδ) = 0. 
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The planes ts, * - -, te of the variable tetrad in 7,* on the cubic curve C2(t) 
will determine a tetrahedron whose vertices will run over a twisted cubic curve 
Αι. To the particular vertex y (ta, ts, te) of N, on J, opposite to the plane ta, 
we may ascribe the binary parameter t — ἰ»; and thus there is established on N, 
a binary coordinate system Λι (1). Then the axis ts, ἐς of C.(¢) is the bisecant 
ts, tg of Ni(¢). Two cubic curves so placed that an infinity of bisecants of 
the one are axes of the other are called Hurwitz curves (cf. Meyer, Apolaritüt, 
p. 915). The particular line on p, which passes through p, cuts S.(f) in 
the tetrad q (2, t)? g (12, t)*. Hence the axis As, or q(2, ¢)°, of C;(t), one 
of the ten common axes of C,(7), C; (t), is the bisecant q(12, t)! of Ni (t). 
The point t = t; of δι (1) is the point y (t4, ts, t6) on J; and this is the image 
in the involution 7 of the point y[q(1, t)°, ἐκ] of Αι on J. 

In precisely the same way the curve N, arises from the 7,* cut out on 
δι(τ) by lines on its node qı. The axis A; ig the axis q(2, 7)? of Οι (τ) as 
well as the bisecant φ(19,τ)᾽ of N,. The parameter 7 on NN, is that of the 
point of 4, which corresponds under J to the point of N, whence the para- 
meters t, r on N, are related by the bilinear equation, (A; 2) (liv) = 0, of 
11 (22). 

Since q(12, t)! and q(12,7)* are interchanged under the projectivity 
(Ast) (iz) == 0 and therefore also under the projectivity, (Ast) (lr) = 0, 
either quadratic must be fixed under the product of the projectivities. Hence 
ef. A. G., 54 (£), (g)]. 


(2) The cubic curve N; on J, the transform of the ling Δι on J under I, 
has the common axis A; of Οι (τ), C2(t) for bisecant with parameters 
q(ij,v)* or q(ij,0)* (4,41, <+, 9,0; $55 7). The parameters 

- tv on N; are related by (Ait) (liv) — 0. The 45 pairs of quadratics 
q (3, t)+, q(ij, 7)? arise from the common solutions of the 45 pairs 
of projectivities, (Ait) (lic) —0, (Ast) (lir) =0, i. e, q(u,t) 
= Qut) Qut) (Ll), and q(j, τ)’ = (λιλ}) (lir) (ljr). 


We have seen [cf. 10 (14)] that the points of an axis A: on J correspond 
to the directions at the node D; of X. The curve N; is the image of A; in 
the involution 7. This involution on J can be effected by the cubic Cremona 
involution determined by any net of quadrics in the web whose jacobian is J. 
The Cremona involution has a sextic F-curve which corresponds to a plane 
section of 5. Since the involution transforms N; back into A: Ni must 
meet the F-curve in 8 points. Hence N; must correspond on Σ to a rational 
octavie m8. Since N; is eut by A; in a pair of points with parameters 
q(ij,t)*, the octavie m;? must have a node at D; with nodal parameters 
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q(15, t)'. The quadrie M; on the nine nodes other than D; meets m4? in 18 
points at the nodes, and therefore contains it, i. e., mi49 is the intersection of 
X and M; [ef. A. G., 54 (h)]. 

The equation satisfies by planes 7, τ. of the Stahl quadric Æ on the node 
Di, or also the equation of the conic section of K by the polar plane of Dj, is 
Qut) (lir) — 0 [cf. 11 (2) in dual form]. Hence the 45 quadratics in (2) 
are the parameters ¢ (or parameters τ) of the pairs of planes of Æ on each of 
the 45 lines joining a pair of nodes Οι, Dj. 

The following theorem is useful as a lemma [οἵ. A. G., 55 (a)]: 


(3) If two generic cubic space curves Nu, No, and eight of their ten common 
bisecanis, say As,’ * * , Ao, Ao are given, there exists a unique quarlic 
surface J which contains Νι, Na, and A; (]--5,--:, 9,0). This 
surface J is the jacobian of a web of quadrics apolar to the quadric 
envelopes on a unique pair of cubic curves Οι, C; for which the A; 
are common axes. Either curve C with either curve N is a pair of 
Hurwitz curves. The relation between the pairs Ni, Νε and Οἱ, C; 
is mutual but the transition from one pair to the other is reversed 
by a dual process. 


The equation of a quartic surface J contains 35 coefficients. To contain 
Αι, V2 imposes 26 linear conditions upon these coefficients, and to contain the 
eight A; imposes 8 more. There exists therefore at least one surface J on 
these curves. If there were a pencil of surfaces J, the base curve of the pencil 
would consist of N,, N2, A; and a further conic B. This conic B could not 
meet every A; in two points since the A; are not coplanar. Suppose it meets 
A, in at most one point. Pass a plane π through A; to avoid the points 
common to two base curves which are not on Ας. Then π would meet the 
pencil in Ag, and in a pencil of cubic curves on a further point of Ni, of Na, 
of 4, * * +, As, Ao, and of B. This pencil on ten points would have a com- 
mon part which would belong to the base curve. But every plane section on 
A; could not contain an additional part of the base curve and thus J must 
be unique. The two cubic curves N;, Nz determine two paired planar rational 
sexties for which on either the eight common bisecants determine eight of the 
nodes. On Νι (and similarly on Νο) the two further nodes determine two 
I,*'s for which the eight pairs of parameters of A; are pairs of the I,*. The 
planes of the triads of these I,*’s envelope curves C (7), Ο.(1) for which the 
Aj; are common axes. The jacobian J of the web of point quadrics apolar to 
the nets of quadric envelopes on C,(7), C2(¢) must contain the 8 common 
axes A, of C,(r), C2(¢) ; and therefore must contain Ni, ΝΟ, and must coincide 
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with the J uniquely determined as above. Thus Οι (τ), C(t) are related to 
N,, Να in a manner dual to that in which Λι, N» are related to Ci(r), C2(t). 
From this there follows [cf. A. G., 55 (b)]: 


(4) A planar rational sextic curve is uniquely determined, to within a pro- 
jeclivity, when the pairs of parameters of eight nodes are given. 


Naturally the eight pairs of parameters can not be selected at random. 
We take up later (cf. 14) the relations among the further nodal pairs of the 
five rational sextics which are projectively determined when six nodal pairs 
are given at random. This theorem (+) is the basis for the proof (cf. A. G., 
p. 251) that the rational sextie, (ΛΟ, Nz), whose nodal pairs are those cut 
out on V, by the ten common bisecants of Αι, Na, is the transform of S,(1), 
or (ὅ.. Οι), by ὅθι, the Jonquières transformation of order five with four- 
fold F-point at the node p, of S.(/) and simple F-points at ps, * ^ ^ , po, Poe 
From this in turn there is derived a Cremona transformation, Ri, which will 
transform (t) into its paired sextie S,(r), i. e, will transform (C2, 0) 
into (C,, Ge). 


The symmetroid X with nodes at D;,: : , Do is transformed by the 
cubic transformation .1,44, with F-points at D,,: : +, D, into a symmetroid 


X' with nodes at Οι. +°- , Do’ [ef. A. G., 53 (7)]. We seek a Cremona 
transformation which will transform the J of X into the J^ of X. Such a 
transformation is not unique since / is transformed into itself by an infinite 
Cremona group. We prove that a simple transformation of the type required 
is the cubic transformation with F-curves consisting of N, and its bisecants 
Ao, Ag, Ag. 

The generic spatial cubic transformation has sextic curves of genus three 
for direct and inverse F-curves such that the P-surface of either is the octavie 
locus of trisecants of the other. In the particular case when the one F-curve 
in S,(y) degenerates into a cubie curve c? and three bisecants b,. ba. Da the 
other in S,(Y) degenerates into a cubie curve C? and three bisecants 
D,,B. B, The P-surface in $,(y) consists of four reguli τ, γι, Τα, Τα whose 
lines correspond respectively to the points on C°, B,, Bə, Bae The regulus r 
crosses Di, be, bs, and the regulus 7; crosses οὗ, bj, ὃν (1, j, b = 1,2, 3). The 
P-surfaee in S,(Y) with reguli R, Γι, Re, E, is similarly defined with 
reference to C?, B,, Be, B,. From the image in S,(Y) of a plane on b; in 
S,(Y) there factors the regulus R; leaving a plane on B;. Thus the pencils 
of corresponding planes on b;, B: are projectively related. 

The image of a generic line in S;,(y) is a cubic curve bisecant to 
C5, B,, Bz, By. If the line is a bisecant of οὗ, two rays of R separate from 
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the image leaving a line bisecant to C?. Thus the transformation sets up a 
correspondence between the bisecants of c? and the bisecants of C? which ha~ 
been studied by Montesano (cf. X. G., p. 258 for references). If the para- 
meters 7, of the points of intersection of a bisecant of c? are used to 
determine a point p in a plane with reference to a norm conic, the bisecants 
of c? are mapped on the points p of a plane. With a similar mapping for 
the bisecants of C*, the correspondence mentioned turns out to be quadratic 
with /-triangles determined by bı, be, bs and Ba, Bo, Bs. 

The image of a quartic surface on οὗ, by, be, ba is a quartic surface on 
C», B,, Ba, Bz. The jacobian J of a web of quadrics can be defined to he 
a quartic surface containing N,,N. and the eight common bisecants 
As,‘ + +, Ag, Ao. If Ni, As, As, 45 are identified with cè, b1, b2, bs the image 
of N is a cubice curve Λ΄ bisecant to Bı, B», B, The images of 


de; °° +, Ao, Ao are common biseeants, Ag’, ~~ +, Ag’, Ay of Ny and (C. 
If (3, By, B, B; are denoted by Νι As’, Aa’, 4; the image J’ of J ix a 
quartic surface on Λ΄, Λα, and eight of their common bisecants, 45, * * ...Ιι΄. 
Hence 


(5) The jucobian J of a web of quadrics is transformed by the cubic trans- 
formation whose sextic F-curve consists of Ni, Aj, Ax, Αι into n 
jacobian J’. 


The jacobian J is defined by the axes 411, or by the sextie curve 
δο(1) = (€. (1). δι(τ)). We seek the sextic curve which defines J’. The 
sextic curve (Vi, Va) with eight common bisecants Λα, : : ^, slo is the 
transform of (t) by J*,.. Under the cubic transformation with sextic 
F-curve, Ny, As, Aa, As, the effect on the bisecants is obtained by first plotting 
their pairs of parameters with respect to a norm conic. This plotting opera- 
tion on the bisecants which determine the nodes of (Λι. Na) furnishes in the 
plane the nodes of the sextie paired with (Ni, Nz) [οἳ. 4 (4)]. But in the 
plane of the sextic the paired sextie is obtained by effecting the transforma- 
tion R, (cf. A. G., p. 252). In the plane of the norm conic the quadratic 
transformation is then applied to obtain the pairs of parameters of the new 
set of nodes with respect to the new norm, conic. These pairs are restored 
to the cubic curve N,’ by a second use of Βι. On WN,’ the nodal set of 
(X7. IN) determines the lines A;’ of J’. These are axes for the sextic 
ἂν (t) = (07 (t), C, (7) ) which arises from the sextic (N1’, Νε) by a second 
application of J*,... Hence the sextic 8,’(t) which defines J’ is the transform 
of the sextic δ.({) which defines J by the Cremona transformation 


(6) T = J5, oR Azs F475, ο. 


506 Coste: Geometric Aspects of the Abelian Modulus Functions 


In order to prove that T is the quintic transformation A g7s902 with double 
F-points at nodes ps, pe," * ' , Pos Po We observe first that J55, = (12)J*1,2(12), 
1. e, J*,, is the transform of οι» by the transposition (12). Since 
Rı = J5,249,1(19) (cf. A. G., p. 252), we have, on eliminating J*.,, that 
BR, = J*1,2(12)J*1,2, whence 


T = (12)J9,24515J5,, (12). 
Furthermore 


J*,5 = (34) (56) (78) (90) ArsoAizsArse4is¢ 
= ArssAise41784190(90) (78) (56) (34) . 
Hence 


T == (12) (84) (56) (78) (90) ArooArrsAiseAiss* «βαρ 
Ass A iso Aio A199 (90) (78) (56) (84) (12). 


The following transforms are readily checked: 


ArssAsasArga = (15) 3 ise (15) Arse = (18); 
Ars (15) Α1τα = Asi 5 Arsods7sA190 = A157890; 
(12) (34) (56) (78) (90) A415:59, (90) (78) (56) (34) (12) == A267890- 


When the rational sextic is transformed into a congruent sextic by the quintic 
transformation, Azezsoo, the symmetroid of the one is transformed into the 
symmetroid of the other by the regular cubic transformation Αγ. Hence 
[ef. A. G., 55 (ο)]. 


(7) If J,X and the pair of rational sextics, a(t), δι(τ), a birationally 
related triad, are transformed by Cremona transformation into a 
similarly related J’, 3' and pair ὃν (4), Si (r), the transformations 
are such that the cubic transformation with sextic F-curve, 
N, Az, As, Ag, on J, the regular cubic transformation with F-points 
αἱ nodes Di, |: ^, D, on X, and the quintic transformation 

Bethy ο, o with double F-points at the nodes ps, - >, po, po of the 

sextic, correspond. 


By taking products of corresponding transformations of the types given 


in (7), more general corresponding transformations are obtained. 


18. Linear Systems of Curves on J and X Referred to a Base. 


A brief account of the Severi theory of a base for linear systems of curves 
on an algebraic surface is given by its author in Pascal’s Repertorium.* This 


* IL, pp. 763-6; Teubner, Leipzig (1922). 
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theory is applied by Snyder and Sharpe * to a discussion of certain involu- 
tions defined on J and X. We use their results to discuss some of the fore- 
going transformations. 

In conformity with the notation introduced earlier (cf. 10), let η denote 
the linear system of plane sections of J; By (the C,'* of 10), the transform 
of η under I; Ce, the linear system of loci of nodes of nets of quadrics con- 
tained within the web which defines J; A; (£— 1," +, 10), one of the ten 
lines on J; and Νι, the transform of A; under I. The Snyder-Sharpe 
notation for these is C4, Ce, Cs, γι, (yi), respectively. They show that η, Be, 
and nine of the ten lines A; constitute a minimum base for the surface and 
that the tenth line A is related to this base as in 


(1) Τη = 8B, + Xi4,. 

On account of the symmetry it is convenient either to retain all twelve of 
the curves, or to drop Bs. In the latter case the η, and the ten curves Ai, 
constitute a base, but not a minimum base, since B, can not be expressed 
integrally in terms of them. 

If [Ci, Cx] denotes the number of common points of the curves Oi, Cx; 
and if [C;, Οι] denotes the virtual grade of the linear system Ci, then (cf. 
S. S., pp. 287-8). 

(2) 
[5 η] = 4 [η, Bo] = 6, [η, 4i] — 1, 
[B,, Bs] = 4, [Bo Ai] —3, [A5 44] =— 2, [45 Aj] — 0. 
If two curves, C, C are expressed in terms of the base by the relations, 
(3) O =I C = EN C, 
the number of intersections of the two is given by the formula 
(+) Xu (Ci, €x]. 
This is the polar of the fundamental quadratic form of the surface 
(3) Xa [Ci Οκ]. 
Cubic surfaces on a curve Be cut out the linear system C, [cf. 10 (17)]. 
whence B, + C, == δη. We then have from (2) and (4) that 
(6) [Cs 7] == 6, [Ce Ce] D 4, [Cs Ai] = 0. 

It is convenient to use for a base on J the 11 curves Ce, 41. The plane 

sections are connected with these by the relation 


(7) 2y = 3C, — Si Ai. 





* “ Space involutions defined by a web of quadrics,” Transactions of the American 
Mathematical Society, Vol. 19 (1918), pp. 275-290; cited hereafter as S. S. 


208 Coste: Geometric Aspects of the Abelian Modulus Functions 


With respective multiples λο and A; (— 1, : : +, 10) for these curves the 
fundamental quadratic form for J is 


(8) di — DAF XA 


In passing to the birationally related symmetroid (cf. S. S., p. 290) C, on J 
becomes a plane section £ of X, the lines A; on J become the nodes D; of X, 
and the quadrie section 2y of J becomes the section of X by an adjoint cubic 
surface [cf. 10 (15) ]. Thus the base finally retained for J becomes, on 3, 
the base £, 71. : 
If the surface J (or X) is birationally transformed into itself, the basal 
curves C; are transformed into basal curves C; which in turn can be expressed 
in terms of the C;. The linear transformation which thus arises must leave 
the fundamental quadratic form unaltered. Since, according to (3), the A's 
behave contragrediently to the curves C this linear transformation on the 
curves C will have, as an invariant quadratic form, the dual of (8), 1. e. 


(9) O —92A,?—-: E *— 245,9? (on J); 
Q—2D,3 — - - - — 2D? (on X). 


Furthermore if J (or X) is birationally transformed into a projectively simi- 
lar, though not a projectively identical, surface, a like linear transformation 
appears which has the same quadratic invariant. If for example X is trans- 
formed into a symmetroid ¥ by the regular cubic transformation 4,54, with 


F-points at Dı,’ + +, Da, the plane section ¢’ of ἃ’ arises from the section, 
3¢ — 2D, — 2D,— 2D; — 2D,, of X by the cubic surface with nodes at 
Γι’. Ds; and the node Οι’ of 3’ arises from the quartic curve, 


£ — D, — D; — D,, in which X is cut by the plane on D2, Ds, Da. The linear 
iransformation then has the form 


E =f + moss (T1234 = E — Dy —° *— D4), 


(10) Dif = Di + mess (i—1,: 01,4), 
Dj =D, (j=5, ++, 10). 


But in this transformation to a surface with merely similar basal curves there 
is no reason why the order of the nodes of the one should have in advance any 
relation to the order of the nodes of the other so that any permutation π' of 
the nodes of either might be adjoined in representing the transformation. By 
comparison with A. G. 15 it is clear that the linear group on the basal curves 


thus induced by regular transformation of Σ into 3’, and by permutation of 
the nodes, is the transposed form, of the group 90,3 determined by the 
congruent nodal sets of X, 3’. 

In terms of the base ζ, D; on X, or Ce Ai on J, certain involutions on 
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3,4 take somewhat simpler forms than those given by Snyder-Sharpe (cf. 
S. S., pp. 288-9). The involution J of pairs on J apolar to the web is 


ζΞθ{-ι- πι. ιο (m M MIU. 19 = 2 — D, —- PN ---- Dy), 

(11) , : 
Dë = Di + 2m, ,, 1ο (t=1,: >; +, 10). 
This is permutable with (10) whence if X is transformed into Σ΄ by regular 
Uremona transformation the pairs of J on X are transformed into the pairs 
of I' on X. 

The involution on X obtained by drawing lines through the node D, 
which on J is the involution whose pairs are bisecants of Μι, is 


(12) ζΞξεὺζ---4Βι, D, == 26— 3D,, Dj = D; (j= 2, °° +, 10). 


We determine finally the expression for the transformation of J by the 
cubic Cremona transformation whose sextie F-curve is Ni, Az, As, Aa [ct 
12(7)]. The plane sections η’ arise from the residual intersection of J 
with cubic surfaces on Λι, As, As, Aa, i. θ., ή == 3y — Ni — As — As — As. 
Since CIV = Be — nq + A, (ef. S. S.), η/ = 4 — Bo — A1— Ao — As — οἱ. 
The curve N,” on J’ arises from the residual intersection with J of the regulus 
on As ala, 4, whence Bé — m + Ar = 2y — Az — Ag — A, The line A,’ 
on J’ arises from the residual intersection with J of the regulus on 
cling lis Na (4, k, l= 2, 8,4), whence Aj = h — N,— Ar — Ar == δη — By 
-— À,— Ag — Ay. The line Αγ” on J’ arises from the line A; on J whence 
Aj’ =A; (t= 5, +, 10). The identity 

γη’ — 3B; — X; Aj = 0 = Ty’ — 3B, — SAU 


then suffices to determine A,’. On eliminating η and P, in favor of Ce, 
we have 


Cd = Cs + Apress (piss« = 205 — Ar —* 7 o — Ax), 
(13) Ai & Ai + prose (—1,:::,4), 
Aj =A; (7 =5,° ++, 10). 


Since this is the same transformation on J as (10) on X the theorem [12 (7) ] 
is confirmed. 

Furthermore, if X is transformed into Σ΄ by ιο and Z' into 3” by 
alias then X and ἃ’ are projective, and there exists a collineation C such 
that the product Aı2s44'12340 is the identical collineation. Hence if J is 
transformed into J’ by the Cremona transformation T's, with /-curves 
Ni, de, As, Aa, and if J’ is similarly transformed into J” by T2134 there 
must exist a collineation C’ which transforms J” into J. Then the product 
Το Το ια is a Cremona transformation of order five which on J is the 
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identity. This order five is probably the lowest for a transformation having 
J as a locus of fixed points. 


14. Projective Configurations Defined by Nodal Parameters of the 
Rational Sextic. 

It is known (cf. Meyer, Apolaritüt, p. 317) that there are five projec- 
tively distinct planar rational sextics with six given pairs of nodal parameters ; 
and that, if one of the five is selected, the remaining four are obtained from 
it by quadratic transformation with F-points at any three of the four 
remaining nodes. 

Let the nodal parameters of S(t) at the nodes p, : °°, po, pio be 
regarded as known, and let Τρι, o», ros, Tos denote the binary quadraties which 
determine the nodal parameters at the nodes pı, : °°, pa; furthermore, let 
Ti; denote the quadratic which determines the parameters of the two further 
points of S(t) on the line joining the nodes pr, pi (i j, b, l= 1, : - 7 , 4). 
If pı, * cc, p, are taken in order to be the reference points and unit point, 
then the parametric equation of S;(t) is 


Er == oat osl 145 Ta — Lz = l'o4l 123; 
(1) Ta == NosT 1! 245 Ta — Ly = Τοφ”ρο”οι, 
Tg == 111 021345 Tı — Le = osTosl 12 
(rij = — τμ). 


Thus the four pairs of nodal parameters, in addition to the six given pairs, 
of these five rational sextics are 
S(t) = 8: Tors 702; Tos, Το} 

SO: Tio Tio, Tia, T4345 
(2) SO : rs, Tors Tea, Tess 

BO: ry, Tai, us, T345 

SO? Tao, Tars Tao, Tas, 
where the sextic S arises from S? by the quadratic transformation with 
F-points at p;, μι, pi. 

The 10 quadraties r;;, either in conjunction with the six given nodal 
pairs or by themselves define interesting projective configurations which we 
proceed to discuss. With reference to a norm-conie K (t) we plot the points 
Ti; determined by the ten quadraties r;;; and denote by Re? the six points 
similarly plotted from the six given pairs of nodal parameters common to the 
five rational sexties S in (2). These five sextics constitute a symmetrical 
set in that the four nodes of S(? have nodal parameters r;; and that the 
further pair of points on the line joining nodes rij, Tiv has parameters 
Tim (57 © °, m= 0,1, ^, 4). According to 4 (4), the six points Rẹ? and 
the four points ri; (131) constitute the nodes of a sextic 8 (r) paired 
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with the sextie St? (t) in (2). According to A. G., δῦ (7), the sextic S‘ (τ) 
arises from the sextic S (τ) by the Geiser involution with seven F-points at 
o and ri The pairs of points, tix, jx; Tit, Tj 5 Tim, Tim are pairs of this 
involution. Each pair together with the seven F-points are the base poinis 
of a pencil of cubics. The particular cubic C" common to the first two 
pencils contains 7}, Ti, ji, Tii, Tj; and it must also contain ry. For, it is 
determined by the fact that it contains Tix, Τμ, Tin Tjj. Thus we find five 
cubics C? on Ra? such that C, O™ meet in rij, rix, Tin 
If the plane of K(t) is mapped upon a cubic surface T? by means of 
cubic curves on Πα’, the five cubics C"? give rise to an inscribed five-plane 
of I? whose ten vertices on I? are the images of the ten points rij. The 
five sexties S? (7) give rise to sections of T° by quadries which touch Τὸ at 
the vertices of one of the five tetrahedra contained in the inscribed five-plane. 
Conversely, let à cubie surface I? contain an inscribed five-plane with 
planes yo, * * °°, Ya such that 


(3) Yo + H + Ya + gs + ga — 0. 
The equation of I? is then 
(4) T? = Xa; nyiyiye = 0. 
The tetrahedron, yo = Yı = Y2 = ys = 0, has vertices 
1, 0, 0, 0, — 1; 0,1,0,0,--11::': ; 0,0, 0,1,—1. 

The tangent plane of T? at one of these four points is 

loray + Go2sY2 + ossis = 0. 
The quadric, 
(5) Q = aola + Gozat/ot/2 + ^ ᾿ * + 2349/2 = 0, 
passes through these four points and has, at these points, the same tangent 
planes as T°. One such quadric determines the entire set of five, Q., For, 
if Q™ touches I? at the vertices of a tetrahedron, a plane y, can be determined 
in such wise that T? — y,Q is four-nodal at the four vertices and therefore 
has the form 

Aor 2YoY1Y2 Te + QizaY YY = 0. 

Hence if a quadric touches I? at four vertices of a tetrahedron, the planes of 
the tetrahedron are part of an inscribed five-plane. But these planes are part 
of such a five-plane if the six edges of the tetrahedron meet I? again in six 
points on a plane. Hence [cf. A. G., 56 (a)]. 


(6) Ten points μι,» Pas Pss *' `s Pro are the nodes of a rational seztic 
if the four cubics on the last six points Ρεξ, and respectively each three 
of the first four points, meet again by pairs in six points which also 
lie on a cubic curve containing Pe. 


2 
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An immediate proof is as follows: Let w be the canonical elliptic para- 
meter on the cubic C9; ας, the sum of the parameters of Ρ on C»; 
Us, Us, Us, the parameters of po, ps, Ps; and t5, Ws, Ura the parameters of the 
intersections with C of ΟΦ), ΟΦ, Οἱ respectively. Then the intersections 
of C? with CO), CO), CO, and C% are all given; and 


Us, H Us -|- Us F Ure == 0, deo + Ua -F Ue + 1s 0, 
fo, F Uz + Us + Ure = 0, Ue, F iio F Urs F U == 0. 

Hence 2 (ue, + us + us + u,) = 0, and the nine nodes on C™ are a half- 
period set. If three such sets of nine are half-period sets, the set of ten is 
the nodal set of a rational sextic. η 

The configuration of five rational sextics SX? (τ) is thus projectively 
equivalent to an inscribed five-plane of a cubic surface I? together with an 
isolated line six on I". We consider further the configuration of ten 
points r;; in the plane of E(t) without reference to the points E. From 
the linear relations which connect z,(z; — £s), o(s — 21), Ta(Tı — 2) ; 
(E2 — Ts), (Zs — T1), (2:— 22) ; Vi, ο (v; — vi) (5j — 1,9, 8), respec- 
tively we find a symmetrical set of five quadratic relations connecting the 
binary quadratics 7; namely 
(7) RO = rri + rity + iter = 0. 
If these are satisfied by the ten quadratics, they will serve for the repre- 
sentation (1) of a rational sextic. 

We wish to prove that the factors of proportionality in the ten quadratics 
Ti; can be chosen in such wise that the five quadratic relations (7) can be 
replaced by the five linear relations, 
(8) L = Tmi F Tmj + ux + Tmt = 0, 
themselves linearly related, and by one of the five quadratic relations E. 
We may assume that these factors have been chosen so that 
(9) LO == Ta + tar + fas + Tas = 0, 
since any change in these factors can be compensated in (1) by a corre- 
sponding change in the factors attached to the remaining η. We shall still 
have at disposal a factor common to these six. Let now 
(10) -~ fgo + Ta F fas =P. 
From this and ERO, R® by multiplying respectively by 104142; o4 F Tra, Tos 
and adding, the ry, and Τε are eliminated to yield 

Tao [ Tost a2 + Ta (T24 + Tia) ] Eq 'ysl'as F Tsa (osos + ostia + Taifo4) . 
On applying E? to bring into evidence the factor r;,, this becomes, after 
using (9), 
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(11) 743 (3o -H f2 + Tio) ETT. 
Since ry, and Τα have no common factor, r must be proportional to 7,3, and 
the factor still undisposed in so, αι, Το in (10) may be so chosen that 
Φις Fa. Then (10) reduces to 143930, and from (11) there follows that 
L' =0. A similar elimination of rgo, "42, rather than Τι, "4s, and the same 
choice of the factor in v, yields LO zz0. Then also LO = 0, since 
(12) LO .L LO .LLO.-LLO 4+ LO zx. 
Conversely the five linear relations and one quadratic relation yield at on : 
the entire set of five quadratic relations. 

The ten points ri;, as a planar set, are determined projectively hy the 
line;r relations (8), and then any one of the quadratic relations (7) deter- 
mines the position of the norm-conic, X(t). For, the symmetric form, 


rx) ra (U) E rg QI) raft) + raft) rat) 

Hral) ra(0) Frag) ra (0) + ru (7) τη), 
van shes when ¿= //, and therefore is k: (103, i. e, equated to zero, it is 
the equation of K(f). We denote the points rij, whose coordinates are the 
coeficients of the quadraties vij, by gus © °°, qo, qo, and seek the conditions 
on the points which imply that such factors of proportionality can be attached 
to them that the linear relations (8) are satisfied when ri; = — rji. Spe- 
cifically let respectively 

Fors Ί ρα» Toss Tots Tios Tiss Tiss 235 Toa, T34 
--λι(αιξ);,λε(φ»{)»-----᾽ » Àa (qÉ), λο(φοξ). 
Let (ijk) denote the determinant of the coordinates of the points qi, qj, qr- 
Then the relations (8) that must be satisfied by the points g are 


Lo = (34) (qué) + (148) (g£) + (134) (g£) + (139) (qué) = 0, 
151 = (567) (q£) 4- (176) (g£) + (157) (qu£) + (165) (g£) =0, 
L'* == (589) (418) + (398) (008) + (259) (qe) + (385) (g£) = 0, 
LC. = (680) (g£) + (808) (48) + (360) (6ο) -- (386) (qu£) = 0, 


L'* = (790) (qé) + (409) (οτε) + (410) (406) + (497) (08) - 


We now multiply L€? by (567), and L® by (243) to ensure that 
Dua —o— Έρις then LD and LO by (589), and LO? by (184) (567) to ensure 
that foz = — T20; then LO, LO), L by (680), and LO? by (142) (567) (589) 
to ensure that fos = — fs; and finally 2, LO), LO), LG? by (790), and 
149 by (123) (567) (589) (680) to ensure that το, = — fso. Then the condi- 
tion Tis = — r$, yields the relation (143) (567) (289) — (167) (589) (243), 
which expresses that the triangle whose vertices are qi, Q2, qs is perspective to 
the triangle whose sides are (κο, {οῇτ, qaqa- The other conditions have a 
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similar translation, as might be inferred from the symmetry 
returning to the original notation [ef. A. G., 56 (b)]: 


(13) The ten points ri; can be separated in 10 ways, by iso 
Tij, into three points Tim, Tm, Tgi, and three pairs of 4 
Ti jk iiit, TimTjm Such that the triangles of the thi 
the three lines are perspective. l 
The perspectivity of these triangles, for isolated r,,, may be 
the quadratic identities R®, EC! in (7). We have remar 
of these furnishes the norm-conic, K(t). Let the first yield 
second &,K. From the combination E,R() — k,R(9 we get 
identity connecting three pairs of points: 


T12 (Ko + karoa) + Too (Kari + karia) + Tor (Esos + kar, 
a ternary identity valid throughout the plane, and not merely o: 
says that the three pairs are the vertices of a four-line, and thai 
estos + Kaos, kafia + katras Kaos + Katroa, 
are three points of a line which is the axis of perspectivity. 
points, ris, T20; baro; -[- Kate, also are on a line, i. e., the lines v 
meet on the axis. 
Since 12, 120, Κζᾳΐ ρα + karza are on a line they are linearl: 
ks = k, due to L? ==0. Similarly all the constants k are equ 


(14) If the points ri; have such factors of proportionality t 
relations (8) are satisfied, then the left members of 
relations (7) are identical, and each represents the γι 

A linear construction for the configuration ri; is indicat 
of the points, say all except 724 and "44, be selected arbitrarily 
the pair of perspective triangles determined by isolating rg,. ' 
meets the side 737%, in a point a; the side riori? meets the si 
point b, whence ab is the axis é of perspection. The side rara 
point c, and τ», must be a point on the line 123c. After selecti 
line, a similar construction with the pairs of perspective tria 
by isolating first 724, and then 723, determines a pair of lines 
the configuration is subject to three independent projective c 
depends upon nine absolute projective constants. 

If the sextic S,(¢) is mapped as in A. G., 56 (9) upon a τι 
in space with nine actual nodes, then five of the pairs of nod: 
and the ten pairs of parameters of further points on a plane co: 
of the five nodes, yield a set of 15 quadratics which have algeb 
analogous to those of the 10 r, Ἡ. 
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A Contribution to the Theory of Capacity.* 


By Ottver D. KELLOGG AND FLORIN VASILESCO. 





1. Introduction. The word domain will be used in the sense of open 
continuum. For definiteness, we shall restrict our considerations to space of 
three dimensions. A domain T is a Dirichlet domain if, corresponding to any 
continuous boundary values, there exists a function, harmonie in T (and this 
includes the demand that it shall vanish at infinity, if T contains the infinite 
region), and assuming the given boundary values. If T is infinite, but has 
a boundary ¢ which is bounded, the conductor potential of t is the function V 
which is harmonic in T and assumes the boundary values 1. The capacity of t 
is the total charge on ¢ producing the potential V, or 
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where S is any smooth surface enclosing {, and π is the outward normal. 
The notion of capacity may be defined for any bounded set E.t If δ’ 
denotes the set consisting of E and its limit points, the complement of E’ is 
open, and so consists of a denumerable set of domains. One and only one of 
these will be an infinite domain 7T. The complete boundary ¢ of T will lie in 
E’. If Τι, Το, Ta: + + denotes an infinite set of nested Dirichlet domains in 
T, such that any point of Τ' belongs ultimately to T», the conductor potential 
Τη of the boundary of T, decreases monotonely, as n becomes infinite, to a 
function V which is harmonic in T. If a different sequence of Dirichlet 
domains T’;, T", T",,* * > is used, the limiting function V" is the same as V. 
For on the one hand, since V^ 1 on the boundaries of Ti, Το, Τα, * -, it 
cannot exceed the corresponding conductor potentials, and hence V’= V. 
On the other hand, V & V’, and so V' — V. Thus V is characteristic of the 
domain 7, and not of the method by which it is obtained. We call it the con- 
ductor potential of E, and the corresponding charge, as given by Gauss’ 
integral, the capacity of E. We remark that by a theorem of Harnack, the 
eonductor potential V, and its derivatives of any given order, converge uni- 
formly to V and its corresponding derivatives, in any closed region in T. It 


* Read before the American Mathematical Society, December 27, 1928. 
t Wiener, Journal of Mathematics and Physics, Massachusetts Institute of Tech- 


nology, Vol. 3, p. 49, p. 127. 
515 


516 KELLOGG AND Vasitesco: A Contribution to the Theory of Capacity. 


follows that the capacity of ¢ is the limit of the capacities of the boundaries 
of the domains Τι, Το, Τε." -. 

The points of ¢ at which V approaches 1 are called regular points of t. 
All other points of ¢ are called exceptional. These points are also character- 
ized as points at which Green’s function, similarly defined as the limit of a 
sequence, does, or does not, approach 0. 

Wiener * has given the following criterion for the regular or exceptional 
character of a boundary point p. Let A denote a positive proper fraction, let 
A"(p) denote the sphere about p of radius A". Let T denote the complement 
of T, and I,(p) the points of T in the closed region between the two spheres 
A""(p) and A"(p). Let y,(p) be the capacity of Τι(ρ). Then p is regular 
or exceptional according as the series 





oo 
(1) Σ Yalp) 
diverges or converges. 

If T is any domain whose boundary ¢ is bounded, and if F(p) is any 
function, defined and continuous on ἰ, there exists a function U, bounded 
and harmonie in T, which takes on the values F (p) at every regular point of ¢.f 
I£ T is a Dirichlet domain, U is uniquely determined. The question naturally 
arises as to whether this is true for any domain; that is, can there exist more 
than one function, bounded and harmonic in T, and taking on the same pre- 
assigned continuous boundary values at every regular boundary point? 

This question would be definitely answered in the negative provided the 
following lemma T were established: 


Fundamental Lemma. Any bounded closed set of points of positive 
capacity contains at least one regular point. 


Conversely, the theorem of uniqueness implies the validity of the lemma.$ 
The lemma is of interest not only because of its connection with the theorem 
of uniqueness, but because many other properties of harmonic functions with 
respect to behavior on the boundary depend on it.| The corresponding lemma 


* L. ο, p. 190. See also Kellogg, Bulletin of the American Mathematical Society, 
Vol. 32 (1926), pp. 616-620. 

1 Kellogg, Proceedings of ihe Americam Academy, Vol. 58 (1923), pp. 528-529; 
Wiener, l. ο, p. δ. 

f Kellogg, Proceedings of the National Academy of Sciences, Vol. 12 (1926), 
p. 406. 

$ Kellogg, Acta Universitatis, Szeged, Vol. 4 (1928), pp. 4, 5. In this note it is 
regarded as part of the definition of a harmonie function in T that it shall vanish at 
infinity if T is infinite. 

|| See Vasilesco, Journal de Mathématiques, in a number soon to appear. 
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Ες o dimensions has been established.* Essential ditferenves arise i th. 
dwonsions, aud the truth of the lemma here is in doubt. The present po] 
ü ^ s results which reduce the scope of the problem, and which may wel t» 


1 0 το, interest. 


3. Transformations of the Criterion of Wiener. If a set οἱ po vty 
vin ained in a sphere, we may define the relative capacity of the set as 1 « 
viio or its capacity to that of the sphere—namely to the radius. Thas 1 
ro. ye capacity depends not only on the set, but on some sphere as vi 
T τι ally it will be clear what sphere is meant without explicit statement. 

I will be noticed that the ath term of the series (1) is the relative wo 
ity of Γι(ρ). By a consideration of the conductor potential, one versies . 
o'a ` that if a set of points and a containing sphere be subjected to a hen 
ioe transformation, the relative capacity remains unchanged. We ib 
erc se at a form of Wieners criterion given by Vasilesco: + let c, denote i 

‘culty of the set obtained by subjecting the set P,(p) to a homothetic tro - 
© cation with center p and ratio of similitude A" : 1. Then p is regular w 
+ oc according as 


~ 
(X > Cn 
; 0 
1") yes or converges, 

Suppose now that to a given bounded set E there corresponds a poin 
arc a number A, 0 <A < I, such that the set homothetie to the portion of £ 
] ise sphere of radius A about p contains Æ, the center and ratio of sinuliu n 
leiw p and A τ], respectively. It follows that the same is true ior the 
] vothetie to the portion of E in the sphere of radius A" about p, the το io 
© απ ο being A” :1. Then either p is regular, or E is of capaci ©. 
To cl Q6 +++ (see the inequalities (4), below), so that the se s 
(2^ dacrges, unless all its terms are 0. Thus the fundamental leinm» -~ 
5a oc dor sets of this type, which includes such sets as the surfaces of co vs 
in triangles, and sets formed after the analogy of Cantor’s nowhere de i~e 

‘vet set. 

It is frequently convenient, in the application of Wiener’s criterion to 
1x. not the sets DP, (p), but the sets of points An(p) of T in the closed spx ` s 
ntp). Let 84(p) denote the capacity of An(p). Then p is regular or vor 
eccording us the series 


Kellogg, Comples Rendus, Vol. 187 (1928), p. 526. 


+ Comptes Rendus, Vol. 186 (1928), p. 23. 
$ See Kellogg, l. c. Proceedings of the American Academy; Wiener, ἴ. c, p. 14: 


eo? 
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&(p) 
A* 





(3) 
diverges or converges. 

To prove this, we remark that if c(e) denotes the capacity of the set e, 
then for any two bounded sets ὁ’ and e", 


(4) c(e’) S c(e' + e" )zs e(e") J- ε(ε”). 
Tt follows that 
γπ(ρ)Ξε δι(ρ), and δ, (p) £y, (p) - δι (p). 


From the first inequality it follows that (3) diverges if (1) does. If the second 
inequality be divided by A" and summed from 0 to n, we have, since a relative 
capacity never exceeds 1, 


ὁ Me 





Accordingly, the series (3) converges if (1) does. This proves the theorem. 

An advantage of this transformation of the criterion is that it throws 
into evidence the following fact: we may replace the spheres A”(p) by regions 
on(p) of quite varied character. Thus if on(p) has the property that a posi- 
tive integer m exists, such that from some n on on(p) is contained in 
A'"-"(p5) and contains A*™(p), we may interpret 5,(p) as the capacity of the 
portion of T in the closed region e,(p) in the above theorem. Because of 
their space-filling property, it may be convenient to use cubes. 

If λ is fixed, and if a bounded set E is given, determining a closed bounded 
set T, the series 

oco 

(3) wp-$*O, 


where 9,(P) means the capacity of A,(P), defines a function W (P) at every 
point of space, if we admit W(P)= œ as a possible definition, characterizing 
a point at which the series diverges. With respect to this function, we shall 
prove a number of theorems, the first of which is as follows: 


ΤΉΕΟΒΕΜ 1. If W(Po)= co, then given N, however large, there is a 
neighborhood of Po at every point of which W(P)> N. 


To show this, we select n so that 
[δοίΡο) /1] + [8:(Po)/A] ++ + + [8n(Po)/A"] > (N/A) +1. 


Let p = λα — A"". Then if P is confined to the sphere of radius p about Po, 
the points of Τ' in the sphere A"(P) include all those in the sphere A"** (P,). 
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Hence 8,(P)28nu(Po), and similarly δι.ι(Ρ)ΞΞ &.(Po), ^, &(P)& 
$i(P,). Hence 


W(P) = [8 (P)/1] + [&(P)/A] +++ + [a (P) Aa] 
= [δι(Ρο)/1] + [82(Po)/A] + > © c [δι (Po) /A”] 
ΞΞλ[(2/λ) +1— è (P9)] > Ν, 
as was to be proved. From this follows the 


Corollary. If W(P) is bounded on a set of points everywhere dense on 
E, E can have no regular points. 


We close this section with an integral form for the criterion for regu- 
larity. Let c(p) denote the capacity of the portion of T in the closed sphere 
of radius p about p. Then c(p) is a monotone increasing bounded function of 
p, and so is integrable. Moreover, 


An c(p) < An do _ wan) se ME 
a p? dp Ξ ο") d p? =, (p) Ann A” = d A” 


On the other hand, 


μα. e ae os δια(ο) 
f. P dp = ο(λ ) et An = (1 λ) Ann ` 








Hence, summing the inequalities, we obtain 
1 
aa mo sos f;  Φξααπῳ. 


Thus p is regular or not according as the integral (im general improper) 
* ο(ϱ) 
- d, 
FÉ e p 


The integral, like the series, is a function defined for any point P of 
space. With respect to either function, the fundamental lemma may be 
expressed: given a closed bounded set E, the function is either infinite at 
some point of E, or else it is identically 0. It may be remarked that if E 
either has interior points, or bounds any domains other than the infinite one— 
in other words, if D has interior points—the lemma holds for E. For it is 
obvious that a point p of the boundary of T, on a sphere in T, is a regular point. 


as divergent or not. 


3. Capacity as a Function of Sets of Points. For the sequel some fur- 
ther concepts will be useful. A set E will be said to be of capacity 0 at a 


* Vasilesco, Comptes Rendus, Vol. 185 (1927), p. 1572; Journal de Mathémati- 
ques, l. c. 
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point P if there is a sphere about P the portion of E within which has the 
capacity 0. A closed set is said to be reduced provided it is non-empty and 
is of capacity 0 at none of its points. It has been shown * that every closed 
bounded set E of positive capacity contains a closed reduced set, and that 
it may be obtained by removing from E the points at which E is of capacity 
0. This process does not change the capacity or the conductor potential of 
the set. Thus, for the purposes of establishing or disproving the funda- 
mental lemma, one may restrict oneself to closed reduced sets. 

The following measure of closeness of two sets is well adapted to the 
study of capacity.t We say that two closed bounded sets e and e' differ by 
at most e, if δ’ is contained in the set Τε consisting of the points within and 
on the spheres of radius e, one about each point of e, and if e is contained in 
the corresponding set J,’ formed for e. 

With these preliminaries, we establish the following theorem: 


THEOREM Il. Let E denote a closed bounded set, and e any closed part 
of E. Then the capacity c(e) of e is a function of sets which is upper semi- 
continuous. It is continuous only if οἱ 8) --- 0. 


To prove, this, let any positive number η be given. We form the set of 
spheres Jin of radius 1/n about the points of e. As we saw in connection 
with the definition of capacity in $1, c(I:;n) approaches the limit c(e) as 
n becomes infinite. ‘There is therefore an integer n such that 


ο(11/) < e(e) +7. 


If ο’ is any set in Jin, and, in particular, if e' is any set differing from e 
by less than 1/n, ο(ε’) S c(Ii;n), by the inequalities (4), and hence 


(6) < ele) +m 


so that c(e) is upper-semicontinuous, as stated. 

To establish the second part of the theorem, we notice that for any n 
there is always a set e' of capacity 0 differing from e by less than 1/n. Το 
see this, we note that by the Heine-Borel theorem, the points of e are interior 
to a finite number of the spheres of J,;»». If we choose for e' a single point 
of E in each of these spheres, e and ο’ will differ by at most 1/n, and e’ will 
‘have-the capacity 0. Thus there are sets of capacity 0 arbitrarily near to e, 


' .*Vasileseo, Journal de Mathématiques, l. ο. ; 
+ Vasilesco, Essai sur les fonctions multiformes de variables réelles, Thèse, Paris, 
Gauthier-Villars (1925), p. 7. -- 
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and c(e) can only be continuous if c(e) — 0 for every closed part of E, and 
in particular, for Æ itself. Thus the theorem is established. 


4. The Function Defined by the Wiener Series. We begin by considering 
a typical term of the Wiener series, formed for a reduced bounded set E, 
and establish 


TueEores III. The function 9,(P), defined at every point of space, 
is upper semi-continuous, and in consequence, either continuous or of the 
first class, in the sense of Baire. It is not, in general, continuous. The same 
holds for yn (P). 


For if P and η are given, and the set e of Theorem 1I is identified with 
An( P), then 8,(P) = c(e), and so for all ο΄ in i,m, for sufficiently large m, 


ο(6) < &(P) c» 


The set of points of E at a distance 1/m or more from the points of Δι(Ρ) 
is a closed set with no points in A*(P). If p' denotes its distance from A"(P), 
and if p is the less of the two numbers 1/m and p’, then for P'P < p, the 
set A,(P’) lies in J;,5. Hence 


8, (P^) < &(P) +7 for P'P <p, 


and δη(Ρ) is upper semi-continuous. 

An example in which 8,(P) is discontinuous is that in which E is the 
smaller portion of a sphere of radius A” bounded by a small circle. If P 
is the center of the sphere, 8,(P) is positive, whereas for all points P’ on 
the axis of the small circle and farther from the circle than P, 8, (P^) — 0. 
Such a situation may arise in any case in which FE, or the associated set T 
(consisting of E and any finite domains it may bound), has sub-sets of posi- 
tive capacity on a sphere A"(P) which are not limit points of points of T in 
the interior of the sphere. Thus if we increase the set Æ of the previous 
example by adjoining a small cone or cylinder along the diameter of the 
sphere which is the axis of the circle, thereby forming a new reduced set E, 
the function 8,(P’) will still fail to be continuous, even while P’ is a point 
of E itself. it 

We shall revert to this question presently. First let us point out a 
corollary of the last theorem. 


Corollary. The series of Wiener—(1) or.(3)—is a function of P of 
class 2 or lower, in the sense of Baire. 


For, since & (P) is of class 1 or lower, the same is true of the separate 
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terms of the series, and thus of the partial sums. Hence W(P), the limit 
of the sum of the first n terms, is of class 2 or lower. 

Nevertheless, there is a considerable category of sets E for which W(P) 
is of class not greater than 1. This is shown in the following theorem. 


TuroreM IV. If E is such that the set of points common to the asso- 
ciated set T and the surface of any sphere A" (P), P a point of t, is of capacity 
0, then E, T, and t are identical, 8,(P)—and similarly yn(P)—is continuous, 
and W(P) is at most of class one on E. 


Suppose that rÆ t; let M be a point of T not belonging to t. As t+ T 
is a closed set of points, there exists a sphere of small radius about M whose 
points do not belong to t+ T; they belong to T. Consider then a sphere 
(13) of smaller radius A” (n large enough) about M and the straight line 
MM’ joining M to a point M’ of T. Since the sphere (A^) lies in T, the 
same is the case for all the spheres of the same radius about every point M^ 
near to M. As M" moves away towards M' there will be a first point M, 
on MM’ such that the corresponding sphere will have a point P of t on its 
surface. Then the sphere A*(P) would contain on its surface a set of points 
of T of positive capacity. But this is contrary to hypothesis. 

Accordingly T= t, and a fortiori E =t, tor T> E » t. 

Το prove the remainder of the theorem, let P be any point of E, and 
A"(P).any of the spheres of the theorem with P as center. Let s,(P) 
denote the set of points of E on the surface of A"(P). As s,(P) has the 
capacity 0, by hypothesis, there corresponds to any η > 0 a set Is of spheres 
of radius ὃ about the points of s,(P), whose capacity is less than η. The 
points of E in A"(P), but not interior to 15, form a closed set e* with no 
points on the surface of A"(P). Let p be the distance from e* to the sur- 
face of A^(P). Then if P'P < p, A"(P') will contain all points of e*, and 
hence 

8, (P^) 2 e(e*). 


Also, οὔ + Zs contains A4(P), and hence 

c(e*) +7 Z BP). 
It follows from the two inequalities that 

8, (P^) 2 & (P) —, 


and 8,(P) is thus lower semi-continuous at P. Accordingly, by Theorem III, 
it is continuous at P. As P was any point, &,(P) is everywhere continuous. 
We remark for later use, that if, for a certain n and P, s,(P) has the 
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capacity zero, the proof shows that 8,(P) is continuous at the center of that 
sphere, 

Sets of the type contemplated in the above theorem are easy to form. 
Among them are plane sets, sets on spheres, and sets on any other analytic 
surfaces. For the intersections of such sets with a sphere A*(P) would lie 
on analytic curves, and these have the capacity 0. It is also possible that 
8,(P) is discontinuous and W(P} of class 2 for some value of A, whereas 
for a neighboring value 8,(P) is continuous for all n, and W(P) of class 
not greater than 1. A general method of constructing sets for which the 
8n(P) are continuous is given by the 


Corollary. If for the closed bounded set E, the functions 8,(P), P being 
a point of t, are not all continuous, then E contains a reduced subset E such 
that the functions & (P), P being a point of E’, are continuous and W (P) 
is of class not greater than 1 on E’. 


Suppose first that Τί and therefore T=; and suppose that for 
some fixed n, 8,(P) is discontinuous at Po. The part of E on the surface of 
A"(DP,) is then of positive capacity. If this set is reduced, the resulting set 
E' is not of zero capacity and has the desired property, for it lies on a sphere 
of radius A". 

If now Iz&£, the set T contains points which are not limiting points 
of T and are therefore interior points of T. Hence T contains at least one 
domain whose boundary e is a part of t. If P is a point of e and M a point 
of the domain just mentioned, the portion of e determined by the sphere 
of center P and radius PM is a set of positive eapacity.? This portion ei 
of e is itself the complete boundary of a certain infinite domain ΤΊ, such that 
Ει coincides with its corresponding T. The proof of the first part of the 
theorem accordingly applies to 6ι, which contains therefore a subset E' of 
the kind specified. 

Since the function δι(Ρ) is continuous on K’, the function W(P) will 
be of class not greater than 1 on E". 

If now the functions &,(P) are all continuous, W(P) is not merely 
of class 1 or lower, but more, it is lower semi-continuous. This is a con- 
sequence of the fact that the terms of the Wiener series are never negative. 
It follows that if N is any positive number, the points where W(P) SN 
form a closed set. It is not true that the points where W(P) is infinite 
alwavs form a closed set, for the Lebesgue spine] gives a closed set for 


? Vasilesco, Journal de Mathématiques, loc. cit. No. 27. 
+ “Sur des cas d'impossibilité du probléme de Dirichlet,” Comptes Rendus de la 
Société Mathématique de France (1923), p. 17. 
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which W(P) is infinite at all but a single point, namely the point of the 
spine. The fundamental lemma has to do with the possibility of bounded 
closed sets at which W(P) is nowhere infinite and yet not identically 0. 
If such a set exists, it must coincide with the associated sets T and 7. For 
the existence of an interior point of Τ' would imply a regular point of E, 
and at it W(P) would be infinite.* 

If a closed bounded set E without regular points exists, we may, by the 
corollary, assume that the sub-set, on which the corresponding W(P) does 
not exceed any assigned positive number, is closed. If then En denote the 
sub-set on which W (P) Sn, we have, since W(P) is nowhere infinite, 


E = E, + E + E; +: a 


lt follows that for some n, c(En) 30.1 As W(P), formed for Æ, is not 
greater than n at the points of En, it is certainly not greater than n at the 
points of the set E', obtained from E, by reducing it according to the process 
of the last section. It follows that W(P), formed for the sub-set E' of E, 
must also be not greater than n at the points of E". 

We shall now show that this function W(P) is bounded. As it is 
bounded by n on Β΄, it remains to show that it is bounded elsewhere. Let 
P be any point not in E', and p its distance from the nearest point p of E". 
Let 1 «pz A* We may assume 1; positive or 0, for otherwise A (P) 
would be empty, and W(P) —0. Now Ag;(P), Aus(P),- + - are empty, so 
that δια (P) = (P) = --0. 

Moreover, for i k, Ai(P) is contained in the sphere about p of radius 
Ab - AE = A(1-pA*) SQ SAts, if s is the first integer for which 
9$ z5)X9. That is, A;(P) is a part of Ai-s(p). Hence if SZ $5 k, δι(Ρ) 
Ξ δι ε(ϱ), and as 8;(P) ---0 for +> k, this inequality holds for all i z s. 
We have, therefore, since relative capacities never exceed 1, 


&a(P) , &(P) , &a(P) νι, ,, 
AS + λα T AS + 





wp) OE) paag 


Si+t---4+1+1/8 [| 3 9 κ. . | 


Ss4+n/, 
and so W(P) is bounded. 
Two functions W(P), formed for the same set of points, but with 


* Vasilesco, Journal de Mathématiques, loc. cit., No. 38. 
t If the sum of a denumerable set of closed sets of capacity 0 is closed, it has the 
capacity 0. Vasilesco, Journal de Mathématiques, l. ο., § 8. 
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2o ent values of A, are bounded each by a linear function of the oth r, 
“iit ar either is bounded, the other is also. Combining the results hem a - 
τω © vih the last corollary, we have 


THEOREM V. Jf there exists a bounded closed set E, of positive πριμ, 

hon regular points, then there exists a reduced sub-set E' for whio. | 

“ of Wiener is bounded, lower semi-continuous, aud all of whose tear 
e e eruwhere continuous. 


Sy means of a theorem of Baire, the last theorem admits an altervat s 
r. . It the set οι the theorem exists, there is, as we have seen, a reduc 

+. σα satisfying the hypothesis, which, by the last corollary. yo mav on i 
oo such that W(P) is of class not greater than 1. Accordingh, if ν 
: this set by Æ, the points ot continuity of W(P), by the thors. ¢ 
^». . ee everywhere dense on F. Let P, be a point of continuity οἱ Hix? 
‘oa. There is then a sphere o about Po such that when P is in e. WiP 
<o Poy +1. Thus W(P) is bounded on the portion of / in o, and ia 
> positive capacity, since Æ is reduced. If now this portion of £4 . 

εν ol, the resulting set Æ’ has the properties enunciated in the theor. ^. 


The Function Defined by the Integral in the criterion for Regus i'i. 
Th — ategral used in the criterion established in § 2 is 


1 
se) ~ f CPGE dp. 
o P 


XX ccusider, by the side of J(P), the integral 


Ia P= ( 555) ap, 
JG p 
à X 2 is a fixed number, 0 < a < 1, and show that when based on a closvu 
ut 2: ed set E, this function of P is continuous. 
la fact, if P'P <8 <a, 
c(a — 8, P) S ο(ρ, 1’) S c(p + δ, P), 
3) het 





f. cle — 5 P) ὥς ff. c(p, P") az c(p + ὃ, P) dp 
p = " pP σος é p 


a 


Now 


* GER) of? um 
Í. l p? is a+ (p — δ)’ dp, 
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and as c(p, P) is bounded, this is a continuous function of 8 for — a < å < a. 
Hence ὃ > 0 may be chosen so small that 
| J (a, P") — J (a, P) | 
is less than any given positive e. 
As J(P) — lim J(1/n, P), it follows that J(P) is lower semi-continu- 
n00 


ous. We have thus 


THEOREM VI. Given any bounded closed set E, the corresponding func- 
tion J(a,P) is everywhere continuous, and the function J(P) is lower 
semi-continuous. 

If the capacity of E is positive, and yet Æ has no regular points, we may, 
either by modifying appropriately the proof of Theorem V, or by applying 
that theorem and noticing that J(P) is bounded by a linear function of 
W(P), arrive at the following result: 


TuronEM V’. If there exists a closed bounded set E, of positive capacity, 
without regular points, there exists a reduced sub-set of E for which J(P) 
is bounded. 


Collineations and Motions in Generalized Spaces. 


By M. S. KNEBELMAN. 


Introduction. The first four paragraphs of this paper are devoted 9 
the development of the tensor analysis of a space of paths whose connection - 
alue or projective—is a function of position and direction. The next fi e 
por graphs deal with groups of collineations in a space of paths while i^c 
lest three deal with groups of motions in a generalized metrie space, thai ., 
ους in which the components of the fundamental tensor are functiors I 
d ἐς 20η as well as of position. 

Tae theory as developed below deals entirely with finite continuous gron s, 
^" lundamental result being the set of theorems which state the necosse ~ 
aid sufficient conditions that a space must satisfy in order to admit τι; 
r « ameter group of collineations or motions. Some theorems and pre - 
ctis of groups of motions in a Riemannian space have been generalize Ὁ 
as t» apply to the spaces under discussion. 

No attempt has been made here to solve the outstanding problem of clas `~ 
fying spaces according to the number and type of collineations that ily 
nu admit. The problem of determining spaces admitting an r-paramet ^ 
üarslatory group is thus far unsolved as well as the problem of compl .¢ 
in ic ability of the equations of Killing for a generalized metric spa.c 
(^ pt for the case of two dimensions). 


1. General space of paths. The affine curvature tensor. We consid. v 
a’ , -dimensional manifold whose points are represented in a given coord.ne:e 
siot m z by the ordered set of numbers (01,1. :,2"). We have given a 
system of differential equations 


(1, ) (Pat/dt?) + Hifz, (dr/dt)]}=0 (i 1, n) 


ware Ht(æ, dz/di) are a set of functions of zt,» * <, a"; dz!/dl,: ++, drift 
which are positively homogeneous of the second degree in dx*/dé. 

The curves zt = [(1) which satisfy the equations (1.1) are the pat?.s 
of tie manifold, the manifold together with the paths constituting a geue: εἰ 
space of paths defined by the functions JI'(z, dx/dt). 
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The designation “general” is used to distinguish the space of paths as 
defined above from the case where H'(z,dz/dt) are polynomials of the 
second degree in dv/dt and also for the reason that equations (1.1) are 
the most general system of equations whose integral curves have the property 
that through any two points in general position, in a properly restricted 
neighborhood, there passes one and only one path.* 

We shall denote da!/dt by $* and assume that Hi(«,#) are analytic in 
both sets of variables. By Euler’s theorem on homogeneous functions we 
may write equations (1.1) in the form 


(1. 8) (dii/dt) + T's (z, γᾷ — 0, 


the summation convention for repeated indices being used and Τόν being 
defined by 


(1.3) Tin. (a, ὁ) — [PH (n, d) /04 039]. 


From (1.3) and the definition of H#(z,%) it follows that T*j,(2,%) are 
positively homogeneous of degree zero in $, are symmetric in the subscripts 
and satisfy the equations 

(1.4): (0T!5/02!) == (0T3,,/02*). 

The invariant whose components in the given coordinate system x are 
ΓΊγμ(ω, ) is the affine connection of the space of paths, the functions Ij, 
being the coefficients of affine connection in the given coordinate system. The 
law of transformation of the I"s under an arbitrary analytic transformation 
of coordinates can be obtained from the invariance of form of (1.2) when 
the affine parameter ! is unaltered.{ For let z5— f'(2) define a trans- 
formation of coordinates; then 


. óc) . dii Pat «ne dat dze 
A 4 4 = — Ze — E € — age πα Jio" 
SUM un" di ~ Oed "7 "Coe dt 


Substitution of (1. 5) into (1. 2) gives, since (dZ"/dt) }- T^g, (4, x) 2847 — 0, 


θα; δαν 0? - dat ies 
dou mm ne ee et κό spay — 
( Ts 118 gv t aonr l| PY ρα ) πὶ 


Γ΄ργ being the coefficients of affine connection in the coordinate system ἆ. 


(1. 6) 


* Cf. O. Veblen, * Remarks on the Foundations of Geometry," Bulletin of the 
American Mathematical Society, Vol. 31 (1925), pp. 121-141; J. Douglass, Annals of 
Mathematics, Vol. 29 (1928), pp. 154-166. 

t Cf. J. Douglas, loc. cif. for definition of “parameterized paths" and affine 
parameters. 
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T simplify (1.6), as well as for future use, we establish the follo fre 
ας Given a set of analytic functions fugis iy) which are homs 
eris of degree zero in the n independent variables y,- 7 5, y, symmetric 
(0 Odiees ἣν dnt tty i 5—(a) and (B) being any sets of indices om 

Sd sting the relations 


(d PO eg y= 05 OF eB arin... i, /OY? = OP ips, iid 


P? Brinig... i, (y) = 0. 


“or if we differentiate the first identity of the lemina ματ Ἡν wit > 
t^o y^ we obtain 


So ise ο ya ο ry eee Oe, a, a 


"o. ce œ the symmetry of fin 55 “τ, The first term of (1. 8) vou 4f 
ec. % of (1.1) and Euler theorem, hence if we differentiate portiai 
respect do wry ies c cap we shall obtain riS gg aap 0. vli 
Shes the mma. 
Fie quantities m parenthesis of (1.6) are of the form f'p,(7, ΠΣ 
o + ously satisfy the first two conditions of the lemma, 7 beng the varies 
T- -how that they satisfy (1.7) we have from (1.5) 


(5.3) Or oP -0, OPORE = rt 038, Diyo = (PIRAT) 


bjim Oia δ 0r Bis! — Or," Gxt δρ 


10 Hi N Mec o c p : — € 
019 ül! (Q3 QiY Qr —— 00 0i Oat 


5 uius of (1.4). Therefore fig, satisfy all conditions of the lemma : "i 
lay of transformation of the coefficients of affine connection may «. 
κα iten as 
jr j Qr A" 
αρ dri M 91) Ox er 
Y age 916 aay ^ 04P0zY 





11 11) T 


Since figy+=0 it follows from (1.10) that 


Ori δι" Ort Ore 


š n ee Pt i uA LL Vl 
CIS) Mee=T m $m Gm δεῖ’ 
vo 10Τν ΤΊ = OT g/l. 


Since Tij (r, 3) are homogeneous of degree zero in $ we have 


Tiz (T, d) = ‘in (a, dz) 
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and it is more convenient in the problems where the affine connection is 
fundamental to regard the I"s as functions of z and dz, da!,: : -, dz" being 
a set of independent variables subject to the conditions * οδί == (0¢*/dx/) dz. 

By a tensor we shall understand an invariant whose components in a 
given coordinate system v are functions of v and dv satisfying the tensor 
law of transformation; that is, we remove the restriction that the components 
of a tensor must be functions of the coordinates alone.t A tensor whose 
components depend on z alone will be said to be a tensor of position while 
one depending on both z and de will be called a tensor of position and 
direction. 

It thus appears from (1.12) that Τέμι is a tensor. Its vanishing is a 
necessary and sufficient condition that the affine connection be a function of 
position. Evidently T/;;; is homogeneous of degree — 1 in dz and is sym- 
metric in its subscripts. 

By differentiating (1.11) partially with respect to i? and eliminating 
third partial derivatives we get the equations 

j Ke H yo 
Kt py = Kj 2z το τ E, 
where 


(1.13) Κύπι-- (0T; 0x!) —(O04j1/Oa") -- T^ 3; — T^i Tu 
— (T ga T^ 1, — ΓΊ n πρ) dz. 


K'gi are the components of the affine curvature tensor S of the affine con- 
nection. It is evident that K*;4, are homogeneous of degree zero in dz. 


3. Covariant Differentiation. Fundamental Identities. By means of 
the affine connection and its law of transformation it is possible to obtain 
from any tensor an infinite sequence of tensors. Thus if é (æ, dz) are the 
components of a vector in the coordinate system x, the components in the 
coordinate system 4 are given by & — ἔα 0t*/0x* or 


* For a general definition of differentials cf. O. Veblen, Cambridge Tract, No. 24, 
sec. 5. 

1 Cf. O. Veblen, loc. cit., sec. 8. 

$ It is to be noted that being a tensor of position is a “tensor property” since 
a transformation of coordinate does not depend on dz. But being a tensor of direction 
is not a “tensor property," that is, the components of a tensor may be functions of 
direction in a particular coordinate system without being functions of direction in 
every coordinate system. There are no tensors whose components are functions of 
direction alone in every coordinate system. 

$L. Berwald, Mathematische Zeitschrift, Vol. 25 (1926), pp. 40-74. Cf. sec. 5, 
where Ki, are obtained from the notion of parallel propagation of a vector around 
an infinitesimal circuit. 


--- 
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(2.1) éi — ἔεθσῖ/θᾷα, 
Henceforth we shall use the notation in which a subscript preceded by a 
period indicates partial differentiation with respect to dz. From (2.1) we 
have by means of (1.9) 
; -, Oat OP 
2. ὁ ee $F —— --. 
(2. 2) e mm Eg OBS WU 
from which it follows that £^; are the components of a tensor. From (2.1) 
we also have 

MEME μις. 

üc! Όδαθαβ uj Qm X 0 ζω 0 ag J 
Making use of (1.11), (1.9) and (2.2) the last set of equations may be 
written as 





1.7, 0c a 
(2.3) Ur Eg τος 25» 
where 
o£ , 
(2. 4) $t j = isi + £T,; — £i ajda. 


From (2.3) it is evident that é4; is a tensor which we call the covariant 
derivative of the vector é with respect to the affine connection Tj, And 
in general if T'--7" are the components of a tensor, its covariant deriva- 
tive * is given by 
IT 5) 

Qa 


T 8 
weed gethigg: s Pia — (Ὁ ha ok. 
dE z To DONE n = T Ja Άλαν ^ Dak 


(3. 5) TO 3) y ™= — TO 4, auda 


In order to obtain the fundamental relations between the components of the 
curvature tensor we introduce geodesic coordinates defined for an arbitrary 
point z, as origin and arbitrary direction daz, by means of 


(8. 6) qi = Tot + $$ — YAT n (To, ἆσο) HE" + yt (3) 


where y? (3) are a set of functions, differentiable at least twice and vanishing 
together with first and second partial derivatives for 2! — 0. From (2.6) 


we have 
(01/038) 07 δρ; (0*t/0xP0zY) ϱ — Tt gy (To, dao) 


2 Cf. Berwald, loc. cit, $12, where he arrives at this definition of covariant 
differentiation from the notion of parallelism. 
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so that (1.11) become Tg, (£o ἆδο) — 0 and (1.13) become in geodesic 
coordinates 
(3. 7) (Κύμα)ο-- [ (OF 'n/08+) — (9755103) Jo. 
From (2.5) in geodesic coordinates, we get by differentiation 
(TX? rt) = (PL (5) /02*02!) 4 — [LO yn (0T ui 021) da” ], 
r A 3 A 
ἜΣ [7G (Tia /$z*) , — ἃ [TO ,. (OP 7/02!) 1ο. 
When from this equation we subtract the result of interchanging k and 1, 
we obtain, because of (2.7), 
(2. 8) TD yt — L iy py = — TO Gj) Erde” 


r 8 
+ D Lay Kiar δι PO a K'jakt 4 
azı α-ι 


Equations (2.8) being true at an arbitrary point for an arbitrary direction 
are true at any point in any direction. In a similar manner we get from 
(3. 5) in geodesic coordinates 

(TP iyt) o = [PL (5, /0a*8( da") 1ο. 


8 


T 
+ > (Lay tote ates > (TO nD jakt)o 
a= 


a=1 
and 
(1 44) o = [PL (5, /0x*0 (dz!) Jo 
Hence 
r 8 
(29) TOi — PO yar = x Tuy Te jo x I9 330 
a= a= 


which are also true in general.* 
From (2.7) or (1. 11) we see that 


(2. 10) Kn Kmn—0 
and 
(2. 11) Kg + KS + Kg = 0. 


From (1.13), in geodesic coordinates we have 


(Enn) o = { (31/01) — (0T; /0x 03") 
3 [L rn (01*51/02") S Tin (81^,,/02?*] da?),. 


Interchanging X, | and m cyclically and adding the three equations, 
we find 


* Cf. Berwald, loc. cit., p. 58. 


BNt ανω ντ Cuollipialiuus and Moliaus in Grucielizsd Spaces, 


VE Kia K tat HAR Gat 


ΟΥ H A tak ο hl us) u* 


Another ideutity that we shall need in our discussion ard which ca 
œ ained by the methods indicated above is 


(2,13) Γρ carm Ata m Age 

room (2. 13) it follows immediately that 

iw. 11) Kg " + Ka + Au D1—0 
iby contraction for i and j we have 

yla ) Si u T Brad + D uk = 0. 


N being the alternating contracted curvature tensor K me H K is 
Yd tensor A*u, it follows from (2.11) by contraction for i and ' the 


ji) Kir- -Er = --- Sj 
Hawe AV will be symmetric if and only if Sj; — 0. 


3. Projective Invariants. The equations of the paths of an a'Tw 


co» cled manifold with coefficients of connection defined by (1.3) mav i 


! y ten in the form * 
1I) (AR at) + Puii] — BE (dE /dt) + rs Ei] = 0. 


Vy tations (3.1) are invariant in form under arbitrary transformations 
εν dinates as well as under arbitrary transformations of the parameter 
VA inquire whether it is possible for two different affine connections in i 
<a c continuum to have the same paths. Let Τα, ἃ) and Τη, (ο, ὁ) 
ise iwo connections. When equations of the type (3. 1) for each conncct: 
a. subtracted one from the other we obtain 


( 1 2) (T^^, - Tyri — (I7, — Wher) EES! == 0, 


From (1.11) it follows that I'5i; — Pj; is a tensor, homogencous οἱ 


d gwe zero in 7 and symmetric in its subscripts; we designate it hv u 
add write (3. Ὁ) in the form 


CU) (455,85, — ddia) EET! — 0. 


Tue quantities a'sin — arın do not satisfy the second set of conditions 


Cf, O. Veblen and T. V. Thomas, Transactions of the American Mathe auti 
Seci ty, Vol. 25 (1923), pp. 551-500. 


ibt 


x 


Iz 


td 
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the lemma of §1. We therefore differentiate (3.3) partially and succes- 
sively with respect to ὦ”, 24 and 2", the result being 


(3. 4) (aipg r — Ongdt,) + (αἱρεδήᾳ — ab grd4y) + (αὐεμδύᾳ --- A rgdéq) 
+ tia pgr — BU par = 0, 

where 

(8. 5) Qpar = αρα ντ αἶρε ᾳ- 


When (3.4) are contracted for ὁ and r we get 
(3. 6) gig = (8*0 + siratin + dia gn) / (n +1). 


From the definition of aj; and (1.3) it follows that a’, is a gradiant in the 
variables 2; hence we may let a” = (n -+ 1)ġ» so that (3.6) become 


(8. 7) Gg = 8556 + 9550.5 + d) jx, 

$ being a homogeneous function of the first degree in 2. Conversely, if 
Τήν — Tim == atin the latter being defined by (3.7) with ¢ entirely arbi- 
trary—except as to homogeneity—the equations of the paths for the con- 
nection I" reduce to (3.1). Hence we have 


A necessary and sufficient condition that two manifolds, with affine 
connections Τήμι(ίᾳ, ἃ) and μια, t) shall have the same paths is that 


(3. 8) Ij, — Tig, + 95562 + Babs + 24.4, 
9 being an arbitrary function homogeneous oft the first degree in d. 


The connection I’ in the above theorem is said to be obtained from the 
connection T by a projective change determined by the function $. Or we 
may say, somewhat less definitely, that the connections T and I" are pro- 
jectively related. 

Contracting (3.8). for ὦ and j we find $4 — (I^ — Y"n) / (n +1) 
which when put into (3.8) give 

πι = πὶ jk 
where 
(3. 9) Mije = Tijg — (1/n A 1) (δὲ Τη δω + Iae). 


Following T. Y. Thomas" we call the invariant defined by (3.9) the 
projective connection, YI*;; being the coefficients of projective connection. They 


* Cf. Proceedings of the National Academy of Sciences, Vol. 11 (1925), pp. 199- 
203. See also J. Douglas, Annals of Mathematics, 1928. 


(4 g— g) L9) /r] μαμα) [τα /1] — 


(Pig — Peg) EG + u) Ag] e Pe --ϕ (81'e) 
193 pue (918) Jo 11g ay} ur (116) pue (vr'g) amyysqns oA 
(Fag — Pig) [(r + v) Aa] = tl bye Gre) 


“Ὁ ur Ο19Ζ oeigep jo snoouedourou st 
f$ eours furejqo aa 7 πο peuruns pue ;y fq per[dgjnur 915 (gp:g) TJA 


TOES ο gy pesi eee (918) 
9ΔΙ3 (919) pue q[user sry} 

UE Teh — v Po nir 
199 94ι (6'g) 10 suvow Aq aon 


T(r + v) / (Fg — Fig) ] = Farge — ne (etg) 
eroypeiou] pug 
[(r + u)/(ftg — g)] 1$ — 1$ (vr) 


(ET Ὁ) Jo puooos 
au} uro eAv IM (gp'g) WIT 8ΘΛΤΥΕΛΙΙΟΡ s]I pue $ ojeururro oj Ilopio up 
(rnb m r$) (1+ u) + ig itg 
UT bye + (trpp — rore — trp) (τ ---υ) — 
CUBE Tengo (er 'e) 
pug ƏM 4 pue ? 101 pue 7 pu? ? 101 pejoerquoo ore (gr'g) usq 
(LUF — 14h) 2 + (rpp — torp — VF) 1,9 — 
(Fog sore pes EEE GER ab age dr ay Ler’) 
SOAIS uorje[nopeo Buoy 1eqjeri mq ordus 9 ‘AI 
uorjoeuuoo eq] JO αοεπο] OINJVAIND eq; το] uorsse1idxe oy} ΤΠ10Σ 9A πολι 
Ἵ '4 'Í ur ongeurus sr qorqA “UBITBAUL Josue} oArjoefoid v st 
(erue + hte A πέος H Ig) (o H w/T) — 
QUE, T= VE EE Ulf YT (IT Ὁ) 
qeu] f[eyerpouru 
SAO[[0J οπο]οαοτ] JY  'uorjuuoo ouye jo eSuwugo oarjooford e {fq perej[e 


-un 915 sjueuoduroo ssoy ouo ueeur qeys oA zumiwpaur oa109[o4d Ὁ fq 


"0 = "ul (ote) 
f31edoid ayy savy pue z ut 
018% 9o199p yo snoeuedouroq ois 'sjdirosqns oy} ur orrjourutás Á[snotAqo 918 


GEG  -'soopdg pozwvaouog) UT suowo]y puo suoupowwjo) :NYICISSUNN 


536 KXEBELMAN: Collineations and Molions in Generalized Spaces. 


When (3.14), (8.16) and (3.18) are substituted in (3.12) we obtain 
Wiri = Win where 
(3.19) Wig; — Kni + [&:/(n —1)] Kn — [8/(n —1)] Es 
— [8;/ (n + 1)] Sa + [1/( — 1)] (8385; — 8:585.) 
— [&/ (n + 1)] Serg — [2/ (à? —1)] (8581.5 — 3*:8.,); 
with a similar expression for 1’+;,:. Following Weyl,* who discovered this 
tensor for affine connections of position, we call it the projective curvature 
tensor, since its components are unaltered by an arbitrary projective change 
of affine connection. 
From (3.19) by means of (2.10), (2.11), (2.15) and (2.16) it 
follows that 
Wu = Wii, 
(8. 20) l Wjct + Wiri + Wêr = 0, 
Wy; = Wirin = 0. 


From (3.19) we have 


Wêr = K'nin + [8%/ (n — 1)] Kjrm— [δὲ/(α--- 1)1 Kinm 
ss [1/ (n T 1)] (δν + δίδει!) — [ᾱύ/ (n + 1)] Sxi.i.m 
— [£2*/ (n? — 1)] (8581.5. — 8 182.4) 
[δὲ (4?— 1) ] (Sirm + Sm1;)— [85:/n*— 1) ] (Sim + δι). 
When (2.13) are contracted for 1 and m we find 
Kiri = En; 


hence Wijrrm= Wai; since every group of terms in the expression for 
Wn, is symmetric in j and m. This fact and the second of (3.20) give 


(8. 21) Wit + Ww + Wing. 1 0. 
From (8.8) and (1.3) we get by contraction 
(3. 22) Coo Ig — VS E (n 4-1). 


We choose for the components of the vector $.; in the given coordinate system 
the values — [1/2(n + 1)] H*;5; then ΤΊμ.--- 0. An affine connection for 
which I',,— 0, in some coordinate system, is said to be normal. From 
(3. 22) we have the theorem 


.* Cf. Göttinger Nachrichten (1921), pp. 99-112. 
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For a given affine connection there exists, in each coordinate systen, 
a unique projectively related normal affine connection.” 

From (1.13) it follows that for a normal affine connection δι = 0 
and therefore the Ricci tensor Κι; is symmetric. From (3.9) we see that 
in this case Mijs == I5; and (8. 19) become 


(3. 23) Wig == Re jx + [84./ (n — 1)] Kj w [δὲι/ (n == 1)] Kir- 


4. Transformation of Projective Connections. Projective Derivatives. 
When we apply an arbitrary analytic transformation of coordinates 


(4.1) at = f(x) 
to a given affine connection, (1.11) gives 
(4. 2) T^, = Yn (025/02Y) + (0 log Δ/ϑάν), 


where A — | (θω/ϑ2) | is the jacobian of (4.1). When this is applied to 
(3.9) we get the law of transformation of the components of projective 
connection in the form 


2 Jri i ri deck dxt 00 dat 00 
(4.3) Ter gu — DU» [15 Gay ο Ὅφ δεν Om 
where 
(4. 4) = [1/(n + 1)] log Δ. 


When we set up the conditions of integrability of (4.3) we arrive at 


θα’ Oak θεαὶ Te 


(4. 5) B^, + 8,5 — Bplay = B! ga Oz: 15 PB τμ’ 
where 
(4. 6) Big = (Mt j/x!) —(0115;1/02*) -]- II^; δει 

I ng — (TL jen" mnt — IE; mn) dz" 
and 

> = 00 00 00 0*0 
(4. 7) Cap = Tag pa + 55 758 — gae 


When (4. 5) are contracted for » and y, we get 


4 δω axk 
Gap = [1/ (n — 1)] (Bina Ja 716 — Bape) 
and these values put back into (4.5) give 
F zi δαν Gx δὲν 
ο. Ιον 


* Of. Eisenhart, L. P., Non-Riemannian Geometry, § 37. 
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where 
(4.8) Wig; = Bg + [95/ (n —1)] B^ — [857/ (n —1)] Brinn; 
direct computation shows that the tensor defined by (4.8) is identical with 
the Weyl tensor (3. 19).* 
We introduce the following notation: 
(4.9) rg — [1/( —1)] Pha 
= [1/(n — 1)] [(0I1^;/0z^) — ip II^, — I1? hys dz" ], 
θι = (00/021) ut; = (0xt/031). 


Equations (4.7) may now be written as 
(4. 10) (06/028) = Tag — rg aug + Tape + θαθρ. 


When (4.10) are differentiated partially with respect to dz" and we let 
ljki— Tint, We obtain 


( 4, 11) Tapy = τι αμ gu, — OTi apy. 


From the first of (4. 9) it follows that rjz; is symmetric in all its subscripts. 
This invariant is not a tensor except when the projective connection is a 
function of position alone in which case rjj 0. By using (4.3), (4.10) 
and (4.11) in the reduction, the other conditions of integrability of (4. 10) 
can be written in the form 


(4. 12) paBy = Pitt au gu, — bW apy, 
where 
(4. 13) piki = (0rj/0z) --- (0rj1/0z*) + WD yarn 


— irie (τι — rinne) dz". 


The invariant pjx: will be called the projective covariant.] 

From a given projective invariant we can build a sequence of other pro- 
jective invariants by projective differentiation] We define the projective 
derivative of a projective invariant in the same way as the covariant deriva- 
tive of a tensor was defined, [cf. (2. 5)], except that the coefficients of affine 
connection are replaced by those of projective connection. It therefore follows 
that the identities existing between Κάλι and I%j,; are true for B5;j; and 


* J. M. Thomas, Proceedings of the National Academy of Sciences, Vol. 11 (1925), 
pp. 207-209. 

t Cf. O. Veblen and J. M. Thomas, Annals of Mathematics, Vol. 27 (1926), p. 287. 

t This term has recently been adopted by O. Veblen to designate a different 
operation. Cf. 80. It is used here in its original sense as defined below. 
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I provided covariant derivatives are replaced by projective derivatives 
the latter derivative being designated by a subscript preceded by a solidus. 
Thus (2.13) become 
(4. 14) Ij, m — I! nn; 1 = Brim. = Btjimn. 
When this is contracted for i and m we obtain 
(4.18) rj = [1/(n — 1)] Ius 
and by means of (4.13) we can easily show that 
Pikl == Tjk/l — TEL κ. 
The identity analogous to (2.12) is 
(4. 16) Βάρη + ταν + Bj i 
+ (Bail? jos + Βλρι + Βλρπι jnr) da? = 0. 
By means of (4.8) we find 
Bi, m = Way m — Bri m + S iris m 
and (4.16) then become 
(4. 17) Wn m --- Wim; s d- Wink; 1 = Stapjim + 9'ipmk + 9 mpi 
— (TW per jam --- Worms I + Women) da. 
By contraction for 7 and m the last equation becomes 


(4. 18) Wai, = (n — 2) pint — (Wy I"; — Woo ήν) dz?. 


Since when n == 2 Bj, has only three independent components ri, ris 
and 122, it is easy to show that in that case the Weyl tensor vanishes identi- 
cally. By (4.12) ρα becomes a tensor and (4.18) are satisfied inde- 
pendently of the value of pj. We shall find that the projective geometry 
of a manifold of more than two dimensions is completely characterized by 
the tensors W?;;; and Πέμ and their projective and partial derivatives with 
respect to dz. For π-- pj: and Ht; with their derivatives play the 
same róle. 


5. Collineations. Let 7t = t(s) be a point transformation which 
carries the point (2!,: --,z") into the point of coordinates (#',-- +, i"). 
Let αἱ == f(t) be the finite equations of a path C, the parameter ¢ being 
affine, that is, the equations of C satisfying 

dzi , dæi dak 


(5.1) "EO TI ui d L. 
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The transformation ži — φί(α) will carry C into a curve C whose finite 
equations are of the form Z? — J!(1). This transformation will be called a 
projective collineation if it carries each path C into a path C. The collinea- 
tion will be called affine if when C satisfies equations (5.1) so does C. 

In the present paragraph we shall confine ourselves to projective col- 
lineations. Since in this case the parameter on the path is not nécessarily 
preserved it will be convenient to take the equations of the paths in the 
form (8.1) which are unchanged by arbitrary transformations of parameter 
aud may therefore be written as 


(5.2) (dat + Pi ndaida*) de — (d^ + T^g dada) dat — 0. 


Moreover, we shall consider only finite continuous groups of projective 
collineations and our problem will be to find the necessary and sufficient 
conditions that a space of paths must satisfy in order to admit such a group. 

We consider the infinitesimal transformations of a one parameter group 
which may be written as 
(5.3) $i = ai + ét (x) bu 


where é#(x) are the components of a contravariant vector and δι is a differ- 
ential of the parameter of the group. By differentiation we obtain from (5.3) 


` (5.4) dài — da + (0&*/Oxi) dau 
and 
(5. 5) P — Part + [ (0231/0908) dzida* + (051/021) dri] Bu. 


If (5.3) is to define an infinitesimal collineation Y ;&(4, dž) must be the 
same functions of $ and dz as It; (æ, dv) are of v and dx. Therefore ex- 
panding into a Taylor series we have 


(5.6) Tg(& dē) = Tg(z, da) + [(ϑΓ1μ/ϑαιγΕι + T pa (087/02) dz" ]8u, 


higher powers of δι than the first being neglected throughout the problem. 
When we write (5.2) in terms of $ and apply the transformations (δ. ὃ), 
(5. 4), (5. 5), (5. 6) and use the fact that the transformation is a collinea- 
tion the transformed equations reduce to 


[ (02£1/0x102*) — T*,(0£5/0z*) -- Dija (0£2/02*) -}- Tax (022/02) 
-- £* (0154/09) + Yi (084/02) da^] da'daidat 
— [(82£^/0202*) — T*5, (0/022) + Dja (0£2/0x* + T^. (6£2/027) 
+ £ (01^ 5/027) + Tř (0£1/0z2) dat] da?daida* = 0, 
where the arbitrary du has been dropped. 
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lt we compare the first parenthesis in the above equations with ξὶ ; 
whose value is given by 
(5.01) — £u o (PEt /daFdx*) — Tes (0/029) + Tija (0£2/027) 
` -+ Tiar (084/004) + £e (00 11/08) — ET poe da 
F ETa gy — ETP tT ga, 


we shall find that the equations of condition reduce to 


(5.3) αικάσλζσ]ζ αχ — a^ idaidzidak = 0, 
where ; 
(5.5) aij = E jn F EUCH ia + TE mre mda”. 


Because é is a vector of position alone and in virtue of (2.8) and (2.11), 
“ἴῃ, i$ a tensor, symmetric in its subscripts, homogeneous of degree zero in dr. 
By using (2.9) twice and (2.13) we find 
(5.5) dijra = Εμ A Eo aT ta ada" — £ aT yer 

HE Pe HP ine -- SD nn, 
from which it is obvious that αἷμ = atipa, is symmetric in its subscripts. 
Hence if we write (5.7) in the form (3.3), it follows from (3.7) that 
(5.7) may be replaced by equations of the form 
(5. 10) élje H EUCH ga + Dope nda = ijen -+ irp + dab jx 


where ¢ is to be determined. 

The above equations are a necessary condition that the vector é must 
satisty in order to define an infinitesimal projective collincation. To show 
that it is sufficient we write (5.10) in the form 


(5.11)  (ét/0xjüz*) — T^y (061/02) A Τέρι (067/02) -- T'as (0£" /02/) 
+ £n (82/09) + Tin (δΕῖ /0a?") da 
= 556 + δίμφ + dao. ;3. 


Contracting for 4 and j we shall find 


dx= [1/(n + 1)] [ (0389/00) 008) + T'an (0E 0c) 
+ é” (0T^,,/0x") + T^y (051/02) dz" 
and when we evaluate φ/ and put these results in (5.11) they become 
5.12 
| (0531/0101) — Yr",,(0£5/01") + Πέμ (0£*/02*) 
+F Même (067/023) A £^ (01155,/01) + TL μι (081/0277) dam 
= [1/(n + 1)] [84 (02£/0z02*) -|- δὲν (933 /0x^0x) Ἱ. 
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Now suppose that (5.12) admit a solution ξ΄. By a suitable transformation 
of coordinates * we can normalize the vector £^ so that its components are 8*,. 
Equations (5.10) being in tensor form remain in the same form and so do 
(5.12), the latter reducing in this coordinate system to 


(5. 13) (0π!,χ/ϑατ) = 0. 
The finite transformations determined by the above vector are 
(5. 14) Ti = αἰ + ad}, 


and since the jacobian A = 1, Mijs = Miir, cf. (4.3). Therefore the trans- 
formations (5.14) carry paths into paths. We therefore have 

A necessary and sufficient condition that a vector Εἰ must satisfy in order 
to define an infinitesimal projective collineation is that it be a solution of 
(5. 12). 

From (5.13) we can conclude 

The most general projective connection admitting an infinitesimal pro- 
jective collineation may be obtained by choosing for the coefficients of pro- 
jective connection functions of n—1 of the coordinates. 

From (5.14) we have 

A manifold admitting an infinitesimal projective collineation admits the 
finite continuous group G of projective collineations. 

Returning to (5.12) we see that when the left-hand side of (5.12) is 
compared with £5;,/z, [cf. (5. 61) ] with I"s replaced by IPs, we obtain 


(5. 15) £i 57% + E Big + EU dai ga = δΨ/ν + Baby 1» 
where, 
(5. 16) pi = [1/(n + 1)] Ops 


and it is to be noted that y; ;x = 0. 
To find the conditions of integrability of (5.15) we have 
& jp 1 = Bhp t F Saabs jy i — day, uM ga da" EXT gs B min 
— £^, mda" Πόροι — £t, Bt jen — E Bay τ. 
If from this equation we subtract the one obtained from it by the inter- 
change of k and ᾖ, make use of the fact that 
(8. 17) £i, jp = ET, 


of (2.8) and (2.11) in projective form and of (4.14) and (4.16), we shall 
have as the result 


* Cf. L. P. Eisenhart, “Riemannian Geometry," p. δ. 
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(5. 18) ἐπ η + E mB? xt nda” — Ey B'e -}- Ey Bire 
oy Bin + ἐν) Bin = Shahy 57 1. 
The conditions of integrability of (5.15) with regard to dx are ob- 


tainable by the partial differentiation of (5.15). We note that by (2.9), 
written in projective form of course, we have 


By gna = E gape + ES Magi — £l a 
and by the use of (5. 17) this becomes 
(5. 19) Et jjj i SM ng + Sy eM H By fT ee — E, VIT ga. 
We therefore have by (4.14), (cf. remark after (5. 16)), 
(5. 20) PIE gays + ἔ mda IP us — £ XI a 
-]- Ery Tne -- Eyt + 6}, Hg — 0. 


By contraction in (5.18) for and 7 we obtain 
(8.91) rire = — (Erga + Ey mda" jun + £ ima + Ein). 


When the last results are substituted in (5.18) we get because of (4.8) 
and the first of (4. 9) 


(5. 22) Eins F oy nda" W nin — £, Wn 
-- £, Wu + E Wii + E WI ga, = 0. 


That the above equations are invariant under an arbitrary projective change 
of affine connection is evident, since each term is independent of this change. 
When we express each projective derivative in terms of covariant derivatives, 
the form of (5.22) remains unaltered.” Hence (5.22) are tensor equations, 
i. e, they are invariant under an arbitrary analytic transformation of co- 
ordinates. 

We must now examine the conditions of integrability of (5.21). To 
this end we differentiate (5.21) partially with respect to dz! and use the 
fact that y,;.; = 0, getting 


(5. 23) pyri = Erga A Ey maid Sura + Eig. 


If we differentiate (5.20) projeetively and use (2.8) and (2.9) in 
projective form we shall get 


* Cf. M. S. Knebelman, Proceedings of the National Academy of Sciences, Vol. 13 
(1827), p. 397. 
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(5. 24) Ebris myn + ξ΄, da? M nima — E arm + £t Mim 
-- £M ny m + £l! m EE us tn 
+ Ys m + y da M jerm — 85H ij, n 
riy + Y mapa: + Yo = 0. 


When (5.24) are contracted for i and m and use is made of (4.15) we 
obtain (5.23). Hence in studying the conditions that the vector é must 
satisfy we need not consider the equations arising from (5.21) by partial 
differentiation. 

We now take the projective derivative of (5.21) obtaining after re- 
duction by means of (5.15) 


V; AD^ ji = δρ) + E mda pirin + £t ipu 
F Erpina + Epin + Ti] — Ti k 


which may be written as, cf. (4.8), (4. 9), 


(5.25) pn W jr = £pi a + Ey mda” pirin + £pi F Erpin + £ ιρῃωι. 
Projective differentiation of (5.22) gives 


(5. 26) EW tiny m/ 8 -+ &, vår? Wy, m.s —— £y BW m -|- ἕν, Wini m 
EW jn m A Su sWimnya-d- W hym 
ως 95s WV jn n + Winry ; + Wimu/x + Wins: =v. 


By contraction for i and m we get from (5. 26) 


(5. 27) (n — 2) Why, = EW’ jer ny a + Ey oda" Whats 
-- &xWhjswy + ἕ5/ 1] Ίµο/ τ. 


When n > 2 (5.27) can be reduced by means of (4. 18), (5.20) and 
(5.22) to (5.25) thus showing that in this case the conditions of integra- 
bility of (5.21) are consequences of (5.20) and (5.22). In the case n = 2 
(5.22) vanish identically and their place is taken by (5. 25). 


6. Spaces of paths admitting an r-parameter group of projective col- 
lineations. If a space is to admit an 7-parameter group G, of projective 
collineations equations (5.15) must admit r linearly independent solutions 
£u, Ὃν En, each vector Éta; being a vector of position. The question 
of the existence and of the number of solutions of a system of partial dif- 
ferential equations is answered by a well-known theorem on mixed systems.* 


* L. Bianchi, Teoria dei Gruppi Continui, Pisa (1918), Chap. I; O. Veblen, “ In- 
variants of Quadratic Differential Forms," Cambridge Tract, No. 24, pp. 73-76. 


KNEBELMAN: Collineations and Motions in Generalized Spaces. — 515 


The theorem has io be somewhat modified in order to apply to equations 
(5.15). In the first place (5.15) are a pure system, that is, there are no 
conditions of the form f(£ 2)= 0 imposed on the solutions and secondly it is 
obviously only a question of convenience whether we write our equations and 
their conditions of integrability in terms of the usual partial derivatives, 
covariant derivatives or projective derivatives. 

Let “ια” denote projective differentiation when «= 1," ', n and 
partial differentiation with respect z* when a —n--1, ::, 2n where 
a= js used in place of dz*. We may then write (5.15) as 


> : a να ra 
A" gq == Teg (2,4 
on PhD). 


Z^ ‘wing the dependent variables £5, é*/; and ψ/,. In order to obtain the 
conditions of integrability we have (2.5) and (2.9) written in terms of 
projective derivatives which we can combine.into 


(6. 3) Zhai — Zh gi = AM pL yy. 


Thus by means of (6.2) we get from (6.1) a system of equations 
between z and Z which we denote by Z'?(z,Z). Differentiating each of 
the independent equations of the set P? and eliminating Z",, by means of 
(6.1) we arrive at a set F® (z, 2) this process being repeated indefinitely. 
The theorem mentioned at beginning of this paragraph may be stated thus: 


A necessary and sufficient condition that the functions f", must satisfy 
in order that (6. 2) admit a solution is that the sets of equations FO, FC, 
Fœ: -+ shall be compatible for the determination of the unknown quan- 
tities Z. 


In the particular problem before us f'";(z,Z) for the system (5.15) 
are:linear and homogeneous in Z. Hence the above theorem may be stated 
in a more explicit form since in this case the sets of equations F™, F(O,- . . 
are also linear homogeneous in Z. The theorem is 


A necessary and sufficient condition that the sets FO, F,» -+ must 
satisfy in order to be compatible for the determination of the Z's is that 
there exist a positive integer N(=1) such that the matriz of the equations 
of the sets ΕΟΟ, F& and that of the equations of the sets ο), PX 
shall have the same rank. If M is the number of dependent functions Z 
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and M —r (15r = M)" is the common rank of the above matrices, the 
number of linearly independent solutions is r. 

If + = M the conditions of integrability are satisfied identically and the 
equations (6.1) are then said to be completely integrable. 

To apply the above results to the problem of projective collineations, 
we take for Ze the functions é, ét/;, Ψ// and for the operation “ ὁ” we 
choose jt==/i (i= 1,---, n) and ji =a (i=n+1,---, 2n), the in- 
dependent variables being so chosen that zê = at, g" = dzt (---1,’ ην). 
The equations corresponding to (6.1) are then 


(6.8) £0, (ψ/)α--0ο, (Eyi) = SMa, (Dy: 
(9.93) .— (yi) s = — (Erin + £y nde" ria + E mi + ἐν) 


and 
(6. 4) (£j 5) sa = — (E Βλ -- Ey da" YI jg, — 9*5); — Shah 7). 

The conditions of integrability of (6.3) are satisfied because of (6.3) 
and (2.9) and the conditions of integrability of (5.21) and (6.4) are 
(5. 20) and (5.22). We therefore have 


A necessary and sufficient condition that a projective connection must 
satisfy in order to admit v linearly independent one parameter finite con- 
tinuous groups of projective collineations (1 Sr Sn? -]- 2n) is that there 
exist a positive integer N such that the sets of equations 15»,- . ., POY 
and the sets F™,- ++, ΙΟ, arising from the equations (5.20) and (5. 22), 
shall be of rank n? + 2n — r. 


If equations (5.15) are to be completely integrable, (5.20) and (5.22) 
must vanish identically. If we write these equations in the form . 


(6. 5) EX us + E m (de uis — 853", 
H Entin H 8",10E n + OT xn) == 0 
EW tirin bt Ey m (dW nrn — Stn W igr 
H Wma OW tn + e Wien) = 0, 
it follows that 
(6. 6) Itik n = W*jxtsn = 0 


and each parenthesis in (6.5) must vanish. 
When these last two quantities are contracted for m and h we get 





* We do not consider the case r — 0 since the equations are linear and homo- 
geneous in the Z's. In the problem of equivalence r — 0 implies equivalence under 
a particular transformation while r 7» 0 implies equivalence under a finite continuous 
group of transformations. Cf. Eisenhart, Non-Riemannian Geometry, pp. 16-17. 
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(6. 7) Πίηι = 0, S 15; = 0. 


From the first of (6. 7) and the definition of Πέμ, C£. (3. 11), it follows 
that the projective connection is a function of position and the second set 
of equations (6.7) for n > 2 are a necessary and sufficient condition for the 
space of paths to be projectively flat." In case n==2 the process applied 
above to (6. 23) and (5.25), yields pij == 0 and rij;— 0 which implies that 
ihe two-space is projectively flat. Hence 

A necessary and sufficient condition that a projective connection must 
satisfy in order to admit n? + 2n linearly independent projective collinea- 
tions is that it be projectively flat. 

7. Group Property of Projective Collineations. In § 5 it was proved 
that when a space of paths admits an infinitesimal collineation it admits the 
one parameter group G, generated by it. We shall now show that 

If a space of paths admits r linearly independent collineations it admits 
the r-parameter group G, generated by them. 

For let é and η! be any two of the r linearly independent solutions that 
equations (5. 15) are assumed to admit and let X == £'(0/02*), Y == nt (0/0z*) 
be the corresponding generators. In order to prove the above theorem it is 
necessary and sufficient to show that the Poisson operator (X, Y) is ex- 
pressible linearly with constant coefficients in terms of the r generators. Let 
(X, Y) —(8/0z1). Then 
(7. 1) (X, Y)f— (XY —YX)f 

= [£ (0n! /8*) — yt (06/02) 1 (Of/0x!) = M (9/91) 
and since (7.1) must hold for arbitrary functions we have 

M — E (nf B) — ë (01/02) 
or better 
(T. 2) Mom Lint, — EL. 
From (7.2) we obtain by projective differentiation 
A, = Sega jM Era e Ey m'y iEn 
and since é and 7? satisfy (5.15), we get by means of these equations 
(7.3) dg E, stn — Py bin e Epa --ηψ/1 H (P Ss — ahha) 
+ By! Bt jx, — Tyan (By s — EY ει) da”, 


* Of. O. Veblen and J. M. Thomas, Annals of Mathematics, Vol. 27 (1926), 
p. 293-, § 11. 
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where in accordance with (5.16) ^ 
y; = [I (n + 1)] Pays $/; = [1/(n 1) ry; 


When (7.3) are differentiated projectively and second derivatives of é and 
y! are eliminated by means of equations (5.15) we obtain 


A 1/6 = Ey a B ga --- ηἰ, mda” a) + E (n! Bhaa F n'y mda” Ml nt) 
— jy (EB ga + E mda ign) — qy (EB -- ξἰ, uda" Iri) 
+ Ew Bias + Btn (η Σι — étt e) — (297 m — vU m) XE n sdz" 
P I5 th [é*/ τη » m-—- y κὲ ! m + B l nkp (^£? > Pér) ] da 
+ £4, y — aby ip + t (Spy — pi) y 
When the values of II!;j4;A'/4,dz" and of A"Bijj, computed by means of 
(7.2) and (7.3), are added to the above equations the result is reducible 
to six groups of terms; the first two of the form (5.18), the second two 
of the form (5.19) the remaining two being 935;(£*$,,— ηψ/ι),ν and 
85 (£,,— qhtyn)/ 7 That is, we find 


(7. 4) Aty jzu + TI A; uda + AB’ 
= δὲν (Edy — qipsan) si + 9:9 bra — qz) yu 


When (7.3) are contrasted for i and j, the result is 
&$, y — sn = [1/(n + 1)] As 


so that the right hand side of (Y. 4) can be written as [1/(n + 1)] (88A? n/r 
-H 854^,,/;), showing that (7.4) are of the form (5.15). That is, λί is 
therefore a solution of (5.15) which are homogeneous of the first degree; 
this implies that if fa) («—1,: : ^, r) are the r linearly independent 
solutions of (5.15), A? = a*£(4,, where a* are a set of constants. Hence 
if Xa == élia (8/8ωἳ) we have 


(Xa, Xp) f = c%apd yf 
cag being the constants of composition of the group. 


8. Affine Collineations. By an affine collineation we shall understand 
a point transformation carrying paths into paths and preserving the affine 
parameter. That is, if a path is given in terms of an affine parameter, it is 
carried by an affine collineation into a path satisfying the more restricted 
equations (1.2). Using the notation of $5, it follows from (5.7) that 


(8.1) alga dadda — 0. 
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From (5.10) it is evident that atir. == αμ and since aj, are homo- 
geneous of degree zero in dz, they satisfy all the conditions of the lemma 
of 81. Hence if the vector £ is to define an infinitesimal affine collineation 
it is necessary and sufficient that it satisfy the equations 


(8. 2) ἕνα + ἐκδ T £s T ada m0. 


By a process very analogous to that used in §5 we find the conditions 
of integrability of (8.2) to be 


(8.8) BR Agr + Emde” K jrin — Et nK" Re --- Puky + iki 


and 
(8. 4) ET ua --- E mda l jan — £ aT gi 
-]- £& jT; -- E 4T; + E jan 0. 
By using the coordinate system employed to obtain (5.13) we see that 
if é == αδί; is to satisfy (8.2) we must have (0T5;,/021) — 0. Hence 


The most general affine connection admitting a Οι group of affine col- 
lineations may be obtained by taking H'(z,t) to be functions of n —1 of 
the coordinates x homogeneous of the second degree in t, ' -, ὦ», 


If equations (8.2) are to be completely integrable, equations (8.3) 
and (8.4) must be identities in the n? + n quantities é; and é. Therefore, 


The greatest number of linearly independent affine collineations that a 
space of paths may admit is n? + n. 


In this case we have from (8.3) and (8. 4) 


(8. 5) Kt pr nda™ μίας, 95K" uu + à", Kingi u e". Khu + 8K inn == 0 
and 
(8. 6) Τμ nda” — rir A OP yD n Ont ine + 97, — 0. 


Contracting each set of the above equations for m and h we find 
(8. τ) Kg =0, τόμ = 0. 


From the second set of (8.7) we see that the affine connection is a 
function of position (Cf. §1) and the vanishing of Hiec curvature tensor 
then shone that the space of paths is flat. Hence 


A necessary and sufficient condition that a space of paths must satisfy 
in order to admit n? + n affine collineations is that it be flat, 


In a flat space there exists a class of coordinate systems in which the 
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components of affine connection vanish. In one of these coordinate systems 
(8.2) become (07£*/dxidx*) — 0 and therefore é*==at,z*-+-b¢, the finite 
collineations being δἰ == Atz” + B. 

If the space is not flat, the existence, and the number, of linearly in- 
dependent affine collineations can be determined by differentiating (8.3) and 
(8. 4) covariantly and partially with respect to dx and eliminating £5, by 
means of (8.2). We are thus led to a sequence of sets of equations 
FO, F, - - which must be compatible for the determination of the quan- 
tities ξὶ and £* ;. 

Whether equations (8.2) admit one or more solutions, there exist a 
number of linear relations between the equations of the sets F so that the 
number of these equations can be greatly reduced by the following method: 
let the left hand sides of (8.3) and (8.4) be denoted by Tj; and Vg 
respectively. Let Τρ... and Vj, om... denote the results of performing 
the indicated operations and eliminating £*;x by means of (8.2). Then, 
by means of (2.9) Την has the value 


(8. 8) έπη = ET Et mb + & pE ki m nda? emm SA LITT 
A ET inim + E Tint -d- E aT unus --- E sea. 


Evidently Vj, are a set of functions homogeneous of degree — 2 in dz 
and symmetric in all subscripts. We assume 


(8. 9) Vip, = STH py - £ jT! p, ida? 
. p 
— ét ae + = E jal h... jaahan... dP 
α- 


where (P) represents the subscripts j,, - *, je. Partial differentiation of 
(8. 9) with respect to dx and the use of (2. 9) and (5.17) in covariant form 
shows that V‘(p).jpi == Vi pis); hence reasoning by induction we see that 
(8.9) are true for any number of subscripts. Moreover V*(p, are homo- 
geneous of degree —(P — 2) in dz. Hence if we multiply (8.9) by dz! 
and sum for b and any one of the subscripts, say jp, we obtain 


Vip, da? == Vi pay ipda? SS (P — 3) Vio. 


Therefore all the equations that can be obtained from (8.4) by partial 
differentiation with respect to dz 0, 1, 2,: - +, r times, are equivalent to the 
last set. That is, out of n [("*7*3) — (772 )] there are at most n [(777*? ) 
— ("11 )] independent equations in these sets. 

Differentiating (8.4) covariantly, eliminating second covariant deriva- 
tives of é and using (2.8) and (2.9) we find 
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V8 jum — ET nima -- E" Yi m ada” — £^ m 
Tam + Sal nnm H ES un -- δι μι 


and by a simple computation it can be shown that 


(8.10)  V*j1t,m.p — Vgnt.o m = Vni amp — | Vul" jmp — /Ίμι emp 
— VigalY'im + VinngI" ji — V*jmpl ni — Vim iint — Vimp hin 


Therefore the only equations we need consider arising out of (8.4) are those 
obtainable by covariant differentiation out of Fiersa r being the greatest 
number of partial differentiations with respect to dz. 

By means of (2.13) it can be shown that 


(8. 11) T ptm == V'imyi — Vijmu- 


Therefore partial differentiation with respect to dz of equations (8.3) 
does not lead to equations which are linearly independent of those considered 
above. It can be shown also that 


(8. 12) Tui πρ S ΤΊ ῃ,πι + Tin Damp 
— Ty" jmp — Teal emp — Teal imp + V tap Kz 
— V jmp Ken, — Vimp Kt jar — VhiapK 5a. 


Hence the only equations arising out of (8.3) that we need consider, are 
those obtained by repeated covariant differentiation. In view of these facts 
we can state the following theorem: 


A necessary and sufficient condition that an affine space of paths must 
satisfy in order to admit r(0 <r S n? + n) linearly independent affine col- 
lineations is that there exist two integers N(> 0) and P(> 0) such that 
the sets of equations F™,--+, FO? arising * out of Ti = 0 and Viira = 0 
and the sets ΠΟΘ, - +, FO*D arising out of T*yi— 0 and Vp — 0, shall 
have matrices of rank n? -|- n — r. 


If £s, and £g, define two linearly independent infinitesimal collinea- 
tions in an affine space, the components of their alternant are (cf. 8 7) 


(8. 18) EF E^ oy Eg m — £P (Eta m. 


By means of (8.2) we obtain 


(8. 14) t, = 6,8, m — Eep, iÉ cam + EE" qs Km 
T Ys (Ep É a), — £7 (2,6 p,n) da^ 


* By "arising" we mean “obtained by covariant differentiation alone and elimi- 
nation of & 15ο by means of (8.9), 
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and 

(8. 15) & jm E ay m (Kanda) + Sip, ιά T ga) 
— Éi pym (K paf s, + Pay ida! τι). | 
Ἴ- Erp (Ea K men + £a), ida T man) 
— "cani (Ep E men + EM py, da Ta) 
H £a ae" p K jmi — Ea (By nk mi 
T da T gi (EP (gy E a,n — "(a£ (β) 1) 
-+ do^; (£^(5) x (α) = £n (oS qn) 
F (Eraé — E" (g EP cay) Kael mida 


When to (8. 15) we add the expressions for £'K*;;; and £'sdz^Y*;y; we obtain 


£ ix + £I ga 4+ El nrda Ti — Puy Toy us gy T na 
T (Ea, V’ Bjr — Ep), V cairn) dE, 


the remaining terms vanishing because of (2.12) and (2.13). Now &a) 
and £*(g, are assumed to satisfy (8.2) and therefore also (8.3) and (8.4). 
It therefore follows that é satisfies (8.2) and we have 


An affine space admitting r linearly independent infinitesimal collinea- 
tions admits the finite continuous group G of collineations. 


9. Collineations in Spaces of Paths whose Connection is a Function of 
Position. If T; == 0 all functions used in the preceding paragraphs, which 
are homogeneous of degree zero become free of dx while those which are 
homogeneous of negative degree vanish. The equations for affine collinea- 
tions are then : 


Bn 20 84s EBi = 0 
and for projective collineations * " 
ee) ee ee | 


a point of difference between the two being in the fact that in the first case 
we are concerned with ‘partial differential equations which are homogeneous 
in £ while in the second case they are not. It is however possible to reduce 
the problem of projective collineations to the affine case in one of two ways; 
either by the use of the generalized projective connection of Veblen or by 
means of the associated space of T. Y. Thomas.t : 

We shall make use of the first mentioned method. Briefly stated the 

* Cf, M. S. Knebelman, Proceedings of the National Academy of Sciences, Vol. 13 
(1927), pp. 396-400. ae l l 

1 C£. O. Veblen, Proceedings of the National Academy of Sciences, Vol. 14 (1928) | 
pp. 154-166; T, Y. Thomas, Mathematische Zeitschrift, Vol. 25 (1926), pp. 723-733. 
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i κος projeciive connection of Veblen is an invariant whose compon 
Fo. teansTorm according to the law 


κ 3) II*g., Es TD? ypttptrgulty + U%y (8u^g/031) 8*..., 

Ἔν Greek indices are on the range 0, 1, <+, n while Latin ones an 

(o0 Τε +t. n and 
(S1) au — δ΄, uz qUriOD), ^ wj = —- [0 log ul’) /θ7 |, 


7? sue the. jacobien of the transformation and v% is the normalized co: 

Co gp d. οι, nege, = 8%. This projective connection is more generel 

^ one previously used as no conditions on the IPs need be impos |; 
der to suit it 10 a geometry of paths the following conditions are it... : 

(0 he Ts: 


pay) 11%. = - 11%, 2, Wj; = (0), lI*go == 85, 
Ins =- - [1/(a — 1)] [ (01155, /0x*) — Πέμ ιτ]. 


Phe components II/,; of the generalized connection transform accord: 

σα αχ (4.3), IP being -— r,; of $ 4 for connections of position. 

We may look upon a projective collineation as a transformation wh. 
ios carrying a point w to the point # carries H*;g(z) nto Πέμ (1). Ò 
uasi therefore cousider the existence of solutions of equations (9.3) -w 
il; (2) replaced by Ig, (F)- -regarded as second order partial differcat ©: 
reactions in the n dependent variables w and the n independent variables 
As areviously we consider the infinitesimal transformation 


(at) μ"ὲ--- FE El (3) δὲ 


no whieh we obtain 


Pod (uc! τὴ) — 8! -- (θἑι/921}δ 


να his gives ? 
TET (Ou, ars) — (0E, 08025) 8L. 


The vector σὲ in (9.6) as an affine vector 1; to make it projective ^ 
m'v duce the component é defined by 


(5.1) o=- 

ae n--1 à 

so tl it (9. 4) become, for our infinitesimal transformation 
(5. 13) ug* = δρα + (θέα/91}) - 8g! - δὲ. 


* Of. Eisenhart and Knebelman, loc. cit., p. 41. 
^ €f, O. Veblen, loc. cit. 
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By Taylor's expansion—we assume of course that the IPs are analytic func- 
tions of the 2’s—we have 


Ποργ(ο) = Upy(£) + [δπ-ργ(8)/94:]:δέ 4- - - -. 


Substitution of these results into (9.3) gives (we drop the bars from 
over the z's and IPs) 


(9.11) 8/50, (θ2έα/ϑ.’ϑαλ) 4- Mty (08 /dai )àg! + H*g (08/027) δγ! 
— πύργ(θέο/θα!) + £ (81^, /02!) — 0. 


If 8 or y or both are zero (9.11) vanish identically and if α--0 we get 
(5.21) (the term rj.==0 for connections of position). When equations 
(9.11) are combined with the second projective derivative * of &—whose 
components are given by 


Ey = (062/0200) pty + Typ (09/02) y + E (D1 0c") y 
+ Xr [ (06/024) δὲρ + Eug] — Mpy [ (06/021) δὲν + Epa] 
we get 
ο. Epy + ἐκΒερμ--0, 


Bg being the components of the projective curvature tensor. Equations 
(9.12) are formally identical with (9.1) and the process of projective 
differentiation being formally identical with covariant differentiation as it 
is ordinarily defined, we have reduced the problem of projective collineations 
to one of affine collineations. 

It may be of some interest to count the possible number of solutions of 
(9.12). Suppose the equations of the sets F(?,- - -, FP"? of the last theorem 
but one of $ 8 are of rank r; according to that theorem (9.12) will admit 
(n+1)?+ (n-4- 1) — linearly independent solutions. But in this case 
(n-]-1) +1 linearly independent conditions are imposed on each solution, 
namely the equations giving the values of ένα and the one equation (9.9). 
Hence the number of solutions is n? + 9n — r which is in agreement with 
the result obtained in § 6. 

The basic advantage of this method of treating projective collineations 
is the fact that the equations used are projective tensor equations, which is 
not the case with most of the equations used in 88 4-7. The generalization 
of this projective connection to one of position and direction should not prove 
diffieult. 


* The term projective derivative is here used in Veblen’s sense. Cf. loc. cit, 
88 6 and 7. 
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10. Generalized Metric Space. Equations of Motion. In the preceding 
paragraphs we have been dealing with spaces of paths or affinely connected 
manifolds. We shall now consider an n-dimensional continuum in which 
there exists an absolute scalar differential invariant F(a, dz), positively homo- 
geneous of the second degree in dz and subject to the condition | Fi; | = 0. 
The invariant F(z, dx) is called a metric and a space in which it exists 
a generalized metric space.” 

An affinely connected space may be metric in more than one way; that 
is, it may admit more than one scalar invariant of the type of F(a, dz). 
We are not concerned with that question here; we assume the existence of 
F(a, dr) and obtain the affine properties of the space in terms of it. 

We assume that the coordinates of a point are real and that a curve is 
given by z* — fi(t), f(t) being analytic functions of ἡ not all constants. 
The element of are ds is defined by 


(10. 1) ds? = eF (x, ἃ) dt, 


where e is plus or minus one according as F is positive or negative. By 
Euler's theorem on homogeneous functions we have 


(10. 2) F(a, 2) — VF i i2. 
Hence if we let 157? ;; — gi; (10.1) becomes 
(10. 3) δ᾽ = egi tid, 


where, obviously, gi; are symmetric in the subscripts, homogeneous of degree 
zero in z and since F is a scalar, gi; are the components of a tensor. It also 
follows easily from the law of transformation of a tensor that gij (= gije) 
is a tensor symmetric in its subscripts and homogeneous of degree — 1 in d. 


. . . ἔχ κ . . . . 
When we minimize { sdt we obtain, as in Riemannian geometry, the 


9” to 


equations of the extremals, or geodesics, 
dz! { i \ da! dak 
0, 


(19. 4) arte fe 


ds ds 

*The study of homogeneous differential forms other than quadratic polynomials 
dates back to R. Lipschitz, Crelle, Vol. 70 (1869), and Vol. 71, 72 (1870), where 
covariant differentiation first made its appearance. A complete system of invariants— 
the normal tensors—was developed by Emmy Noether in the Góttinger Nachrichten, 
Vol. 25 (1918); but the study of the geometry of a generalized metric space begins 
with P. Finsler's Dissertation, Göttingen (1918). It is probably for this reason that 
some authors call a space with a generalized metric a Finsler space. 
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where for simplicity’s sake the arc s is used for a parameter, { ji \ being the 
Christoffel symbols of the second kind formed out of gij[z, (dv/ds) ] d ji j 
being homogeneous of degree zero in if jh peg are the funetions H* of 


81; from this fact we get by partial differentiation * 


(10. 5) Pas f ἡ py batad Ὁ pact Miete d ele 


as the components of the fundamental affine connection of the metrie space. 
From the definition of covariant differentiation of 8 2, it follows that + 


(10. 6) fiik- Japt®T%; μ, 


where it is to be understood that T%;; are the components of ine fundamental 
affine connection as defined by (10.5). 

By a motion in a metric space we understand a member of a continuous 
group of point transformations which preserves the arc-length of every curve. 
We consider, as in the case of collineations, the effect of an infinitesimal 
transformation defined by a vector é on (10.3). From the definition of 
a geodesic it follows that if the point transformation is to be a motion it 
must carry geodesics into geodesics, and since the arc-length of every curve 
is preserved, the vector £ must satisfy equations (8.2). Equations (8.2) 
however do not constitute a set of necessary and sufficient conditions that the 
vector é must satisfy in order to define an infinitesimal motion; to obtain 
these we have: 


3? — eji; (2, Ὁ) Φέδ! 

iit — gi -+ (x) du 

$i — di 4 (08/021) Zi Bu 

gi (Z, ὃ) = gi; + (091/029) £u + gii (08/021) itsu + - 
Hence 

85 — ef gig + (0gi5/02*) &8u + gis (0/027) $1 δι +--+] 

[&* + (θξί/θων) trdu] [2! + (02/02) imiu] 

from which we get, upon neglecting higher powers of δι than the first, 


55 — δὲ p ehijzitldu 


* Of. Berwald, Jahresbericht der Deutschen Mathematiker Vereinigung, Vol. 34 
(1926), pp. 213-20. 
ΤΟΙ. Berwald, Mathematische Zeitschrift, Vol. 25 (1926), p. 54. 
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where 
(10.7) — hij — gi (08/024) + gu; (08"/02*) + E (0g1,/02*) + gija (08/02!) 11. 


The vanishing of hi;z'i/ is a necessary and sufficient condition that £' 
must satisfy in order to define an infinitesimal motion. It is not difficult 
io verify the fact that the functions hi; satisfy all conditions of the lemma 
of $1. Hence we have ` 


If a vector &(x) is to define an infinitesimal motion, it must satisfy 
the n(n + 1)/2 equations 


gu (08/02) - gn (08/02) + ἔν(ϑφι;/95) + gus (98/023) à! — 0. 


When in the above equations the partial derivatives are replaced in terms of 
covariant ones, these equations become 


(10.8) ginkga + gui + E gia + Emig — 0. 


We shall refer to (10.8) as the equations of Killing who obtained them for 
a Riemann space." From (10.8) it is evident that hi; are the components 
or a tensor. We make use of this fact in obtaining metric spaces which admit 
a given infinitesimal motion. For the given vector é (v) defining the motion 
can be normalized so that its components are, say, 6,4. Then (10.8) become 
0gi;/0z* = 0. Hence we have 


The most general metric space admitting an infinitesimal motion may be 
obtained by choosing for Ε(α, ἃ) a function of z*,* + +,” homogeneous of 
the second degree in x, - +, ἄπ, such that F540. 


Since the finite transformations generated by the infinitesimal one defined 
by 8,* are t = gt +- διία and gi; is free of z', it follows that the are is 
preserved under the finite transformations. Hence 


A space admitting an infinitesimal motion admits the one parameter 
finite continuous group G, of motions generated by the infinitesimal one. 


Two infinitesimal motions are said to be linearly independent if there 
exists no relation of the form a£ -|- bn‘ = 0 a and b being constants (a, 6540). 
By the path-curves of à motion we understand the curves of the congruence 
determined by the vector defining the motion. We then inquire whether two 
linearly independent motions may have the same path curves. Το answer this 


?* W. Killing, Crelle’s Journal, Vol. 109, pp. 121-186. 
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question we normalize the vector defining one motion so that its components 
are διύ; then if the second motion is to have the same path-curves its com- 
ponents must be ϕ (2) διῖ, which when substituted into Killing's equations give 


(10.9) φω(δφ/θω) + θω (06/025) + gu (08/02) — 0. 


When these are multiplied by 427 and summed for i and for j we get 
Fi(d$/di)— 0 and since P, 24 0 (cf. last theorem but one above) we must 
have $ — const. which makes the motions linearly dependent. Hence 


Two linearly independent motions can not have the same path-curves. 


In a general metric space the length of a vector and the angle between 
two vectors are defined with respect to a direction.* The length of a vector 
ét relative to a direction dz is given by 


(10. 10) l= v egi; (a, dx) && 


while the angle between two vectors é and « relative to a direction de 
is given by 
(10. 11) ο Pan UC Oe) Li, RA 

V ésgii£& V θεφκιηΐηΐ 


where it is understood that neither £^ nor ηΐ is a null vector relative to the 
direction dz. 

A motion will be said to be translatory or a translation if its path- 
curves are geodesics | and our next problem is to determine a method for 
obtaining a general metric space admitting a one parameter group of trans- 
lations. We first consider the necessary and sufficient conditions that the 
metric F must satisfy in order that the curves of parameter z* (i. e. the 
curves z? — c?, αὓ--οὗ, + -, z^ — c”) shall be geodesics. Our coordinate 


"Cf. L. Berwald, Mathematische Zeitschrift, Vol. 25 (1920), p. 56; J. L. Synge, 
Transactions of the American Mathematical Society, Vol. 29 (1925), pp. 61-68. 

+A translation in Riemann spaces is defined as a motion in which each point 
moves through the same distance and our definition is proved as a theorem. It is 
just as easy to prove that if the path-curves of a motion are geodesics each point 
moves through the same distance, the main reason for the adopted definition being 
the fact that it applies to transatory collineations where no distance is involved. 
Of. Riemannian Geometry, § 72. 


a 
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system may be so chosen that qt is the arc of the curves of parameter g!” 
and if these curves are to be geodesics we must have 


dz: { i m d o 


ἀφ’ ' \ jk | det dat 
which reduce to { a } = 0. From the last equation we have upon multi- 


plying by gin and summing for à, [11,4] — 0 where [1j,h] are the Christoffel 
symbols of the first kind. Hence our condition becomes 


(10. 12) Όσικ/δοὶ — γοῦσιι/ δα = 0. 


Since z! is to be the are of these curves we have from (10.3) gu — e. 
This and (10.12) gives (0g:,/027) == 0 that is, gın is free of zt. From these 
results we see that F(= gi;z'a/) must be of the form a(4')? + ito, + da 
where $, is homogeneous of the first degree in 2?,- - -, 2" and is free of a? 
while $; is homogeneous of degree two in ὦ”, : :,$". That this condition 
on Ζ' is sufficient may be proved very easily by showing that the curves g? = c?, 
z? = ¢3,- ,g" — c” are geodesics of this metric space. 

Combining this result with the second theorem of this section, we have 


A space admitting a G, finite continuous group of translations may be 
obtained by taking F in the form a(t)? + 241 + ds, di and Φε being 
functions of a?,-+-,a" and of x*,- - -, ἃ» homogeneous in the last set of 
n— 1 variables of degrees one and two respectively, while a is an arbitrary 
constant. 


We shall next prove a generalization of a theorem on translations in 
Riemann spaces,] which states that 


The angle between the path-curves of a translation and any geodesic 
(with respect to the geodesic) does not vary along the geodesic. 


We take the metric of the space admitting a translation, in accordance 
with the theorem established above, to be P = (åt)? + 21d, + $» so that 


* The truth of this statement may be briefly proved as follows: let gi = f, 
2-02,...,4»-:0n be the equations of the curve in terms of a parameter t. The 
element of arc is then ds? == eg,,(da’)2 and since g,, is homogeneous of degree zero 
in the one variable dx’ it is free of da’. Hence s= f [eg,, (a^) kda = f(a’). 
We now apply a transformation of coordinates ὧι —f(91), 42 == 92,. . ., gn = rn, 
In this coordinate system the equations of our curves become zi=s, $2 —02,..., 
cn — c» where s is the arc. 
1 Cf. L. P. Eisenhart, Riemannian Geometry, § 72. 
5 
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gua = 1, (θφι/θω1) =0. Then the vector defining the translation has com- 
ponents δι’ and if zt = ft (s) are the equations of a geodesic in terms of the 
arc, the angle in the theorem is given by 


(10. 13) cos 0 — gd! 

8s is obvious from (10.11). Now 
(d cos 6/ds) = à! [(0g.,/07*)à* + gn] + guid 

and since the curve is a geodesic we have $4 = — I7,;2*42'. Hence 
(d cos 6/ds) = tix" [ (0g,;/0z*) — σι μι — girt]. 


Because (0g;;/0v') = 0, 
fij X ne" = [1k, j] οὗ = Y5[(0g,;/025) —(0gi:n/0227) ] ὃν (ef. (10.5) ). 


Hence σι) Λι όλ — 0 and (d cos 6/ds) = 91;,.44%* = 0 by (10. 6) and there- 
fore 0 is constant along the geodesic. 

If & is any vector and zt = f*(s) are the equations of a curve, we define 
pi = & 523 as the associate of £ with respect to the curve.” 

Let & be a vector determining a motion; its components satisfy Killing's 
equations and when these (cf. (10.8)) are multiplied by £4? and summed 
for i and for j we find, because of (10.6) 


(10. 14) gu; eh etii = 0, 


from which we have gijz‘z/ = 0 which implies that μὲ is orthogonal to the 
curve with respect to the curve. Hence 


The associate vector with respect to a curve, of a vector determining a 
motion, is orthogonal to the curve. 


The converse of the above theorem is also true; that is, if in a metric 
space there exists a vector of position whose associate with respect to any 
curve, is orthogonal to the curve the vector defines a motion. For (10.14) 
is a necessary and sufficient condition for orthogonality and from it Killing’s 
equations are easily obtainable by two successive partial differentiations with 
respect to δ! and ὦ”, 


11. Integrability Conditions of Killing’s Equations. Because of the 
symmetry of the tensor gi;, the conditions on the vector £* defining a motion 
consist of [n(n + 1)/2] independent equations for the determination of the 


* Of. L. P. Eisenhart, Non-Riemannian Geometry, $16. The vector μὲ is also 
called the derived vector. 
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^? unknown functions (0£5/0z!). We therefore can not solve Killing’s equa- 
tions for é; in terms of gi; and £" Since a motion carries a geodesic into 
a geodesic and preserves the arc, £ must also satisfy equations (8.2). Hence 
the problem of obtaining the components of a motion reduces to the solution of 


(11. 1) Él jr + eK + EL yi T ja = 0 
subject to the conditions 
(11. 2) gine" F gréa F Egija + E sagi = 0. 


The dependent variables in these equations are the n? +- n functions ét; and 
ξἰ subject to the [(n? + )/2] conditions (11.2). Hence 


The greatest number of linearly independent motions that a general 
metric space may admit is [n(n + 1)/2]. 


The conditions of integrability of (11.1) subject to (11.2) consist of 
all cquations obtainable from (11.1) and (11.2) by partial and covariant 
differentiation and elimination of £*;; by means of (11.1). As in the case 
of affine collineations we can discard a great many of these equations by 
proving them linearly dependent on the remaining ones. 

Thus the conditions of integrability of (11.1) are (8.3) and (8.4). 
From (11.2) we get by covariant differentiation and the use of (11.1), 
(2.8) and (2.9), 


(11.3) hag == gijn + Ginny + guis + E gii + Eni gira 0. 


When (8.4) are multiplied by gipt? and summed for i, the result reduces 
by means of (10.6) and (10.8) to (11.3). Hence (11.3) are linearly 
dependent on (8.4). Similarly by partial differentiation we get 


(11.4) — hix ginta + giat + guts + E gina + E mi giga = 0. 
Ὃν means of (11. 3) and (11.4) it can be shown that 
higki— haga = Jip VP int + Ipi VP int + Tail; + ΤῬημι]ιρι, 


where V?;,; has the significance of § 8. Therefore, since the equations arising 
from (11.3) are equivalent to those arising from (8.4), the equations arising 
from (11.4) by covariant differentiation are also equivalent to those arising 
from (8.4). Hence we have 


A necessary and sufficient condition that a general metric space must 
satisfy in order to admit v linearly independent motions is that there exist 
three whole numbers M, N and P (= 0) such that the rank of the matriz of 
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T, Tit © Tu Vu, Vui ++ Vua; h, has cc, hy and that of T, Τμ 
Vasa’ ts Vsaana fyc + cha shall be [n(n + 1)/2] — r. 


We have shown in § 8 that if £4, («—1,:  -,τ) are the components 
of r linearly independent motions, the components of the alternant of any 
two of them satisfy (11.1). We therefore need only prove that the com- 
ponents of the alternant satisfy Killing's equations in order to prove that 
these motions form a G; finite continuous group of motions. When the 
values of ἐν and £m given by (8. 18) and (8. 14) are put into (11. 2) we find 


Hi = gafta + gufa + P gin t Emt gin = Gin (Ea), 38h qp» — £" qf cy n) 
-F gui (£^ (a) iE gy s — E" prian) 
F Elak" p) (gigi + ση Kimi + Jit? K" pmi) 
a (£^ (£t (a), — Saye (9,5) (ginI"jtm + gniT iim) 
-- 4?g ia (Erap Byn — E" (5) 0b P (a), m). 


From (2.8) and (2.9) we have 


Gink gi + Gni Kin + gimi? ant == ij, 1 ην — Jij,m,t 
and - 
Ginlj1m + GajL"iim == gijtm — Jij,m.t- 
Therefore, by adding and subtracting suitable terms, 


Hij = £u — E phai ΟΥ ΤΟΠ. 

+ Éran ihip — Epris + Eh yii — Ép κατι = 0 
because of (11.2), (11.3) and (11.4). This concludes the proof of the 
statement made above. i 

19. Simply transitive groups as groups of motion. Let" &* be n 
linearly independent vectors of position only. Let these vectors be the com- 
ponents of the infinitesimal transformations of a finite continuous group Gn 
whose constants of composition are C%g,. Since | é*|40 the group is 
simply transitive. We shall prove that 

Any simply transitive group in n variables is the group of motions of 
an infinity of general metric spaces.] 

Let πιά be the set of covariant vectors conjugate 1 to the set 4t, that is, 


(12. 1) éan; Lu 8j*, £ hy? m δαθ. 


*In this section Greek indices will indicate the vector and Latin ones the com- 
ponent. The summation convention applies to both sets of indices. 

f For Riemannian spaces this theorem is due to Bianchi, loc. cit, p. 517. 

t Non-Riemannian Geometry, p. 45. 
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Killing’s equations may be written as 


(12.2) "4. tlga ES Ho κο + δα «ρον. 
We define an invariant J by means of its components 

(12. 3) J'gg = —qa (06: / 0c?) = ξα (0547/02). 

Because éa? generate a group, we have 

(12. 4) dag — Jay = — CV apey'np ng? 


and by repeated application of (12.3), (12.4) and the relations between the 
constants of composition of a group, we obtain 


(12. 5) (8081/01) — (0I%j 1/00") == Igy Pj — Jaw? jn. * 
From the first of (12. 3) we have 
Iéu” / 0E = — EIT" yj, θ:ξα:/θοΐϑο! = —£, (0J',/0s!) A £9J115J*; 


and therefore 


(13. 6) (847, /011) — (00% 1; /0a*) = ο ων] διη — Tig] Px. 
Equations (12. 2) may now be put in the form 
(13. 7) 0g ;/0x* — ging + guida; + (091/02) I. 


The above system of partial differential equations in the n? dependent varia- 
bles gi; is of a type studied by Konig, the conditions of complete integra- 
bility of (12. 7) being 


af ijk fin 441 


9 θῇ ὃ ô δρα; 
(12. 8) Or! ^D T fot δω fux foar _ Ofin, δα 


ta — 
pa T e 0i — gs, ÔT 





— Toa 








+ than foar — Ofin “est ) tus = 0 
goas ὅθει O9nqs ὅθιω T 
and 
(12.9) Ofem δρα Ifin fow y fase Ifaa fur δα o, 


Oper 00 πω Ipar O9nme 89 na: O9nmr 89 ngs O9nmr 

where [πι is the right-hand side of (12.7) and zt, zt, gi; and gis are re- 
garded as independent variables in the partial derivatives of (12.8) and 
(12.9). From (12.7) we have 

(12. 10) Of igx/0gpar = 8198,47 ryt 

and when this is put into (12. 9) it is found that these conditions are satisfied 
identically. Again 


* Of. Riemannian Geometry, pp. 247-49. 
1J. König, Mathematische Annalen, Vol. 23 (1884), pp. 520-27. 
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fijne! — gin (J^ 0!) F gui (02 i02!) + Φε (07 m/021) x", 
θῇραι/ 037 = gan "rx, 0fiji/0gpa — 91975 A 847? i. 

When these values of the partial derivatives of f are put into (19.8) the 
result is 


Gin] (8751801) — (0951/09) + J'y? g; — I" pI? 51] 
+ gui [ (ο 3/0z1) — (0J^;,/0x*) -- Jp δη — J'a] 
+ giim[ (0715/0!) — (07% 11/02") --- J” pT Pig — I” oT Par) 3^ = 0 


(12. 11) 


which is satisfied identically because of (12.5). Hence (12.2) are com- 
pletely integrable, that is, they admit a solution which for z'— a,‘ are 
arbitrary functions of zi, which proves the theorem. 

From the fact that a vector defining a motion satisfies not only (12. 2) 
but also (8.2) it follows that the above theorem will be true if we replace 
in it the words “ motion ” and “ metric space ” by “ collineations " and * space 
of paths” respectively. 


The Complete System of Two Quaternary 
Quadratics. 
By J. WiLLIAMSON. 


1. Introduction. The system of concomitants for two quaternary quad- 
ratic forms was worked out by Gordan in the Mathematische Annalen, 
Bd. 56. Gordan’s list of 580 forms was reduced by Turnbull to 125 forms.” 
This paper, while only reducing the number from 125 to 122, finds the con- 
comitants by quite a different method. The method shows the fundamental 
róle played by the four quadratic covariants in determining the complete sys- 
tem and gives very simply all the formulae of reduction used by Turnbull. 
Further, it seems likely that without much difficulty the method could be 
extended to the case of two quadratics in five or six variables. 


2. List A. 


The Prepared System. 
ls == Ar; 20 => (ABr), δα == (Bez), 4, = bs. 


(19) = ag(Ap), (23) = (AB) (αβρ), 

(43) = ba(Bp), nee (14) — (abp), 

(18) = (aBap) = ba(ab’p), (42) = (bABp). 
(193) = — ag(AB) ug, (432) = — ba(AB) ug, 
(124) ==. ag(Abu), (481) == ba(Bau). 

(1234) == — ag(AB) ba, (12, 43) — agba(ABuz). 
List B. 
The 122 unreduced forms. 
5 Invariants 425, bq”, (AB)?, αρ", dp. 
5 Covariants 137, (1284) 12223242. 


5 Contravariants — (ijb)*, (1984) (123) (234) (124) (184). 


16 Complexes (05 6, (ij) (jh) (ki) 4, 
(1234) (12) (34), (1234) (14) (23), 
(1234) (4j) (ik) (im) 4. 


^H. W. Turnbull, “The Simultaneous System of Two Quadratic Quaternary 
Forms," Proceedings of the London Mathematical Society, Ser. 2, Vol. 18, Parts 1 
and 2, pp. 70-94. Further reference to this paper will be indicated simply by “ Turn- 
bull’s paper.” 
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19 Mixed Forms con- 
taining z and u 


14 Mixed Forms con- 
taining z and p 


14 Mixed Forms con- 
taining p and u 


44 Mixed Forms con- 
taining v, p and u 


(1234) (123) 4z, (1234) (234) 1,, 
(ijk) iajoke 4 

(1384) (ijk) (ijm)isjs 6 

(ijk) (ijm) (ikm) ἐς 4 

(19, 43)2, (1234) (19, 43) 

(12, 43) (124) (134) Lede. 


to (ij) je 6, (1234) (23) ode, 

(1234) (21) (14) 1.8. 

(1384) (23) (34) 1,3, pe three similar forms. 
(1234) (34) 1:2, 

(1234) (12) (23) (34) 208.. 


(1234) (ijl) (jm) (ij) 6, (199) (234) (14), 

(134) (342) (12) 

(1234) (198) (184) (12) (23) faa three similar forms. 
(1234) (123) (184) (14) (43) 

(124) (134) (12) (14) (84). 


(198) (19)8., (123)(23)1, (124) (12) te, 

(124) (14)2,, (1234) (123) (41) 1a l 

(1934) (123) (49)8., (1954) (124) (32) 2e, 

(1234) (124) (34)4e, (139) (23) (14) 4z, and nine 
similar forms. 

(143) (23) (12)4,, 

(ijle) (ij) (ile) ia 12, 

(1234) (124) (14) (34)1,, 

(1234) (123) (23) (34) 22, 

(1234) (124) (12) (23)1,, rand five similar forms. 

(1384) (234) (42) (21)4,, 

(1234) (124) (24) (43) 2, 

(12, 43) (12) (34), 

(12, 48) (124) (84)42, and a similar form. 


In this list 4, j, k, m take the values 1, 2, 3, 4. The number appearing on 
the right of & concomitant is the number of distinet concomitants of that 
type. A similar form means a form in which the symbols 1, 4 and 2, 3 are 
interchanged. The actual complete system is obtained by removing from 
each form any invariant factor which may appear. For example, 


(12)? = ag (4p)*. 


We therefore drop the factor ag? and take (Ap)? as the unreduced form. 
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3. Nolation. Let 
(1) fSte οπή aver, 
be the two quadratics. Further let A, B denote a convolution of two equiva- 
lent symbols a and a’, b and b’ respectively, so that the factor (aa’cd) is 
written as (Acd). Similarly, let a convolution of three equivalent symbols 
a, a^, a” be written as « and of three equivalent symbols b, b’, b” as B, so that 
(dan'a^) is written da or (da). 

If x, y, z, t are four sets of cogredient variables, the following notation 
may be used ; 
üo ἂν 


A | = (ab | zy) = (abzy), 





üs αν a 
bo by be |= (abe | xyz) = (abezyz), 
Ca Cy Cz 


(2) 





Ιαν by c; di| (abcd | zyst) = (abcd) (xyzt). 
Furthermore we have the fundamental identities ; 


( (abed) ες = (αὖσε) ἆο + (abed)ce + (aecd)bs + (ebed)as, 
| (ab | zy) = azby — ayba, 
(8) 4 (abc | syz) = (ab | zy) cs — (ac | vy) ὃς --- (be | σψ)α-, 
= (ab | zy) e; — (ab | az) cy — (ab | yz) ce, 
| (abcd | zyzt) — (abo | zyz) ἄι ---- (abd | αγα)οι — (ade | xyz)b: — (dbe | syz) -+ 
These identities may be written more shortly in the forms, 
(abcd) ἐα = 0, 
(ab | zy) = αοὖν = a;b;, 
(abe | zyz) = (ab | zy) ο, = (ab | &y) ez. 
(abcd | zyzt) — (abe | zyz) di, 
where the dots above the letters indicate the determinantal permutations that 
must be made. 


4. Co-ordinates. Let the four vertices of a tetrahedron be the points 
(4) & ypy zZz t 
and the four planes of the tetrahedron be 


(6) Q% w, v, a 
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where z = (122284), ¢ = (qiqoQsqi) With similar expressions for the other 
points and planes, so that x, y, z, ¢ denote cogredient quaternary symbols 
each contragredient to any one of q, w, v, u. Let the three planes u, v, w 
meet at z and so on, as is indieated by the order of writing (4) and (5). 
Then, if (wow) denotes the set of four determinants (uva Wa, U,V,Ws, M Vots, 
UVW); 


(6) { g= (ww), Δέν = (xyz), 


A? = (σαὶ), A (uv) 12 = — (ry) 54 etc., 


where (quvu) = Δ. 


Hence, if d, e, f, g are quaternary symbols cogredient with u, 


A^ (defu) = (def | zyz) 
(7) | A(dep) == A(deuv) = — (de | zy) 
A*(defg) = (defg) (zyst) = (defg | uyat). 


5. Determination of the prepared system. By the fundamental theorem 
every concomitant of the two quadratics (1) is a sum of products of factors 
of four types, ds, (deuv), (defw) and (defg), where each of the symbols 
d, e, f, g stands for a symbol a or b and must occur exactly twice in each 
product. The factor 4 might also occur but as it is a concomitant as it 
stands, we neglect it. 

Hence by (7) every concomitant multiplied by a suitable power of A 
can be represented as a sum of products of factors of the four types dz, 
(de | zy), (def | zyz) and (defg |ayzt), where a power of A is introduced 
with each variable y, z, and 1. 

Let K be such a concomitant multiplied by a suitable power of A. If K has 
the factor (a4,0,05 | zyzt), then by (2) K = Zi(aaasas | zy21) atras; dsl, 
where é, η, ζ, ὃ are variables α, y, z, t but not necessarily distinct. By deter- 
minantally permuting the equivalent symbols a, di, d», as, we have 


4!K= SN 


where each term A has the factor (aa;@2d,)?(xyzt)? or else is zero. Hence, 
if K has a factor a, (or bg), K is either zero or has the invariant factor 
αα (or bg?). In either case K may be considered to be reducible, and we 
denote this by writing K == 0 mod au. 

A similar proof shows that, if 2:458; or b,b,b; (i — 2 or 3) are convolved 
in K, the complementary symbols may also be convolved or finally: 
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Lema I. If K is not reducible, 
mK => M, 


where each M is a product of factors of the types a, bp (A | &, (B | ἔη), 
(α | &£), (B | Ent) and each symbol a, b, A, B, α, B occurs exactly twice in 
each product, while m is an integer. 


Now two quadratics in n variables have n + 1 invariants which form a com- 
plete system of invariants.* For our case these invariants are aq”, bg, 
(AB)? = ©, ag? = à, ba? — V. There are also n quadratic covariants be- 
longing to the complete system of two quadratics in n variables.t Let us 
denote the four quadratics in our case by, 


1ο) = av, 4s? = ba’, (i.e. the two original forms), 
2° — (Az)? = (apan —a’gaz)? where A = aa’, 
δρ” = (Bax)? = (babs — b’abz)? where B = 20’. 


Now 


(12 | &) — αἱ ρ(αα” | x) — a^g(au' | én) — ap(A | én) + (aaa | ξηβ) 
(8) (A= a'a”), 
==ag(A | ἕη) neglecting the last term. 


Similarly 

(9) (123 | ént) = ag(Aa; | ξηζ) (Bazas) (α = @,020s), 
== ag(a | ξηζ) (AB) mod da, 

and 

(10) (1234 | zyzt) = ag (AB) ba (ayzt). 


We have also the corresponding results 


(11) [ (45 | ἐπ) =ba(B | &), 
1 (482 | ént) = ba (BA) (8 | ἐηζ). 


Hence, if K be multiplied by a suitable factor J composed of powers of 6, 
$, and w, it follows by lemma I that mIK can be expressed as a sum of 
terms, where each term is a product of factors of the one type 4(? = 1, 2, 8, 4: 
=T, y, 2, 1). But in K the variables z, y, z, t were originally convolved 
as x, (zy), (xyz), and (zyzt). Now mIK involves the same variables as K, 


* H. W. Turnbull, Theory of Determinants, Matrices and Invariants, Chap. XX, 
86, page 304. 

T Turnbull and Williamson, “The Minimum System of Two Quadratics in z 
Variables,” Proceedings of the Royal Society of Edinburgh, Vol. 45 (1924-25), pp 
149-165. 
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the only difference being that each symbol a or b occurring in K has been 
replaced by a symbol 1, 2, 3 or 4. Hence we may convolve the variables in 
mIK back again, exactly as they were originally convolved in K, and there- 
fore have the result that mIK — Σ, M where each M is a product of factors 
of the four types iz, (tj | zy), (ijk | syz) and (ijem | vyzt) — (ijlem) (ayzt) 
and the symbols A, «, B, 8, which oceurred in K, also occur in M. We have 
now proved the theorem: 


ΤΉΕΟΒΕΕΜ I. Every concomitant K, is either reducible or else, when 
multiplied by a suitable invariant factor composed of powers of ©, ἃ and v, 
it can be expressed as a sum of terms, where each term is a product of 
factors of the four types mentioned above. Further, each symbol i, j, k, m 
must occur exactly twice in each product and the symbols A, α, B, B which 
are convolved in K appear explicitly in the symbols i, j etc. 


If K is reducible K = I,K, where I, is an invariant factor composed of 
powers of aq”, bg? and K, is not reducible. 

Therefore, by considering all possible products M, composed of the four 
factor types, mentioned in the theorem above, we will obtain a system in 
terms of which every concomitant K of the two quadratics, if multiplied by 
an invariant factor, can be expressed. But any such product M = > Ιιῶι, 
where each G; is a concomitant involving the variables properly convolved 
and each J; is an invariant composed of powers of ©, Φ, v. Hence, if we 
determine the complete system of the Gj, we have a system of concomitants in 
terms of which every concomitant K, if multiplied by a suitable invariant 
factor, can be expressed. 

Let us consider the concomitants G; in the following order: 


1. Consider G, before G; if G is of less degree in the coefficients of the 
two quadratics than G;. 


2. If 1 fails to distinguish G4 and G2, consider Gi before Ga if G4 has 
more symbols α (or 8) than Gs; and not less symbols 8 (or ὦ). 


8. If both 1 and 9 fail, then consider G, before Ga if G4 has more 
symbols A (or B) than Gs and not less symbols B (or A). That this is a 
legitimate procedure follows from the fact, that each G; is also a concomitant 
K and can therefore always be obtained from symbols i, ete., in which the 
symbols «, B, A, B appearing in G; also appear in the iz. 
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It follows immediately from this scheme and the manner in which the 
formulae (8) to (11) were obtained, that we are at liberty to use these 
formulae in determining the G; from the products M. Moreover, 


(23&) = ap(Basda) (αν | ξη) — a'g(Bdsds) (ads | én) € = 040205; 
== dag (Baza) (ad, | £p) — dsg (Báza) (ad, | én) mod bg. 
= (AB) (α | Bén) mod ta 


We next proceed to show that of the factors of M we may neglect those 
in which equivalent symbols 1 1’, 2 2’, 3 3^, 44’ occur convolved. 

Let us first consider the case in which 11’ is convolved. Since an in- 
variant factor ag may be introduced when 12 is convolved in one bracket 
factor, we have to consider the separate cases: 


Q^ | én) = (ao | én) = (A | ξη), 

(121^ | ξηξ) == ag(Aa' | ξηξ) = ag (a | ξηξ), 

(121/2/ | zyst) = aga/g (AA’ | zyzt) = 0 mod ag, 

(1231' | zyzt) ==ag(AB) (αα’ | zyzt) ==0 mod aa. 
In every case the resulting G: have been reduced to G’s of a simpler type 
and so the factors above may be neglected. Similarly we do not need to 


consider factors in which 44’ appears convolved. The cases to be considered 
in which 2 2’ occurs convolved are 


22’, 122’, 232’, 2342’, 2382/3’, 1232’. 
Of these the last three are reducible mod ag: 


(22 | &y) — (dB) (a, 8") (dou; 





én)— (ài B) (a^^) (420s | én), 
A=, Α΄ — αια”, 
= (di) (ds) (Α΄ | £y) — (A'd: | ξηβ') (G8), 
== (A'd | B'&y) (dB) mod bg: 
(122" | ξηξ)-Ξ(αβ) (d. B") (Ada | &£)e (a) (ἀιβ') (α | &x) : 
(282 | &t)e (4B) [(4β) (^8) (ἀιάια΄. | Ent) — (4B) (al2B’) (ἀιάνα' | 5t); 


= 0 mod da, bp, αξ-αασια, Å’ =U o 





Once again the resulting G; have been reduced to G’s of a simpler type. 
Similarly we do not need to consider bracket factors in which 3 3’ appears 
convolved. Furthermore, since 
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ig — Ua = (i | én) 


we can interchange equivalent symbols 4 in any product and so do not require 
to use distinguishing marks on the equivalent symbols i. 
But by (7) 

A+ (ij | zy) — (ijuv) — (ijp), 

A7 (ijk | 2yz)—=(ijku), 

4:3 (1284 | zyzt) — (1284), 


and, since originally a power of A was introduced with each variable y, z, t, 
we can pass back to the original variables u and uv. If we write (ij) for 
(ijp) and (ijk) for (ijku) we may state the final result in the theorem; 


THEOREM II. Every concomitant of the two quadratics, if multiplied 
by a suitable invariant factor, is a sum of terms, where each term is a product 
of symbolic factors of the four types (1934), (ijk), (47), io, together with 
the invariants ad? and bg? and each symbol i, j, k must occur an even number 
of times in every product. Moreover no equivalent symbols i, j, etc. may 
occur in the same bracket factor. 


The values of the factors (ij), (ijk) are given in list A 82. On con- 
sidering this list we notice that corresponding to convolutions of the symbols 
12, 28 and 34 factors ag, (AB), ba appear. Since we wish to determine all 
concomitants (not merely all the concomitants multiplied by an invariant 
factor), we must see if, in forming the factors (ij), (ijk), we have broken 
. up 12, 23 or 34. This may have happened. Before convolving the variables 
x, Y, 2 back to their original forms i.e. to zy, «yz, we might have the product 
(12 | zy) (34 | zz). In convolving the variables z, y, z together we permute 
x,y and z to obtain 

(123 | zyz)4, — (124 | zyz) 3s or 


(824 | zyz) 1 — (314 | zyz) 25. 


In either case we have broken up a factor 12 or 34, and so must introduce 
the new factor 
(12, 48) 22(128) 4, — (194) 35, 


&(143)2, — (943)1,. 


This is the only new factor that appears for (tj, km) is always expressible in 
terms of the earlier factors, if ij or kn is 18 or 24. Further 
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(12, 23) = — (199) 8ο + (123) 22 


where (122) has the equivalent symbols 22 convolved and so may be ne- 
glected and (123) has both 12 and 23 convolved. Similarly no factors of 
the type (ijk, lm) or (ijk, Imn) need to be introduced. Hence with the 
Introduction of (12, 34) we are now assured that, since we have found all 
factors in which 12, 23, 34 are convolved, we may, from our list of con- 
comitants multiplied by invariant factors, remove the invariant factors and 
obtain the actual concomitants. 


6. Identities. All the identities in Turnbull’s paper are obtained from 
the following: 


(ij) ke = (ik) jo +-(jle) ing 
(12) (34) — (18) (24) + (82) (14), 
(123)4, = (124) 32 — (134) 22 — (324) Le, 
(ijk) (im) = (ijm) (ik) — (ikm) (ij), 
(19, 43) = (123)4, — (124)35, 

= (143)2, — (243) 1s. 


(13) 


The first four of these identities are analogous to those for binary and ternary 
types and the others are a direct result of the definition of (12, 43). 
We now deduce two other important identities. 


(14) (12, 43) = [(123)4, — (124)3,] (14), 
(13) — = (124) (19)4, + (143) (12)4, — (124) (13) 4, — (124) (34) 1a 
= (143 (12)4, — (124) (34) le. 


(38) (12, 48) = [(123)4, — (194) δα] (23), 
(14) — — (128) (43)2, + (123) (24)8, — (123) (24)3, — (324) (21)3,, 
= (123) (43) 2, — (324) (21)3;. 


By means of the above identities all products of factors of the type indicated 
in theorem II can be expressed in terms of the list given 82 B. These 
identities cannot however be applied blindly. Consider for example the 
identity, (12)3; — (13)2, + (32) 1,. This identity involves on the left hand 
side the factor ag, because (12) is convolved. Accordingly, if 12 is convolved 
an even number of times in a concomitant, since eventually we shall discard 
the invariant factors, we are not at liberty to use this identity as it stands. 
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It may however always be used in the form (13)2, = (12)3, + (989) 10 since 
(18) does not introduce an extraneous factor. 


7. The determination of the concomitants. It is not our intention here 
to reproduce the work whereby the list B was obtained. We shall however 
give a few typical examples. 


Complexes. The only factors that may occur are the six (ij) factors 
and (1234). If the factor (1234) does not occur, the problem of determining 
the irreducible complexes is strictly analogous to that of binary forms, and 
accordingly the result is, 


The six quadratic complexes (?j)?, 
The four cubic complexes (ij) (jk) (ki). 


Tf the factor (1284) occurs and the form is a quadratic complex there are 
three possible cases, 


(1284) (12) (84), (1234) (23) (14), (1934) (13) (24), 


and of these the third is expressible in terms of the other two. If the form 
is a cubic complex it must be one of the four, 


(1234) (4j) (ik) (im) (i j, b, m, = 1, 2, 3, 4). 
The only other possibility is 
(1234) (12) (23) (34) (41) (13) (24) 


and this is obviously reducible. 


Concomitants involving the factor (12,48). 1 we consider a concomi- 
tant M, involving the factor (12,43), to be reducible when (12,48) can he 
expressed in terms of factors (4jb)m.;, any irreducible concomitant involving 
(12, 48) must have 12 and 34 convolved an even number of times. [Last two 
of (12)]. 

Let M denote a concomitant containing (12,43). Then obviously M 
may be 

(12, 43) (1284), 
or (12, 43)”. 
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If M Æ (12, 43) (1234), 23 must be convolved an even number of times in 
M, for otherwise Jf would have the factor (AB) (ABuz). It follows imme- 
diately that, if Jf does not contain the variable p nor the factor (1234), 
there are only two possibilities for M: 


M = (19, 43) (123) (234) 3,22, 
or = (12, 43) (124) (134) 1,4, 


where in the first 12, 23, 34 are all convolved twice and in the second 12 
and 34 are convolved twice. 

If M — (1234) (12, 43) N, 23 must be convolved once in N, for it cannot 
be convolved three times. Hence N contains (123) or (234). Therefore 


N = (123) (124) 354; or (834)(431)2,1,. 


But (198) (124) 3040 — (198) [(123)4,? — (12, 43)4,] by (12) with a simi- 
lar identity in the other case. Hence M is reducible. 
If M contains the variable p, M cannot have the factor (14) or (23) 

(by (13) and (14)). It is now a simple matter to obtain the complete list 
of irreducible concomitants involving the factor (12,43). The complete 
list is, 

(12, 43)? 

(12, 43) (1234) 

(12, 43) (123) (384) 3,2, R 

(12, 43) (194) (134) 1545 

(12, 43) (12) (34) 

(13, 43) (124) (34) 4s 

(12, 43) (134) (12) Ls 

(12, 49) (1234) (231) (12)3, R 

(12, 43) (1984) (234) (34)2, R 


8. Three special reductions. The concomitants above, which are marked 
E, appear in Turnbull’s list but are reducible. We proceed to show this. 
After removing the invariant factor, (12, 43) (123) (234)3,2, is equiva- 
lent to 
(ABz) (Bax) (ABuz)usug 
= 2 (ag Bx) (Baz) (Bau)uguga's 
= 2 [aga’s — asa'g] (Bax) (Bau) uauga’s. 
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Each term is factorable, the first having the factor a," and the second uga pa's. 
Hence the concomitant is reducible. 


(12, 43) (1234) (231) (12) 54 
is equivalent to 
(ABuz) (Bax) (Ap) ua 


== 2 (Abu) (bab’s — beba) (Ap) betta 
and again each term has a concomitant factor. An exactly similar proof 


shows that (12, 49) (1234) (234) (34)2, is reducible. We are therefore left 
with 122 concomitants which form the complete system for the two quadraties. 


Tne Jouns HOPKINS UNIVERSITY. 


Concerning Continuous Curves in Metric Space.” 
By W. L. AYRES. 


It is the purpose of this paper to prove some results concerning con- 
tinuous curves lying in a metric space. Most of these results are known 
for Euclidean space of two dimensions. The proofs for two dimensions do 
not extend readily since they depend, in general, upon two theorems, neither 
of which is true in space of more than two dimensions.| Also much of the 
complexity of the proofs of the theorems of the present paper is due to the 
failure of these two theorems. Wherever a theorem is known for the two- 
dimensional case, or for some other special case, we shall refer to this in a 
footnote. Throughout this paper we assume that all point sets mentioned lie 
in a metric space which is locally compact in the sense that for each point 
p and each number e > 0, the set of all points [v] such that p(p, v) Se isa 
compact point set. 


Notations. If K is any point set, K denotes the point set consisting of 
the points of K together with all limit points of K that do not belong to K. 
If v and y are points, the symbol p(x, y) denotes the distance from v to y. 
If X and Y are point sets, the symbol p(X, Y) denotes the greatest lower bound 
of the set of numbers p(z, y) where v is a point of X and y is a point of Y. 
Ti xyz denotes an arc with end-points v and y, the symbols «zzy, zzy7», and 
«ή» denote zzy — v, zzy — y and zzy — x — y, respectively. If x and y 
are points of an arc α, then the subset zy of α, or the subare zy of α, denotes 
the are with end-points z and y which is a subset of a. If X and Y are point 
sets, the symbol X +: F denotes the set of all points common to the sets X 
and Y. 





? Presented to the American Mathematical Society September 10, 1927. 

t The two theorems to which we refer are the accessibility theorem of R. L. Wilder 
and a theorem of the author that there remain only a finite number of maximal con- 
nected subsets of diameter greater than e7» 0 when a bounded continuous curve is 
removed from a given continuous curve. See (A) R. L. Wilder, “ Concerning Con- 
tinuous Curves," Fundamenta Mathematicae, Vol. 7 (1925), pp. 340-377, theorem 1, 
and (B) W. L. Ayres, “ Note on a Theorem Concerning Continuous Curves," Annals 
of Mathematics, Vol. 28 (1927), pp. 501-502. An example to show that both theorems 
are false in three dimensions may be found at the end of Theorem 1 of the present 
paper. TO sce that the theorem of the author is false, we take OP +a as the 
hounded continuous curve. Then for any positive number e< 2 there are infinitely 
many maximal connected subsets of diameter greater than c remaining after the set 
OP + a is removed. 
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TxroREM 1. In order that an M-boundary point P of an M-domain D * 
of a continuous curve M be accessible | from D it is sufficient that if C, is 
any hypersphere | with center at P there should exist a concentric hyper- 
sphere C; with radius smaller than that of C, such that only a finite number 
of the components 8 of D: I(C,) contain points of I(C2). 


Proof. Let C, be a hypersphere of radius 1 with center P. By hypothe- 
sis there exists a hypersphere C’ with center P and radius less than 1 such 
that only a finite number of the components of D-I(C,) have points in 
1(6). But if C" is any hypersphere with center P and radius less than that 
of C', then the above property is satisfied with respect to C". Hence there 
exists a hypersphere C, with center P and radius less than 14 such that only 
a finite number of the components of D-I(C,) have points in (C2). Let 
these be Di, Diz, Dis: ^, Din, Since P is a limit point of D there is 
some integer 4,(1 τς kı =m) such that P-is a limit point of Dy, There 
exists a hypersphere C; with center P and radius less than 14 and less than 
the radius of C, such that only a finite number of the components of D: I (C) 
have points in ](Οι). Then there are only a finite number of components of 
Dın’ I(C2) that have points in (C3). Let these be Da, Dos, Dos, + +, 
Do, As P is a limit point of Dix, there is an integer ka(1 τς ks S n») such 
that P is a limit point of Dex, In general there exists a hypersphere Ci,, with 
center P and radius less than both 1/1 + 1 and the radius of C; such that 
only a finite number of the components of D-I(Ci) have points in I (Cin). 
Hence there are only a finite number, Di, Di»,: - *, Din of components of 
Dia, κι, I(Ci) which have points in I(Ci,:). Hence there is one of these 
which has P as a limit point. Let Dix, denote this one. 

Let Q be any point of D and let P, be any point of D,z, distinct from Q. 
There is an axe αι of D whose end-points are Q and Ρι.Π Let Dm, be the first 


* A connected subset D of a continuum M is said to be an M-domain if M — D is 
closed. The set of all limit points of D that do not belong to D is the Af-boundary of 
D. See reference (A), page 341. 

ΤΑ boundary point P of a domain D is said to be accessible from D if for any point 
Q of D there exists an are with end-points P and Q and which lies in D except for the 
point P. 

ἃ ΤΙ p is a point and vr is a positive number, the hypersphere with center p and 
radius r is the set of all points [x] of the space such that p(z,p) =r. If 8 is a 
hypersphere, /(S) and E(S) denote the interior and exterior, respectively, of S, i. e. 
the set of all points [v] of the space such that p(z, p) «τ and p(z, p) 7 τ, respectively. 

8 A connected subset H of a point set K is said to be a component of K it H is nota 
proper subset of any connected subset of K. 

T (C) R. L. Moore, “ Concerning Continuous Curves in the Plane," Mathematische 
Zeitschrift, Vol. 15 (1992), pp. 254-260, Theorem 1. While Professor Moore proves the 
theorem for two dimensions only, it is obvious that the same proof holds for our space. 


^ 
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set in the series Din, Dora’ © +, which contains no point of αι. Let P; be 
a point of Dm, There is an arc a. of Dy, from P, to Pa. Let Dm, be the first 
set in the series Di, D», : : *, Which contains no point of o, + a, and 
let Ps be a point of Dm, There exists an are æ, of Dm, with end-points P; 
and P, In general let Dm, be the first set of the series Dix, Dor, Du, c * 


4 
which contains no point of Σ «;, and let Pin be a point Dm, There exists an 
£a 


are Gi, οἱ Dm,, with end-points P; and Pi. 

Let p, be the first point of a, on the are αι in the order from Q to Pi. 
Let p» be the first point of απ on the are o» in the order from p, to Pa. In 
general let p; be the first point of a;,, on the are αι in the order from pi, to 
Pı. ltiseasy to see that 


oo 
P+ subare Qp, of αι + X, subare pipi of α; 
i-2 


is an are from Q to P lying in D except for the point P. 

The condition of Theorem 1 is by no means necessary and it is probable 
that much weaker conditions may be found. It is not the purpose of this 
paper to study accessibility except in so far as may be needed for the remain- 
ing theorems. However, it may be of interest to observe that neither of the 
conditions given by R. L. Wilder * is sufficient in Euclidean space of three 
dimensions. Consider the following example: 

In a Euclidean three-space with a rectangular codrdinate system, for 
every positive integer n let Eyn be the set of all points (α, y, z) such that 


y=ne, 0S y S 1/n, 0S2 S2 — i/r. 


In each rectangular set Ry let An be the point (1/π”, 1/n, 0), and let α be the 
are consisting of the point O = (0, 0, 0) and the straight line intervals A, Ao, 
Aada, Asda, - ++. Let P be the point (0,0,2). Let 


oo 
MPa. XR 
1-1 


and let the M-domain D be M — OP. Both conditions given by R. L. Wilder 
are satisfied but the point P of the M-boundary of D is not accessible from D.t 


* See reference (A). 

1 The accessibility theorem of R. L. Wilder places conditions upon the boundary of 
the domain only. In this example we have an M-domain whose Jf-boundary is simply 
an arc, As an are 18 a very simple type of boundary, it seems evident that any gen- 
eral accessibility theorem for M-boundaries of M-domains in space of more than two 
dimensions must place some conditions on the M-domain itself. 
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Derinirions. If M is a continuous curve, « is an are of M, A and B 
are distinct points of α and D is a subset of M — c, the set of ares K will be 
said to be a chain of D from A to B if (a) K consists of a set of ares %41, 
2οΐίο; Vale)" °°, mim Such that (1) the are « contains every point s; and 
every point y;, (2) for each i, tis: lies between a; and y; on æ but not between 
Yi-ı and A, and Yi lies on the subset < y:B of a, (3) D contains < qiyi > 
for every à, (4) if i£ j, «απ» and «zy; have no points in common, 
(5) zı = A and y, — B; or (b) K consists of a set of arcs ziyi, T2Ye, Vas, 

’ satisfying (1) to (4) above and such that z, — A and B is the sequential 
limit point of [yi]; or (ο) K consists of a set of ares zoyo, 419a, Voss ^ 
satisfying (1) to (4) above and such that y, — B and A is the sequential 
limit point of [z ;]; or (d) K consists of a set of ares > * * , t sys, vaa, 
Loos LiYiy Xejo,' °° satisfying (1) to (4) above and such that A is the 
sequential limit point of [z;] for 4 negative and B is the sequential limit 
point of [σι] for 4 positive. The chain will be said to be of type (a), (b), 
(c) or (d) according as (a), (b), (c) or (d) is true. A chain will be said 
to be convergent if for any positive number ε it contains only a finite number 
of arcs of diameter greater than ε. 


THEOREM 2. Jf M is a continuous curve, α is an arc of M one of whose 
end-points is B, D is a component of M — a having B and a point A of « 
distinct from B as limit points, and e is a positive number, then there is a 
point A’ of « whose distance from A is less than ε such that there is a con- 
vergent chain of D of type (a) or (b) from A’ to B. 


Proof. Lét ει be any positive number less than both e and 3p(4, B). 
As M is connected im kleinen at A there exists a positive number ὃς, such 
that any point of M whose distance from A is less than δε, can be joined to A 
by an are of Jf every point of which is at a distance from M less than ει. 
There is a point P of D such that p(A, P)< 84. Let αι be an arc of M with 
end-points A and P, every point of which is within a distance ει of A. Let 
A’ be the first point of « on αι in the order from P to A. Then p(A, A’) < 
<< €. 

If B. is accessible from D, there is an are ας with end-points P and B 
and lying in D except for the point B. Let P’ be the first point of the subarc 
PA’ of αι on ας in the order B to P. Then the subare P’A’ of αι plus the 
subarc P’B of ας is a chain of D from A’ to B. 

If B is not accessible from D, by Theorem 1 there exists a hypersphere S 
with center at B and radius r such that if S^ is any hypersphere with center B 
and radius less than 7, then infinitely many of the components of D-I(S) 
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have points in I(8’). It is evident that if S" and S” are any two hyper- 
spheres with center B such that the radius of 8% is less than the radius of S", 
whieh is less than or equal to r, then infinitely many of the components of 
D-[(S") have points in Z(S"). Let [x] be any infinite set of points of 
D: S” such that no two belong to the same component of D-I(S"). Since 
[z] is an infinite bounded set, it has at least one limit point y. The point y 
belongs to D + a since D and M-D-« are mutually separated." Furthermore, 
if y belongs to D, it belongs to a component D, of D-I(S"). But D, and 
D-I(S") — D, are mutually separated. Hence y belongs to a. Then every 
limit point of such a set [x] belongs to α. 

Let S, S5, δα," + * be a sequence of hyperspheres with center at B and 
radii rj, Το, s," * +, such that (1) τι is the smaller of r and ει, (2) Tin < Weri 
for each 1, (3) if z is any point of «- [δι + I(8;) ] then α lies on the subset 
By > οἷα where y is any point of a: δι... "There exists a sequence Di, D», Ds, 

- of distinct components of D Ι(65ι) such that for each i, D; contains a 
point z; in I(S;). For each i and each j <i let D;; be the component of 
D, [(8;) which contains δη. 

For each i > 4 let σει be a point of Οι’ δε. Let v, be a limit point of 
[es]. We have shown that æ contains vi. Let e= 10 ρ(υι, S4 + Sc). 
There exists a positive number διο such that every point of M whose distance 
from v, is less than δι» can be joined to v, by an are of M every point of 
which is within a distance es of v, There is a point xz; such that 
p(t, Su) «δι.. Let αι denote an are of M with end-points v, and my, 
every point of which is within a distance ει» of v,, and let ¢, be the first 
point of « on ας in the order from vj to οι. Since Dz, is a component of 
D-I(§8,) and a, is a subset of 7(8:), every point of the subset r,t, > of αι 
belongs to Dx. There exists an are ἄς of D with end-points P and za. The 
set consisting of the are ας plus the subare PA’ of αι plus the subare @5x,f, of 
αι contains an arc βι with end-points A’ and ¢, such that D contains < f >. 

Only a finite number of the sets D29, Doro, Dour, * * * , contain points of Ai.t 
For each ὁ = 9 let zs; be a point of οι" Ss and let x; be a point of Dai: Ss. 
There exists a sequence of integers tı, is, îs, © - *, such that 


* (D) C. Kuratowski, “ Une définition topologique de la ligne de Jordan,” Funda- 
menta Mathematicae, Vol. 1 (1920), pp. 40-43; and H. Hahn, “ Ueber die Kompo- 
nenten offener Mengen," Fundamenta Mathematicae, Vol. 2 (1921), pp. 189-192. 

t See reference (D). 

$ Since B, contains only a finite number of mutually exclusive subares containing a 
point of S, and a point of S,. 
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(1) [zs] has a sequential limit point uz on α΄ δε; 
(9) [Tə] has a sequential limit point v» on a: Ss, 
(8) no set Doi, contains a point of fi. 


Let e; = Vop(us, S2 + S4) and es — Wop (V2, δε + Sio). There exist positive 
numbers δει and 822 such that any point of M whose distance from PM 
2 


is less than ic) can be joined to { 5 by an arc of M every point 


22 2 


F * MES η ε aL, s 
of which is within a distance { = of MI . Since u and vz are 
2 


en 

sequential limit points of [#3:,] and [Tsi], there is a number kə (which is 
one of the numbers in) such that p(t, axa) < n and ρ(υ», Tora) < 9s». Let 
ἂς and ας be ares of M with end-points uz and Tsk, and v. and ax, respectively 
such that every point of ἂς is within a distance e; of us and every point 
of ας is within a distance e», of vz. Let s, and tə be the first points of α on 
ἂς and ἂς in the orders from za to Uz and from 2%, to ve respectively. Since 
Dex, is a component of D-I(S2) the subsets 235,9 > of ἃς and Tortz > of ας 
belong to Doz, Let αι be an are of Dox, with end-points za, and Sora Then 
the set composed of the arc ἂς plus the subarc 2345» of ἂς plus the subare 
Φριοῖ» Of ἄρ contains an arc f» with end-points s, and tẹ and such that οι, 
contains < £: >. Since D, contains no point of fi, the arcs f, and f» 
have no common points. From the manner in which the hyperspheres were 
chosen we have the order A’set,t,B on a. 

Repeating the above process with the sets Dsis, Dei Deis, "^ ^ , we 
obtain an are 8s whose end-points are s, and ts such that (1) 8, is a subset 
of I(S.), (2) δε is a point of « whose distance from δι is less than 
(Gs, Se + δε) and ἐς is a point of « whose distance from δια is less than 
(Sis, Sis + Sis), (3) Bs has no point in common with βι or f. and D 
contains < B, >, (4) on the arc a we have the order A's;f;sst;t4B. 

Let us continue this process indefinitely. We obtain an infinite 
sequence of ares β:, B», Bss B4," © *, such that (1) Bi has end-points s; and t; * 
on α in the order s,S2t1S3t2S4t38s * © © B, (2) for each 4 > 1, fj; is a subset of 
I(S4i.;) and hence the diameter of B; approaches zero as ? increases indefi- 
nitely, (3) the point B is the sequential limit point of [t:], (4) for every ἡ, 
D contains < B; > and if ὑπ} then fi: 8;—0, (5) p(A, A") <e. Then 
Bi, Bx, Bs, °° *», is the desired convergent chain of D of type (b) from 
A' to B. 


* Let s, be the point A’. 
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THEOREM 3." In order that a point P be an end-point 1 of a continuous 
curve M it is necessary and sufficient that P be a non-cut-point 1 of M which 
lies on no simple closed curve of M. 


Proof. The proof given by the author S for the necessity of the condition 
in two dimensions bolds equally well in the space considered here. 

The condition is sufficient. Let P be a point of M satisfying the condition 
and suppose that P is not an end-point of M. Then there exists an are « of 
Af one of whose end-points is P, such that M — (« — P) contains a connected 
set containing more than one point and containing P. Let 


M—P = (a — P) + Μι. 


Then M, contains N — P. Let ᾳ be any point of N — P and let Dg be the 
component of M — a containing q. As N is connected, one of the sets N - Dg 
and N — N - D, contains a limit point of the other. The set N- Dg cannot 
contain a limit point of N — N - Dq since Dg is an open subset of M. 
Since D, is a component of M ---ᾱ, no point of N — N: D4 — P is a limit 
point of N- Dg. Hence P is a limit point of N : Dg and consequently of Dg. 
Since P is a non-cut-point of M, one of the sets (a — P + M,— D) 
and D, must contain a limit point of the other. As M — D, is closed, the 
set (x — P -+ Mı — Da) must contain a limit point of Dg. But every limit 
point of Dg which does not belong to Dg belongs to a Hence « — P con- 
tains a limit point A of Dg. 

Let e be a positive number less than p(A,P). By Theorem 2 there is 
a point A’ of « such that p(A, A’) « « and a convergent chain of M—a 
from A’ to P. This chain contains just one arc or is of type (b). If the 
chain contains just one are fi, then £, plus the subare A'P of a is a simple 
closed curve of M containing P. But this is a contradiction as P lies on 
no simple closed curve of M. 

If the chain is of type (b), let Bi, B», Bs,* * *, be the arcs of the chain. 


* For the theorem in two dimensions, see (E) W. L. Ayres, “ Concerning continuous 
curves and correspondences,” Annals of Mathematics, Vol. 28 (1927), pp. 396-418, 
Theorem 3. 

1 A point P of a continuous curve M is said to be an end-point of M if for any arc a 
of M one of whose end-points is P, the set M — (a — P) contains no connected subset 
containing more than one point and containing P. See reference (A), page 358. 

{A point P of a connected set If is said to be a non-cut-point or a cui-point of M 
according as M — P is connected or not. 

$ See reference (E). 

{See reference (D). 
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Let 
oo ^o 
αι --- Ρ-- Σ Boia + Σι subare £485 of a, 
351 i-1 


[ev] e 
@ = P + subare A's. of a+ Ὁ Bor + X subare toiseize of a. 
i-1 i-1 


Then αι and a, are ares of M from A’ to P which have only these two points 
in common. Hence αι +- ας is a simple closed curve of M containing P. 
But by hypothesis P belongs to no simple closed curve of M. 

As a corollary of Theorem 3 we have a theorem which was proved by 
G. T. Whyburn * for two dimensions. 


THEOREM 4. very continuous curve is the sum of its end-points, cut- 
points and simple closed curves. 


THEOREM B. In order that a point P of a continuous curve M should 
be an end-point of M it is necessary and sufficient that no are of M should 
have P as an interior point. 


Proof. The proof of the necessity of the condition given for two dimen- 
sions holds without regard to the containing space. 

The condition is sufficient. Suppose P is a point of Af that is interior 
to no are of M and that P is not an end-point of M. Then, by Theorem 3, 
the point P is either a cut-point of 14 or lies on some simple closed curve of M. 
If P lies on a simple closed curve J of M, let A and B be two points of J 
which are distinct and distinct from P. Then there is an are of J with 
end-points A and B that contains P as an interior point, contrary to the 
assumed condition. If P is a cut-point of M, let M — P = M, + M», where 
M, and M» are non-vacuous mutually separated sets. Let A be a point of M, 
and let B be a point of M». Any are of M with end-points A and B must 
have P as an interior point. Hence the assumption that P is not an end-point 
of M leads to a contradiction with the given condition. 

Theorems 5 and 6 of my paper, “ Concerning Continuous Curves and 
Correspondences ”, { hold in our general space without change in proof 
since the proofs given depend only on Theorem 5 of the present paper. 
Theorems 7 to 15 inclusive of my paper, “ Concerning Continuous Curves 


*(F) G. T. Whyburn, “Concerning Continua in the Plane," Transactions of the 
American Mathematical Society, Vol. 29 (1927), pp. 369-400, Theorem 22. 

-} For the theorem in two dimensions, see reference (F), Theorem 12. See also ref- 
erence (E), Theorem 4. 

$ See reference (E). See also reference (F), Theorem 21. However, the proof 
given by Whyburn is strictly two-dimensional. 


ΑΣΕΝ Concerning Continuous Curves in Meliie Space. E 


"o Correspondences ”, extend to the space considered here with the μη o 
008 since they concern internal properties of continuous curves cortei 1 
s caos one simple closed curve, and every such curve is in continuous (1. 
spondence with some curve of the same type in the plane.” 


ΤΉΕΟΠΕΝ 6.4 Jf Κι and K, are mutually exclusive closed subsets at : 
ee πουν curve M and no point of M separates} Ks and Ko in M, à 
tos c are two ares αι und xa of M such that (1) for each i (t= 1.2). 7 
"oso point o£ K, as one end-point and a point of Ks as lie other ens-p, 
wid M — K, — K, contains < a, >, (2) «αι» and < 2, > are mutui 


usine, 


Proof. Let whe a point of Ay and r be a point of Ka, and let 2^ 1x 

oce of M with end-points u and r. In the order from v to e let r he 
point of K, on x’, and let y be the first point of W. on the subar 

2’. Let g denote the subare of 2^ with end-points r and y. On ze: 


o ' order as bheing from vs to y. Lf any component of M--2 conta: - 
"sof both Ay and Ay, then this component contains an are havios 


| ror K, as one end-point and a point of K, as the other end-point a: 
g no other point in common with A, + Ay. Then this are tezor 

vt the are g forms a pair of arcs having all the properties of our theo . 

b 10 component of M--— x contains points of both A, and W., then ior sy 


For the case of a continuous curve containing no simple closed curve, sec 
ΝΣ ashi, "Sur les courbes de Jordan ne renfermant aucune courbe fermée de oh 
μον vales de la Société Polonaise de Mathématique, Vol. 2 (1923), pp. 19 170. ν 
M cor “ber reguläre Baumkurven," Mathematische Annalen, Vol. 96 (1026). 1 
“7? ΝΑ, and H. M. Gelman, “ Concerning Acyelie Continuous Curves" TZroiac ios. ον 
Hh emerin Mathematical Socicty, Vol. 29 (1927), pp. 553-508. The case vie ` 
ta 6 atinuous curve contains just one simple closed curve is not essentially ἀπο ν΄ 

For the case where Jf lies in a plane and K, and K, are single points, this thi: 

as heen proved by G. T. Whyburn, “ Some Properties of Continuous nun: 
B. le in of the American Mathematical Society, Vol. 33 (1927), pp. 305-308, The» « 
n The same special case was announced to the American Mathematical So e 
Yom.ary 26, 1927, by the author, but it has never been published. See an abstrac 
"On the Separation of Points of a Continuous Curve by Ares and Simple (ος 
Civ s" Bulletin of the American Mathematical Society, Vol. 33. (1927), p. 26 
Theo oms closely related to Theorem 6 have been stated by K. Menger, * Zur alte - 
"nis a Küirventheorie,? Fundamenta Mathematicae, Vol. 10, (1926). pp. 96-115, Statz 
and N. k. Rutt. “ Concerning the eut-points of a continuous curve when the are-cure 
wh coutains exactly a independent ares" American Journal of Mathematics, Vw. 
1E 921), pp. 217-246. 

DTE A, and K, are mutually exclusive subsets of a connected set M. a subset Woot 7 

+ ons | to separate A, and K, in M if M — H is the sum of two mutually separate : 
et-a one containing K, and the other containing K,. 
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component d of M — « let Pza and Ένα denote the first and last limit points 
of dona. Let H, denote the set of all points Pyr, where d' is a component 
of M — « containing a point of Κι, and let H, denote the set of all points 
Ps, where d" is a component of M — « containing a point of Ka. Let 2’ 
denote the last point of H, +g on α, and let y denote the first point of 
FH, + y on a 

If a’ v and e is any positive number, there is a point Pye of H, such 
that p(z', Py) <«/2. There exists a positive number 8 such that 
8, < p(Pyr , Κι) and any point of M whose distance from Pys is less than 
δε can be joined to Pya by an are of M every point of which is within a dis- 
tance e/2 of Pya. There is a point z of d' such that p(z, Pye) <8. Let yi 
be an are of M with end-points z and Pyr, every point of which is within a 
distance ¢/2 of Pyr. In the order from z to Pye let x” be the first point of 
α on γι. The component d’ contains a point w of K,, and let γε be an are 
of d' with end-points w and z. In the order from w to z let w be the last 
point of Κι and let α΄ be the first point of the subarc zz” of γι on the subarc 
wz of ys. The subare w'z' of ys plus the subare 2” of y, is an arc of M 
having one end-point in K, and one end-point on α within a distance e of 2’ 
and lying except for its end-points in M — (Kı, + K.+ a). Similarly if 
y' = y, there is an arc having the same properties with respect to y’ and Ko. 

Now suppose y’ precedes x on a. There exists a positive number e such 
that if y" and z^ are points of « so that ρ(α’, £”) <e and p(y, y”) « e 
then y” precedes z" on a. Since v a and 4 s y, there exist two mutually 
exclusive ares ys and y, such that (1) γε has a point of K, as one end-point 
and a point y" of « such that p(y’,y”) < ε as the other end-point, (2) y, 
has a point of K, as one end-point and a point g” of α such that p(2', ο΄) < e 
as the other end-point, (3) A[— (Kı + Κι -|-α) contains «γε» and 
«γι». Then the are composed of γε plus the subare zy” of α together 
with the are composed of y, plus the subare ya” of « form a pair of ares 
satisfying the conditions of our theorem. This completes the proof for the 
case where y’ precedes 2 on « and for the remainder of the argument we 
will suppose that γ΄ does not precede x’ on a. 

If a” == y, then either (1) y is a point of H, or (2) y belongs to H, — Hi. 
In the first case there is a component d' of M — a, containing a point q of Κι 
such that Pye — y. If y is accessible from d' there exists an arc B whose 
end-points are q and y and which lies in d' except for y. In the order from 
q to y let ¢ be the last point of K, on β. Then a together with the subare 
q'y of B forms a set of two arcs satisfying the conditions of the theorem. If 
y is not accessible from d’, by Theorem 2, there exists a convergent chain of 
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d' of type (b) from some point A’ of a to y. Let fi, Bo, Bs, °° >, be the 
arcs of this chain. Let s; be the first end-point of 8; on the arc a, and let t; 
be the other end-point of B;. There exists a smallest positive integer k such 
that for i Z k, the arc B; contains no point of the set Kı. There exists a posi- 
tive number e such that if z is any point of α so that p(z, ἐκ) < e, then z lies on 
the subset < soy of a. There is a positive number ὃς such that any point of M 
whose distance from 1; is less than 8, can be joined to ty by an are of M every 
point of which is within a distance ε of ἐκ. If k > 1, let m — k and let h be the 
first point of K, on the are βι.ι in the order from fi; to δ}... Let ζ denote the 
subare biz, of Bx ,, and let £j, be denoted by g. If k — 1, let c be a point of d’ 
such that ρί(ο, ἐν) «8e Let ζι be an are of d' with end-points c and q, and 
let ¿> be an are of M with end-points c and t, such that every point of £s 
is within a distance e of t. The set £,-+ ¢ contains an are A which has 
a point h of Κι as one end-point and a point e of « as the other end-point 
and no other point in common with Κι --α. If A has no point in common 


with Σ < Bi >, let g — e, =A, and let m be the smallest integer such 
that a liis between sm and tm on a If A has a point in common with 
5 < $i >, in the order from A to e let b be the first point of Σ «pi 
vn the arc A. It is easy to prove the existence of a first viu. Let Boa 
be the arc containing b, and let tm-ı =g and ¢ be the are composed of the 


subare Ab of X plus the subarc btm-ı of Bm+. Now in any of the preceding 
possibilities of case (1) let 


[ο] oo 
αι = subare aS, of a + F, Bausi + X, subare ἐλιιοὐϑηινοῖιο Οἳ ᾱ, 
i-0 i-0 


eo oo 
Go = E + subare gsm. Of a + Ὁ) Bousia + 2; Subare imizin Smsziva Οἱ ἃ, 
450 150 


Then αι and ας are two arcs satisfying the conditions of our theorem. 

In case (2) there exists a set of components di, de,- -, of M — a such 
that each component contains a point of K, and each contains a point p; 
such that p(pi,y) < 1/i. Let S be a hypersphere with center y such that 
every point of K, lies in E(S). For each i let d'; be the component of 
I(8) - d; that contains p;. By methods almost identical with those of Theorem 
2 we may show that there exists a convergent chain of [d';] of type (b) 
from some point of <a> to y. With the use of this chain we may select 
two arcs satisfying the hypothesis of our theorem as in the above paragraph. 

This completes the argument for the case where z'— y. Similarly we 
may complete the proof if y — z. For the remainder of our proof we shall 
consider 2’ Ay and oA s. 
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For each point P of <a> let Gp denote the set of all points Pza for all 
components d of M — a such that P lies between Pza and Pya on a. If z'— y, 
let Q — 2’. Ifa’ sy’ let Q be some point of the subset <a’y’> of « Let T 
denote the point z if z’ — x and if z’ z£ z let it denote the subset xu’ > of a. 
Let Q, be the first point of Go. HQ belongs to T, then either (1) there is a 
component D of M — α which has a point of T and a point of « between Q and 
y as limit points, or (2) there is no such component. If we have case (1), by 
Theorem 2 there is a convergent chain of D from some point of æ between y and 
Q to some point of T. If we have case (2), we must have 2’ == v; and if S, isa 
hypersphere with center « and radius sufficiently small that the subare yQ of α 
lies in .E(8,) and if 8, is any hypersphere concentric with and interior to 5, 
there are infinitely many components of M — æ which have points in 7(8:) 
and E(S,). In exactly the same manner as in the proof of Theorem 2 we 
may obtain a convergent chain in this situation. 

If Q, does not belong to T, let ει be a positive number less than 1 such 
that if z is any point of the subare yQ, of æ so that p(z, Q1) « ει, then there 
is a component d of M — α such that both z and Οι lie between Pre and Py. 
There is a point s, of Go such that p(s;, Qi) < «4/2. Let d; be a component 
of M — « such that Pow, = δι and Py; lies on the subset yQ > of a. There 
exists a number δι > 0 such that any point of M whose distance from δι is 
less than δι can be joined to s, by an are of M every point of which is within 
a distance ει/9 of δι. Let p, be a point of d, so that ρ(2:, s1) < δι, and let 
2, denote an arc of M from fi to δι every point of which is within a distance 
«/2 of s. Let u, be the first point of « on αι in the order from p, to δι. 
Then p(t, Q1) « ει. 

The component d, has a limit point t, on the subset yQ > of « There 
is a point ps of d, and an are ας of M from p. to tı such that every point of 
€» is at a distance from t, less than p(í,, subare zQ of «). Let v, be the 
first point of α on the are ας in the order pə to tı» There is an are ας of dı 
with end-points p, and p». The set αι -|- ας -- αι contains an are f, with 
end-points w, and v, and such that d, contains < B, >. It is easy to see 
that on α we have the order zQiuQviy. 

Let Q+ be the first point of the set Gu, on α. If Q. belongs to T, our 
argument is completed as above. If Qə does not belong to T, let ει be a 
positive number less than 14 such that if z is any point of the subset < Qoy 
of α such that p(z, Q2) < «2, then there is a component d of M — a such 
that both z and Qə lie between Pog and Pya on «a. Just as above we may 
show that there is a component d, of Jf — « different from d, and an are 
B. with end-points us and v» of æ such that p(u» Q2) < e, d2 contains 
< B» >, and on α we have the order zQsusQiu;vsv,. 
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Lit Qu be the first point of the set Gu, on a Li Q, belongs “ο T. ο 
cavent is completed as above. If Q4 does not belong to T, let e, le. 
po he number less than 1/3 such that if z is any point of the κπ]ολν jt 
v. x 30 that p(2, Qs) < es, then there is a component d of M- -a such th 
3. z aud Q; lie between P a and Py. There exists a component ( 

V - 2 different from both d, and də and an arc βι with end-points v, a 

7 such that p(s, Gs) < ex. da contains < B3 >, and we have thc ord 
ols {ἡ ryilyraryy on a. 

Continue this process indefinitely unless for some η, the point Que belo 
αλ 2. Ty this case we may complete the argument as above showing th.* 

is a convergent chain of Y - x joining v, and some point of 7. 


in oroces* continues indefinitely, the points ti, Ua Us Τσ ὃν approach 

o w gs ἃ sequential limit point. If s, σεις, there is a componer ss 

Vy x such that δι lies between Peg and. Pya. Let j he the smallest | te» > 
. toa lies on the subset sP, > of a Then the pon t GY; Bloc à 
: Paola And He precedes Qia on the are x. But ths ion 
Poor precedes every point s, and Paa precedes ην The ito 

md the set By. Ba B+ ccs a chain of MM — a from r tov. 

^ Cal] now show that the chain is convergent. Supvose there ows’ 

© cfe e number y and an increasing sequence of integers ay. mam tt. 
τε hat Ba, ds of diameter greater than η for every positive ipteger v, La 
Sos s hy oerspheve of radius η 2 with x as a center, and for each value ο 


’ 


καν. ατα point of Ν-β,,. There exists a point τ’ and a βαδορηιοι 
0.6. τὴν οὐ the sequence m. Rata 7 0 0, such that ο’ 
vont oc [ο |. Since no two of the sets < Be, > lie ia the same con 


i tof M — 2. it is easy to see that the are a contains ς΄. On the san~ 
zCoo zlet u, be the last point of the set [πι] in the orcer from sio τ᾽ 


is the seques ti 


2100 dw the smaller of the numbers ρ(α΄. subare zu; of a) and p( v. abr 
foot x). There exists a number à, > 0 such that any point of M whos 
toa oe from z^ or wis less than 8, can be joined to 2’ or a, as the cas mua 


vo qm are of M every point of which is within a distance y of 2’ or. 
The isan are Æ containing points σι, and my such that p(2’.2.,) <è 
enc (ar, πρ) « 8,.. Then the component of M — z containing < B > hi. 
Ure ot points on g preceding Q, and following uj. But this is contre"v τι 
Ua cefinition of Qj- Thus £i. Ba Bat © 18 a convergent chain of M -- 2 
o^ νο (b) from n, to i. 

iy :- y. let U be the point y. If y z& y, let U be the subset < y’y of v. 
La 2ctly the same manner as above we determine a convergent chain o 
“x of type (a) or (b) from a point of œ preceding Q to a point of th: 
~t C. From the two chains we may select a convergent chain of M — z fron 
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a point of T to a point of U by omitting a finite number of arcs. From this 
convergent chain, the are «, and, if 2/54 z, an are of M one of whose end- 
points belongs to K, and the other is a point of « sufficiently close to α΄ and 
which has no other point in common with K, + K: + g, and, if y’=4y, an 
arc of M one of whose end-points is a point of K, and the other a point of α 
sufficiently close to y^ and having no other point in common with Ki + K: + a, 
we may select two ares which satisfy the conditions of the theorem as we did 
in ease (1) of a’ =y. 


THEOREM 7. If x and y are distinct points of a continuous curve M, 
then either there is a point οἱ M which separates x and y in M or there is 
a simple closed curve of M containing both x and y. 

This theorem is a corollary of Theorem 6. 


THEOREM 8. If K, and Κα are two mutually exclusive closed subsets of 
the continuous curve M and for every point P of M, the sets (K, +- P) —P 
and (K, 4- P) — P are non-vacuous and are not separated in M by the point 
P, then there exist two mutually exclusive arcs αι and ας of M such that each 
arc has a point of Κι as one end-point and a point of Κα as the other and, 
except for these points, lies entirely in M — K, — Κ.. 


THEOREM 9. If K, and K, are mutually exclusive closed subsets of the 
continuous curve M and for every point P of M — Κ., the sets (Ki + P)— P 
and K, are non-vacuous and are not separated in M by the point P, then 
there exist two arcs αι and a, such that (1) each arc has a point of Κι as 
one end-point and a point of Κα as the other and lies, except for these points, 
entirely in M — K,— K», (2) the arcs αι and a have no point in common 
except possibly their end-points that belong to Ko. 

The proof given for Theorem 6 is sufficient to prove Theorems 8 and 9 
since the two ares constructed in proving Theorem 6 have in common their 
end-points that belong to Κι only if s’ = zg, and the end-points belonging 
to K, are identical only if y = y. 


THEOREM 10.* In order that a continuous curve be cyclicly connected 
it ts necessary and sufficient that it contain no cut-point. 


Proof. The proof of the necessity of the condition given for two dimen- 
sions holds equally well in the space considered here. 


* For the result in two dimensions, see (G) G. T. Whyburn, “ Cyclicly Connected 
Continuous Curves," Proceedings of the National Academy of Saiences, Vol. 13 (1927), 
pp. 31-38, Theorem 1. A continuous curve Jf is said to be cyclicly connected if every 
two points of M lie together on some simple closed curve belonging to Af. 
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The condition is sufficient. Let zr and y be any two distinct points 
of Jf. Since M contains no cut-point, there is no point of M which separates 
cz and y in M. Then, from Theorem 7, there is a simple closed curve of M 
containing z and y. Hence Jf is cyclicly connected. 


Theorems 2-7 and 9 of G. T. Whyburn’s paper, * Cyclicly Connected 
Continuous Curves,” * hold in n dimensions as the proofs given by Whyburn 
depend only on our theorem 10 (Whyburn's theorem 1), two theorems of 
G. T. Whyburn,} and a theorem of R. L. Moore, all of which are true in 
the space considered here. Also theorem 8 of Whyburn’s paper * is true in 
our space but a different proof of part (2) is necessary to avoid the Wilder 
accessibility theorem. 


THEOREM 11.8 If the point x of a continuous curve M lies on no simple 
closed curve of M and «a is any arc of M whose end-points are x and any 
other point 2 of M, then x is a limit point of the points of M which lie on « 
and separate x and z in M. 


Proof. Suppose the theorem is not true. Then there is an arc « of Jf 
whose end-points are « and some other point z of M, and a positive number 
« such that no point of « whose distance from z is less than e separates z 
and z in M. There is a point y of α such that every point of the subare zy 
of « is at a distance from v less than e. Hence no point of the subare zy of « 
separates z and y in M. Moreover if there is any point of M which separates 
x and y in M, it must belong to every arc of M with end-points v and y, 
and thus to the subare zy of a Then by Theorem 7 there is a simple closed 
curve of M containing both z and y. But by hypothesis v belongs to no 
simple closed curve of M. 

THEOREM 12.[ If K is any subset of the continuous curve M and M(K) 
denotes the arc-curve of K with respect to M,| then the point set M(K) 
— M(K) is a subset of the point set R — K. 


* See reference (G). 

f See reference (F), theorems 15 and parts 1) and 3) of 24. Theorems 24 and 
theorems 10 and 23 of (F), on which theorems 15 and 24 are based, require different 
proofs in our more general space. 

ł See reference (C), Theorem 1. 

§ For the two-dimensional case, see (H) W. L. Ayres, “On the Structure of a 
Plane Continuous Curve,” Proceedings of the National Academy of Sciences, Vol. 15 
(1927), pp. 749-754. 

T For the theorem in two dimensions, see (I) W. L. Ayres, “ Concerning the Are 
Curves and Basie Sets of a Continuous Curve," Transactions of the American Mathe- 
matical Society, Vol. 30 (1928), pp. 567-578, Theorem 2, 

i| The set of all points [P] such that P lies on some are of M whose end-points 
belong to K is called the are-curve of K with respect to M. If K contains just one 
point, we define the are-curve of K with respect to Mf as being this single point. 


7 
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Proof. Suppose M(K)—M(K) contains a point z which does not 
belong to & — K. Since M(K) contains K, the point ὦ belongs to M — Κ. 
Let z be a point of K and let zz be an are of M with end-points v and z. 
In the order from z to z let y be the first point of K on zz. Then ey. 
Let α be the subare of zz with end-points x and y. Since æ belongs to 
M(K) —M(K), the set K contains more than one point. For each com- 
ponent d of M — « containing a point of K let Pza denote the first limit 
point of d on α in the order from v to y. Let H denote the set of all such 
points Pza for all such components d of M — «. Let w be the first point 
of H + y on the are æ in the order z to y. If w= y, then 


M — y= M, + 1», 


where Jf, and M, are non-vacuous mutually separated sets containing z and 
E — y respectively. Then M(K), and thus M(K), is a subset of 1. + y. 
"Then ὦ cannot be a point of M(K), contrary to hypothesis. Hence wy. 

In much the same way we may show that there is no point P which 
separates v and K in M. Now let P be a point of Κ. If Psy, then 
(E +P) — P is non-vacuous since it contains y, and P does not separate 
‘2 and (K + P) — P in M since the are « does not contain P and joins a 
and a point y of K. If P — y, then K — P is non-vacuous and P does not 
separate x and K — P in M since there is a component d of M — a containing 
a point of K which has a limit point wu on the subset wy > of α, and the 
subare zw of « plus the set d is a connected subset of M — P containing x 
and a point of K. Thus the hypothesis of Theorem 9 is satisfied and there 
exist two arcs αι and «, of M having only the point v in common such that 
each are has v as one end-point and a point of É as the other end-point and 
lies in M — K — v except for these points. Let y, and y» be the end-points 
of αι and a, belonging to Æ. If y, belongs to K, let 5, y,' and a, all be 
the point yı. lf y, belongs to K — K, let ει p (Yı, &2)/2. There is a posi- . 
tive number δι such that any point of M whose distance from y, is less than 
δι can be joined to y, by an are of M of diameter less than ει. There is a γι΄ 
of K such that ρ(ηι΄, ψι) < δι and let ας be an arc of M with end-points y, 
and γι’ and of diameter less than ει. In the order from y,’ to y, let t, be 
the first point of αι on a. In a similar manner we define y+’, ts and αι. 
Then the sets composed of the subare y,’t, of αι plus the subare wt, of αι 
plus the subare σύ» of a, plus the subarc toys’ of a, is an are of M containing 
a and with the points y,’ and yọ of K as end-points. Then, by definition, 
the point z belongs to If(K). But we assumed that M (X) — M(K) contains 
the point z. 

Theorems 1, 3 to 9 and 11 to 13 inclusive, and part (1) of 10 of my 
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1 oo. Concerning the Arc-Curves and Basie Sets of a Continuous Creve” 
^ our present space without change in proof since they depend ouv 

Ἐὰν ὃν 5 and 12 of the present paper, theorems 3 and 3 of ές "7 

Vou 7o ws paper, © Cyelicly Connected Continuous Curves 7,1 and a ti or 

o Cy paper, " Continuous Curves which are Cyclicly Connected "ρε cH > 

~ απο d in this space. Part (2) of theorem 10 holds also in this spac? i 

ioo mool must be modified slightly to avoid using the accessibility thear 


o leer 


TurogEw 13.9 If iw isu point of a continuous curve M aud Core 4 
toa set eonsisliug of s and all points [y] such that M contains e simpl c^ 
re τα ο ας both g aud y, then Cy is a continuous curve. 


Proof. Obviously C. is connected. Let z be any limit point of { 
> eny point P which separates : and 2 in M, then 


M- PM, +M., 


Y axd M. ure mutually separated sets containing w and z respe iiv 

~a limit point of ('., the set M; contains a point y of C. Tor: 

- τη clos d curve J of M containing æ and y. Both of the ares o 
end points z and y cannot contain the point P. But every cor vit 
"ΟΠ. a point of Mo and a point of M; must coutain the pout 
Dose there is no point of U which separates z and z in M. Thoi 


΄ 


T cea 7 there ix a simple closed curve of M containing both r οι 
Ἐν efore z belongs to Ce by definition. Then every limit peint of € holen 
> € . We may prove that C- is connected im kleinen as in the tvo- in: 


sl’ Case. 


ΤΉΓΟΒΕΝ 185 Under the hypothesis of Theorem 13. if K is « cu 
© fof M--C., then K has just one limit point in €... 
Suopose A has two limit points p and q in C.. Let e - pip. 
(exists a positive number δι such that any point of M whose distan 
Do. por g is less than & can be joined to p or η, as the case may bo, by : 
wi’ Y M of diameter less than e The set A contains two points u ond 
woo that 

plu, ϱ) «δ. and p(r,q) «ὃς 


See reference (I). 
Seo reference (Cel, 
Bulletin dv VAcadémie Polonaise des Sciences ct des Lettres (1928), pp. 127-14? 
The theorem referred to is: If m, y and s are distinct points of a eycliely connect: | 
co u wous curve, there exists an are belonging to the continuous curve, conta ning 
an’ Co nving n and y as end-points. 
* For the theorem in two dimensions, see reference (H), Theorem 2. 
* For the result in two dimensions see reference (H), Theorem 3. 
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Let αι and «a; denote ares of M of diameter less than e with end-points u 
and p and v and q respectively. Let s and ¢ be the first points of C; on 
the arcs αι and a; in the orders from u to p and from v to q respectively. The 
set K contains an are ας with end points u and v. The set composed of a; 
plus the subare su of αι plus the subare tv of a, contains an are a, with, 
end-points s and ¢ and such that K contains < «, >. By an argument fol- 
lowing that used in the two-dimensional case of Theorem 18, we may show 
that every point of an arc whose end-points belong to Cz is a point of Cz. 
But M — C, contains the set K and αι» is a subset of K. 


THEOREM 15.* If the continuous curve M contains a cut-point and a 
simple closed curve, it contains a cut-point which lies on a simple closed 
curve of M. 

Proof.] Let P be a cut-point of M and let J be a simple closed curve 
of M. There is a maximal cyclic curve C of M containing J.[ If 6 contains 
the point P, there is a simple closed curve of C containing the point P. If 
C does not contain P, let E be the component of M— 6 containing the 
point P. The component R has just one limit point Q in C.§ Hence Q 
must be a cut-point of M. There is a simple closed curve containing Q and 
lying in C. Then Q is a cut-point of M which lies on a simple closed curve 
of M. 

Theorems 4 and 6 to 18 inclusive of my paper, * On the Structure of a 
Plane Continuous Curve”, hold in our more general space with the same 
proofs as given for two dimensions as these proofs depend only on theorems 
10, 11, 13, 14 and 15 of the present paper and theorems 7 and 10, part (2) 
of my paper, “ Concerning the Arc-Curves and Basic Sets of a Continuous 
Curve ?,| all of which hold in our more general space. 


NATIONAL RESEARCH FELLOW IN MATHEMATICS, 
THE UNIVERSITY OF TEXAS. 


* For the two-dimensional ease of this theorem, see reference (H), Theorem 5. 

+ This very simple proof of this theorem was suggested by G. T. Whyburn. It is 
somewhat shorter than my original proof. 

$ See reference (G), Theorem ὃ, and a statement following Theorem 10 of the pres- 
ent paper on the validity of this result for the more general space considered here. 
A cyclicly connected continuous curve C which is a subset of a continuous curve Af 
is said to be a maximal cyclic curve of ΛΙ if C is not a proper subset of any cyclicly 
connected continuous curve which is a subset of Jf. 

§ See reference (G), Theorem 2, and a statement on this theorem in the present 
space following Theorem 10 of the present paper. 

9 See reference (H). 

|| See reference (I) and a statement following Theorem 12 of the present paper on 
the validity of these theorems in our more general space. 


On A Certain Function of the Masses in the 
Problem of Three Bodies. 


By H. E. BUCHANAN. 


Introduction. In his discussion of the stability of an infinitesimal body 
near the equilateral triangle positions Professor Moulton * found a certain 
function of the two finite masses whose sign determined the character of the 
motion of the infinitesimal body. He chose the two finite masses to be p and 
1— p and found the infinitesimal body to be in stable equilibrium if 


1— 2%(1—p)= 0, 


and this inequality is satisfied by » = .0385. 

It is the purpose of this paper to discuss the corresponding function 
when all the masses are finite. 

The foundation for the discussion has already been laid in the author’s 
recent paper on Periodic Orbits { near the Equilateral Triangle Solutions. 
We make use of the equations (5), (6) and (7) of that paper, together with 
the results obtained from them. The function which we wish to discuss is 
(mi + mz + m)? — 9 (m, πιο + m, ms + ma ms) = f (Mi, m», ms). If 
f(mz, ma, ms) > 0, the characteristic exponents are pure imaginaries, in pairs, 
except for the double root zero. If f(mi, πιο, πιο) = 0 there appears another 
pair of double roots, + iw/2% and —iw/2¥%. If f(m;, πιο, πια) «« 0 there 
appears, in addition to the double root zero, a pair of conjugate complex roots. 
It follows that the equilateral triangle solutions are always unstable for every 
arrangement of the masses. We designate the three cases above: 


Case I. f(m, Me, ms) > 0. 
Case II. [(πιι, me, ms) ==0. 
Case III. f(m,, me, ms) < 0. 


The cone f(m, ma, ma) = 0. Since f(m, ms, ms) is homogeneous and of 
the second degree in Mı, m2, and Ma, f (Mı, mo, ma) — 0 may be regarded as the 
equation of a cone, Mı, M2, Ma being the rectangular coordinates of any point. 
This cone has its vertex at the origin and, from the symmetry, the line 
Mı = πιο == Mg is its axis. We wish to define precisely those regions in which 


: Moulton, Celestial Mechanics, revised ed., p. 307. 
+ American Journal of Mathematics, Vol. 50, No. 4 (1928). 
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all the masses are positive and [(πιι, Ma, ms) 20. Further, if one of the 


masses is regarded as given we shall find the limiting values of the other two 
in each of the three cases. Finally, if ms = 0, we shall get Moulton’s results 
and obtain a geometrical interpretation for them. 
Rotating the m, ms plane clockwise through 45° changes the equation of 
the cone to 
972? -|- 2m.” — 232? — 50 (9) 6 maz = 0. 


Rotating the meaz plane counter clockwise through the proper angle to remove 
the mz term we find 
δα + 3y? — (16/3) = 0, 


which is a circular cone. The generating angle is approximately 53? 7. 
The Traces on the reference planes. Returning to the original variables 
we find the traces on the m, mz plane by making ms — 0. This gives 


M? + ms? — 25m, me = 0, 
or m/m» = 04005, m,/me = 24.9599. 


These represent two straight lines whose inclinations are, approximately 2? 17” 
and 87° 48’. Since mi, m, and mg are interchangeable it follows that the 
traces on the other two reference planes are similarly situated. 

Let us agree that ma = ma = m, and let us cut the cone by the plane 


ma + ms + mg = C 


where c is the largest value ms may have. Since the masses are always posi- 
tive we confine our attention to that portion of space bounded by the coordi- 
nate planes and the plane 

mi + mM + mM = 0. 


It is evident that f (Mı, m», ma) < 0 for m; = m, = ms, that is, for any point 
on the axis of the cone. The function can change sign only as (m, m», Ma) 
passes through the surface of the cone. Hence the only values of the masses 
which give rise to case I are determined by points inside the slender, rapier- 
like volumes extending out each axis, bounded by the coordinate planes and 
the cone. These are shown in the adjoining figure. For the purposes of draw- 
ing we were obliged to make them more blunt than they are in fact. If m, 
may be regarded as given then the largest value m; may have is .04005m; and 
for these values m, = 0. But if me < .04005m; then m, may have any value 
from zero up to 
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3 [25 (ma + m3) — {691 (πιο + ms?) + 1350 πιο ma}*], 
which in turn must be less than .04005m,. 


The Infinitesimal Case. If m; = Ὁ and if we take the sum of the masses 
as unity we may find the limiting values of m, and mz by solving m4 -+ m; = 1 
simultaneously with m, = «04005 πιο. The result is m, = .0885, ma = .9615. 
If we had solved simultaneously with the line near the m; axis the values of 
mı and m, would have been interchanged. This result checks exactly with 
Moulton's. 
σι, 


aU 


Mg 


An Application. The mass of Jupiter is 954.8/10° of the mass of the 
sun. If we let ms — 1 represent the sun, and m; = .0009548 represent Jupi- 
ter, then the largest value m, can have, in order that Case I may hold, is 
m, = .039. For these values, and for all smaller positive values of m, the 
equilateral triangle position is stable except for the presence, in the X, and Y, 
equations, of terms which are linear in ¢. A similar computation made for 
the earth and sun shows that Case I will hold for a body at the equilateral 
triangle position 13,000 times the mass of the earth. 

If Gylden * and Moulton f are correct in their explanation of the Gegen- 


* Bulletin Astronomique, Vol. I. 
t Moulton, Astronomical Journal, N. 483. 
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schein, then it seems that there ought to be a larger accumulation near the 
equilateral triangle positions than near the straight line positions, for the lat- 
ter give rise to terms of the type ο”! in addition to linear terms in t.* This 
accumulation, however, would not be as readily visible as the Gegenschein 
because of its greater distance from the earth and because less than half the 
surfaces of any bodies there would appear illuminated, as seen from the earth. 


Cases II and III. lf m, mz and m; are such that f(m1, me, m3) — 0, 
that is for any point on the cone, the characteristic exponents are 


tio, --ie/2*5, + iv/2%, — io/2', — iw/2, 0, 0. 


Hence in this case also the positions are unstable, due to the presence of terms 
K,t and K,tett/2%, 

Finally, for any point inside the cone the positions are unstable, due to 
the presence of terms of the type K,í and of the type K,62tePt, 

Thus in any system consisting of a sun and a planet, if the mass of the 
planet is less than 4% of its principal, Case I holds for any mass at the 
triangle point which is less than 1/10 of 1% of the principal. The planets 
of our system all come under Case I but the binary star systems undoubtedly 
come under Case III. 


Conclusion. If we assume the initial conditions, X,—<«,, Y, p, 
X’ = yi, Y4= δι, i= 1, 3 at ἐ--- 0 and apply these conditions to equations 
(7) { it appears that the K,;(j —1 .. - 8) are linear homogeneous functions 
of the initial constants. Therefore Κι, may be made zero if the initial con- 
stants are chosen so that a linear relation is satisfied. In this event seven of 
the initial constants are completely arbitrary and small oscillations of the 
three finite bodies will contain only periodic terms in Case I. 

If the masses are such that Case II holds then three linear relations must 
be satisfied by the initial constants in order that only periodic terms may be 
present in equations (7). If Case III holds then five linear relations must 
hold between the initial constants in order that only periodic terms appear in 
the solutions. 


* Buchanan, “ Periodic Orbits,” American Journal of Mathematics, Vol. 45, No. 2, 


(1923). 
+ American Journal of Mathematics, Vol. 50, Oct. (1928). 


Invariants of Sets of Points under Inversion. 


By Josera WILLIAM PETERS. 


1. Introduction. Two points, P and P’, on a line with a point O are 
called inverse points if OP - OP’ = x, where κ is a real constant. The point 
O is the center of the inversion. The transformation applies not only to 
points in a plane but to points in flat spaces of any number dimensions. For 
«x > 0, there is in the plane a circle of fixed points, in three dimensions a 
sphere of fixed points, and so on. To every point P different from O, there 
corresponds a unique finite point. In order to have a one-to-one corre- 
spondence in all cases, we close our space by a single point at infinity which 
is the inverse of the center, O. As a consequence of this assumption, circles 
and lines in the plane are inversely equivalent; spheres and planes in three 
cimensions are inversely equivalent; and so on. A further important property 
of inversions concerns the relationship between the distance from P to Q 
and the distance between the inverse points P’ and Q’. If O is the center 
of inversion and κ the constant of inversion, the relation is 


PQ = («/OP'  0Q^) - PQ'. 


With these general remarks concerning inversions in mind, let us now proceed 
to the discussion of invariants under inversion. 


2. Inversive Properties of Sets of Points. We shall first take the case 
of three points. Let (tj) represent the distance between the points i and j 
and let (1) == (jt). If 0 be a variable point in the plane of the three fixed 
points 1, 2, 3, consider the equations 
(2.1) (01) (23) = (02) (31) = (08) (12). 
Under an inversion with any other point in the plane of 1, 2,3 as a center, 
these equations are reproduced in the primed numbers. Hence we will say 
that they are invariant under inversions, or simply inversive. 

The equations (2.1) represent three circles which intersect in two real 
points, For if we let the point 3 approach infinity, the equations of the three 
circles become 


(01) — (12) (02) — (12) (01) — (02). 


The first circle has its center at 1 and radius (12), the second has its center 
599 
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at 2 and radius (12), hence they intersect on the perpendicular bisector of 
(12) which is the third circle. 

Since the circles (2.1) intersect in two real points, let us move one of 
these points to infinity by using it as the center of an inversion. The circles 
(2.1) now become straight lines with the equations 


(01) — (02) — (03), 
and the triangle 1, 2, 8 becomes equilateral since 
(12) — (23) — (81). 


It is now evident that each circle passes through one vertex of the triangle, 
1, 9, ὃ and has the other two vertices as inverse points. Hence the equations 
(01) = (02) = (03) represent the Apollonian Circles of the equilateral 
iriangle 1, 2, 8. 

In general, the equations (2.1) represent the Apollonian Circles of the 
triangle 1, 2, 8. Their two points of intersection are called the Hessian points 
of the triangle. 

Consider now the equations 


(3.2) (01) (28) = (02) (13) + (03) (12) — 0 


using all combinations of signs. The equations are inversive. If we invert 
with one of the Hessian points as a center, the triangle 1,2,3 becomes 
equilateral as before, and the equations (2.2) become 


(01) = (02) + (03) — 0. 


The case where the signs are all positive is an inversion in the circum- 
circle of the triangle 1, 2, 3. : 

(01) + (02) — (08) — 0 represents the are of the circumcircle from 
the point 1 to the point 2. 

(01) — (02) + (03) — 0 represents the are of the circumcircle from 
the point 3 to the point 1. l 

(01) — (02) — (03) — 0 represents the are of the circumcircle from 
the point 2 to the point 3. 

The point simultaneously satisfying (01) — (02) + (08) and (02) 
= (08) is on the circumcircle and is called the counterpoint of 1. Similarly 
(02) == (01) + (03) and (01) = (03) give the counterpoint of 2 and 
(03) — (01) + (02) and (01) — (02) give the counterpoint of 3. 

To summarize, we may say the invariant relations of three points under 
inversion give the Hessian points; the Apollonian Circles; the circumcircle, 
of the three points, not as a whole but in three ares which make it complete; 
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an inversion in the circumcircle; and lastly the eounterpoints of the three 
given points. 

Take now the case of four points. Let 1, 2, 8, 4 be four points in a three- 
dimensional space with 0 as a variable point in that space and consider the 
equations homogeneous in the points 0, 1, 2, 3, 4 


(01)?(23) (34) (42) == (02)*(34) (41) (18) 


8) — (03)*(41) (12) (24) — (04)2(12) (23) (31). 


These six equations are inversive. They represent six spheres which intersect 
in two points, for if the point 4 approaches infinity the equations (2.3) 
become 

(01)?(23) = (02)5(18) = (03)?(12) — (19) (23) (13). 


The spheres (01)? — (12) (13) and (02)? — (19) (23) will intersect if 


(01) + (02) > (19) 

or (13)5 + (23)% > (12)%. 
We assume that none of the four points coincide, so (13) + (23) > (12). 
This inequality implies (18)4 |- (23)* > (12)%. A similar proof shows 
that (01)?— (12)(13) and (03)?— (23)(13) intersect and likewise 
(02)? — (19) (13) and (03)? = (28) (19) intersect. These three spheres 
will intersect in two points and from the original conditions imposed by the 
equations the other three spheres must also pass through these two points, 
called the canonizant pair. 

Let us put one of these canonizant points at infinity by an inversion 
with that point as a center. Then the six spheres become six planes whose 
equations are given by 


(01)? = (02)? = (03)? = (04)?. 
The distances between the four points will then satisfy the following equations: 
(23) (34) (42) = (34) (41) (13) -- (14) (12) (24) = (12) (23) (18), 
which reduce to 
(12)? = (34)*, (13)? — (24)% (14)* — (23)*. 

Four points in a three-dimensional space are always on a sphere, and these 
equations arrange the four points so that, if the center of the sphere is the 
origin, the points may be given coordinates (a,b, c), (a,—b,—e), 


(—2a,5,— c), (---α,--- b, c). In this same reference frame, the Cartesian 
equations of the six planes are | i i 
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(01)? = (02)? by + cz =0, 
(01)? = (03)? ax + cez = 0, 
(01)? — (04)? az + by = 0, 
(02)? = (03)? az — by — 0, 
(02)? — (04)? as — cz ---0, 
(03)? = (04)? by — cz = 0. 


Thus when one of the canonizant points is at infinity, the other is at the 
center of the sphere on the four points. 
Consider now the following equations, using all combinations of signs: 


(2.4)  (01)2(23) (34) (42) = (02)? (34) (41) (13) 
= (08)? (41) (12) (24) = (04)2 (12) (23) (51) — 0. 


The eight equations are inversive and represent spheres or inversions. To 
study these equations, it will be convenient to put one of the canonizant points 
at infinity, as was done before. Then the equations (2.4) become 


(01)? + (02)? + (03)? + (04)? — 0, 


and the points 1,2,3,4 may be given coordinates (a,b,c), (a,— 5, — c), 
(—a,b,—c), (—a,— b,c), respectively. To determine the nature of 
these spheres or inversions, we will find their equations in the Cartesian 
coordinate system determined by the naming of the four points. 


(01)* + (09): + (08): + (04)* —0 

becomes 23 -- y? -- 2? — — (a+ b? --- οὗ). 
This represents an inversion with (0,0,0) as the center. The sphere of fixed 
points does not exist. Under this inversion 

( a, b, c) => (—a, —5,— c), 

( a, — b,— c) — (—a, b, c); 

(---α, b,— c) = ( a, — b, 0), 

(—a,—}, c) — ( a, ὃ, ---ο). 
The right-hand column gives four points known as the counterpoints of the 
first set. The equation 


(01)* + (02)? + (03)? — (04)*—=0 


becomes in the Cartesian reference frame 
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(w—a)? + (y—b)? + (2-0)? =0. 
It evidently represents the point (a, b,— c). Likewise 

(01)? + (02)* — (03)? -+ (04)? = 0 
represents the point (a, — b, c), 

(01)* — (02)? + (03)? + (04)* — 0 
represents the point (— a, b, c), 
and (01)? — (02)? — (03)? — (04)? — 0 


represents the point ( — &, — 5,— c). Thus for an odd number of minus 
signs in the equations (2. 4) the counterpoints of the four given points appear. 
The relation of the four points to the four counterpoints is mutual. The 


sphere (01)? + (02)? — (03)? — (04)? —0 
represents the coordinate plane «= 0, in the Cartesian system chosen. 
Likewise (01)? — (02)? + (03)? — (04)? —0 
represents the coordinate plane y — 0, and 
(01)* — (02)? — (08)? + (04)*—0 


represents the coordinate plane z == 0. These three spheres (or planes) are 
mutually perpendicular and intersect on the canonizant points, which in this 
case are (0,0, 0) and œ. The sphere containing the four points 1, 2, 3, 4 and 
the planes z = 0 and y = 0 intersect in the points (0,0, + 1) if the sphere is 
regarded as being of unit radius. Likewise the sphere and the planes 2 = 0 
and z= 0 intersect at (0, + 1, 0), and the sphere and the planes y = 0 and 
z= 0 intersect at (+1,0,0). These six points are called the Jacobian 
points of 1,2,3,4 and the three spheres (or planes) w==0, y=0, α--0 
are called the Jacobian spheres. 

The inversive theory of four points gives, in short, six spheres which 
intersect in two points called the canonizant pair. It also gives the four 
counterpoints and an inversion connecting them with the original four points. 
Likewise the three Jacobian spheres and the six Jacobian points appear. 

Since four points in three-dimensional space are always on a sphere, we 
may consider the special case when the sphere is a plane. The counterpoints 
will also be in the plane and the inversion sending them into the original 
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four points will be determined. Since the three Jacobian spheres intersect 
the sphere containing the four points, they will intersect the plane in three 
circles called the Jacobian circles. These circles will be perpendicular to each 
other and intersect in the six Jacobian points. 

Let us now attempt to extend this theory to five points in a four- 
dimensional space. We will first consider the equations : 


(01)? (ozs (03)? 
(12) (18) (14) (15) ~ (12) (23) (24) (85) — (18) (23) (34) (85) 
(2. 5) (04): (05)? 


(18) (24) (84) (45) ~ (18) (25) (38) (45) ` 


These equations are inversive and represent sixteen hyperspheres. However, 
if we try to prove that the spheres intersect as in the case of four points, we 
find that they may not. Hence, if they do not intersect, we do not have a 
canonizant pair of points as we had in the other cases. We have, however, a 
canonizant circle. 

Let us now consider the equations 





cuc leu. op etc Aes (03)* — 
(5) (13) (14) (18) (18) (83) (24) (BB) ^ (18) (BB) (34) (85) 
(8. 6) (04)* (05)? 


+ =r E a =. 
(14) (24) (34) (45) ~ (18) (85) (88) (45) ` 


We have here sixteen equations representing hyperspheres or inversions. Let 
us suppose the five points so chosen that the equations (2. 6) become 


(01)* = (02)? = (083)? + (04)? + (05)? — 0. 
The conditions imposed on the five points in that case are 


(12) (19) (14) (15) == (12) (23) (24) (25) = (18) (23) (84) (35) 
== (14) (24) (84) (45) --- (15) (25) (85) (45). 


They do not seem to place the points in any symmetrical arrangement. 
If we calculate the “ power” or bilinear invariant of each hypersphere 
of the set — 
(01)? = (02)% + (03)? + (04)? + (05)? —0 


with itself, we find there are six inversions and ten real hyperspheres. The 
six inversions are given by the one equation with all plus signs and the five 
equations with one minus sign. The ten hyperspheres are given by the ten 
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equations with two minus signs. The geometric connection between these 
hyperspheres and inversions and the five points is not evident, and in this 
paper we will leave the theory here. 


3. The Cayley Determinants. Cayley * has shown that for four points 
to be on a circle, the following determinant is zero, 


0 λιο Ais Aia 


where λε; is the square of the distance between the points 4 and j and 
Aij = Aj. Five points on a sphere satisfy a similar relation, Ος == 0, where 
C; is a five-rowed determinant similar to 04. 

In the same paper, Cayley gave the condition for three points to be on a 
line, namely 


0 Aia Ais 1 
λοι 0 λος 1 
D, = Lf. 
τ. λα ο SET 
1 1 1 0 


Four points in a plane satisfy the relation D, — 0 where D, is the determinant 
C, with a bordering row and column of units. Similarly five points in three- 
dimensional space satisfy D; — 0 where D, is the determinant C; with a 
bordering row and column of units. 

The relations C, — 0 and C, — 0 are inversive, for if we replace Ai; by 
CX 1;/M ciN cj, where c is the center of the inversion and not one of the points, 
C,—0 is reproduced in the primed letters, and likewise C, — 0 becomes 
Cy = 0. If the center of the inversion, c, is one of the given points, then 
C,==0 becomes D = 0, the fourth point having gone into the point at 
infinity. Likewise if we invert with the point 5 as a center, C; = 0 becomes 
D,-—0. The relations D; = 0, D,—0, D,— 0 are not inversive. If we 
invert with a point c, not in the line of 1, 2,3 as a center, the point c goes 
to infinity, the point at infinity becomes a point 4, and D,-— 0 becomes 
C,--0. Likewise we may derive the condition that five points be on a sphere, 
C; — 0, by an inversion applied to D, — 0, where the center of the inversion 
must not be in the plane of the four points satisfying D, — 0. 


* Cayley, Collected Mathematical Papers, Vol. I, p. 1; also Salmon, Conie Sections, 
6th ed. (1879), p. 134. 
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It is evident that determinants such as these may be set down for any 
number of points. D, == 0 is the relation connecting any « points in ὃν... 
C, = 0 15 the condition that n points be on a “round” or hypersphere in 
S.» The relations C, = 0 are all inversive. 

The question arises as to what geometric interpretation we may give these 
determinants when they are not zero. The following two theorems will answer 
the question for three points and then extensions will be made to any number 
of points. 


THEOREM 1. If A be the area of the triangle formed by any three 
points, then 
D, = — 164°. 


Proof: Three points on a line satisfy the relation D, — 0. If the point 
3 is at a distance p from the line joining 1 and 2, then 


0 λα» Aus — p 1 

Àz 0 dos — P” 1 --0 
àa— p λι--ρ᾽ 0 1 ᾿ 

1 T 1 0 


On splitting this determinant up into sums, we find that D; -9p*D, = 0. 
But D: = 2A,, and since p?A,, is four times the square of the area of the 
triangle 1, 9, 8, then D = — 16A?. 


THEOREM 2. If τ be the radius of the circumcircle of any three points 
not in a straight line, then C4 = — 9r? Dz. 


Proof: For three points not in a straight line, we have 


1 cos (12) cos (13) 
cos (21) 1 eos (23) | — 0 
cos (31) eos (32) 1 


where cos (ij) is the cosine of the angle subtended at the cireumcenter by 
the arc of the cireumcirele joining the points 4 and j and cos (ij) == oos (jt). 
If we replace cos (ij) by 1 — A:;/2r?, where r is the radius of the circumcircle 
and A; is the square of the distance between the points i and j, the determi- 
nant becomes 


1 1—A;/37 1— Ar? 
i = λοι/ 995 1 1 — Ass/ 2T? — 0. 
1--- λαι/ ή 1— Àss/ 9r? 1 
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Vier splitting this determinant up into a sum of determinants, we 
C, ο 26D; 220. Since from theorem 1, D4 = — 164?, we have C, — 32e V 

The following are the corresponding theorems for four points rot i 
sa ae, with a sketch of the proofs: 


Tuxongw 01': If V be the volume of the telrahedron formed by the four 
17 c 1,2, 3,4, then D, = 28807." 


Proof: If p be the distance from the plane of the points 1, 2,3 to tue 
oot Ἐν we may replace in the relation D, = 0, Ais by Ain — p (6 51.2.1. 
πι iting the resulting determinant up into sums, we tind D, + δρ, 


Sioe s = — 164°, D, = 32p7A*, 


Bu since p A--- 8V, we have D, == 98602, 


Turor ?': If e be the radius of the sphere on the four poins, th v 
Ci = — Da 


Proof: Four points in a three-dimensional space always satisiy t^e 
vela,ion 1 


1 cos (12) cos (13) cos (11) 
cos (21) 1 cos (?3) cos (21) At 
cos (31) cos (32) 1 cos (31) 
cos (11) cos (42) cos (43) 1 


suo (77) is the ave of the great circle joining the points i and jor t © 
- ^e on the four points. Replacing cos (ij) in thi, determincut v 
1- A, 2? and splitting up the resulting determinant into sums, we find 


C, + 212 D, — 0. 
Sao ,2- 2ST", we have 
These theorems ean he extended to any number of points. Thus we ha e 


TugogEM T. 7f V be the content of the solid formed by n points ir S, αι 
δε, D, 5 RV, where k= ( —1)"- (2)t [(a— 1)! 





Salmon, Auelylie Geometry of Three Dimensions, 3d ed. (1874), p. 34. 
t Salmon, lor. cit., p. 35. 
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THEOREM Il. If v be the radius of the hypersphere in Sna on which 
the n points lie, then C, = — 2r? Dn, or On = 2kr?V?, where k is defined 
as above. 


4. The Doubly Bordered Cayley Determinant. Four points in a plane 
satisfy the relation D, — 0. If about the point 4, a circle of radius p is 
drawn, then 


Aus = (δι + p)?, Asi (82 + ϱ) Ass = (δε +p)’, 


where δι, 82,5; represent perpendicular distances from the points 1, 2,3, 
respectively, to the circumference of the circle. The relation, a quadratic 
in p, is now written 


0 Are Ais (δι T p)? 1 

λοι 0 Aes (5: + p)? 1 

λαι Ase 0 (δι T p)? 1 j| =0. 
(δι +p)? (8+ p)? (8+ )* 0 1 

1 1 1 1 0 


If now the point 4 moves off to infinity, p becomes infinite, the circle becomes 
a straight line, and the coefficient of p? in the above relation is zero. Therefore 


0 Aw Aus δι 1 0 Aw Xs 1 
Ao. 0 A δ; 1 Ao. 0 M 1 

2 | As Ase 0 δι 1 λοι Age 0 1 
δ. δ 8 0 0 1 1 1 0 
1 1 1 0 0 


The determinant on the left is Cayley's C4 doubly bordered, first with 
Ss, then with units. The determinant on the right is D, which is equal to 
— 16A? where A is the area of the triangle formed by the three points 1, 2, 3. 
Let As αὖ, Arg = 0?, A15 — c? and let A,B,C be the interior angles of the 
triangle 1,2,8 at the points 1,2,3 respectively. Then if the left-hand 
determinant is expanded, we have 


(4.1) aà? -+ 03δ.3 + c?8,? — Rab cos C 8,9; 


— 2ac cos B 8,8, — 20ο cos A δ.δ. == 4A?. 
The δι, δε, δη now represent the perpendicular distances from the points 


1,2,3 to a straight line. For a given ὃ; and δι there are ordinarily two 
straight lines satisfying the equation. They are common tangents to the 
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ἐν with centers at 2 and 3 and radii ὃ, and ὃς respectively. Tiu 
vo ar external pairs according as 2 and 3 are on the opposit o 
e oule of the Hnes, The internal tangents coincide when 8.— -à 

DEewise the external tangents coincide when 8,— 84 ~> «4. A 
e Dy we may therefore sav that the diseriminant of equation. (1. 1) v 


etto. νε set equal to zero. must reduce to 8;—8 — ::. 


T 


“aimant set equal to zero gives 
Sn δ: et sin? B8? —?9bc (cosi + cos Bcosr) 88;— fA. 


- quation. should reduce to (8; —8;)? — &*. Thereroie the te to: 
Trees must ne satisfied. 


b? sin? C = be (cos .1 + cos B cos €), 


b'e =sinBisin(. absinC = 2A, 





Toe first relation is a form of the law of cosines 101 e tria el. 


i the law οἵ sines. The third gives an expression Yor the Ότο”, 
ΤΟΠΟΣ. gives 


b? situ? C = be cos A H- be cos (B + C) + be sin εις. 


Ἐν upon using the second relation becomes cosd =— cos (B - 1 
howe -ἰ- B+ (C 72. dfere we have sufficient information ahou: 

ge to determine any of its properties. Can we do the same ior τι 
ust 

To ‘ind the properties of the tetrahedron, or four point ip S, «tiii v 
Le ports satistving the relation Ds =— 0. About the point > draw è «nh 
og bs p. and. lot 8.8.8.8. be perpendicular distances arom the poi 
nO! to the sphere. Then in the relation D; — 0. set A, — (ὃ L 
er -1.2. 3. 1... IE now the point 5 moves off to infinity ini 20> 
ton, p becomes infinite, the sphere becomes a plane. and the co. (5 
^ ihe determinant D; == 0 is zero. Therefore 


[0 λα A λα δ. 1 
λα 0 λος λοι δ» 1 
λα λα 0 Ag. sS δ... T 
[λα àe λα 0 δι 1 : 
à, 2 95 ὃς 0 0 
1 1 1 1 0 0 
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where V is the volume of the tetrahedron 1,2,3,4. The above determinant 
is C,, doubly bordered, first with δα, then with units. Remembering that 
D; = — 164°, we have on expanding the above determinant 


(4. 2) Δι δι” +- A,70;? -[- Ag? + A,78,? 
— 2A;A28182 cos (12) — 24,4,8,8, cos (13) 
— 24,448,8, cos (14) — 24545858, cos (23) 
— 94544058, cos (24) — 2^54,80,0, cos (34) = 972, 


where Δι, Az, As, A, are the areas of the faces opposite the points 1, 2, 3, 4 
respectively, and cos (12) is the cosine of the angle between the faces Δι 
and As. 


Note: In the expansion of the above determinant, we used the fact that 


λα ο” Mag 1 
1 
1 34 ==—16A_A, cos (12). 
X, ^as 0 1 aie 
1 1 1 0 


To prove this we choose a rectangular reference frame in the plane of the points 2, 3, 4, 
giving the points coordinates (2,,y,), (2, 9,), (v, y,) respectively. The projection 
of the point 1 on this plane is given coordinates (z,',y,'). Then 


w + y, — 2x, — 2y, 1 1 LM y, vty,” 
qu? + y? — 39. — 2y, 1 1 LA Vs w, +y? E 
ας by," — 2a, — 2y, 1 1 οι V, κα ΗΝ 
1 0 0 0 0 0 0 1 
—16 ΔΙΑ; cos (12). 
i 2 δον λοι : 
Whenee x Xs 0" 1 | =— 164,4, cos (12). 
1 1 1 0 


Replacing in this determinant Ἆ.,; by X; — p°, (+= 2, 3, 4), where p is the distance 
from the point 1 to the plane of 2,3,4, and then splitting the resulting determinant 
into sums of determinants, we have the result. 


For given 82, ôs, δι there are two values of δι, or two planes, satisfying 
the equation (4.2). When will these planes coincide? Take three balls, no 
two of the same size, and place them on a table. Their centers will represent 
the points 2, 3, 4 and their radii δὲ, δε, δι. The plane of the table will be one 
tangent plane and there will be also an upper external tangent plane, for 
which a piece of cardboard may be used. If we now bring the three points 
of contact of the spheres with the table into a line, the upper tangent plane 
will swing around and finally coincide with the table. Hence the three points 
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2, 3, 4 will be in a plane through the line of contact and perpendicular to the 
table. Then 
(4.3) αἲ δε” + b?5,? +. 075.2 — 2ab cos C 8,8; 

— 2ac cos B 8.8, — 2bc cos A 838, = 4A,°, 


where a, b, c are the sides of the face A, opposite the points 2, 3, 4 respectively, 
and 4, B, C are the interior angles at the points 2, 3, 4. 

The same relation is true when the internal tangent planes coincide. 
Hence the discriminant of equation (4.2) with respect to δι must reduce to 
equation (4.3) when the tangent planes coincide. The discriminant when 
set equal to zero, gives 


A? sin? (12) δ’ -+ A;? sin? (13) δε” -+ A,’ sin? (14) 82 
— 2A248283 [cos (23) + cos (12) eos (13) ] 
— 24544858, [cos (24) + cos (12) cos (14) ] 
— 2A;A,838, [cos (34) + cos (18) cos (14)] = 9Υ3. 


This equation must reduce to equation (4.3). Therefore the following 
relations must hold true: 


Az sin (12) /a = As sin (13) /b = A, sin (14) /c, 
sin (12) sin (13) cos C = cos (23) + cos (12) cos (18), 
sin (12) sin (14) cos B= cos (24) -+ cos (12) cos (14), 
sin (13) sin (14) cos A = cos (34) -+ cos (13) cos (14), 
9ΔΙΔ, sin (19) = 3aV.* 


Here we have information about the tetrahedron. The first set of 
equations gives the law of sines for the dihedral angles, the second set gives 
the law of cosines. The last equation is a formula for the volume. 

This theory can be extended to any number of points. The doubly- 
bordered Cayley determinant for n points can always be set down. On 
expanding the determinant, we will always have a quadratic expression in 
the 8’s, such that the discriminant with respect to δι, when set equal to zero, 
must reduce to the relation on the s for (n — 1) points. The algebraic 
conditions imposed by this fact give information about the n point. 


ΤΗΕ JOHNS HOPKINS UNIVERSITY. 


* Casey, Spherical Trigonometry, p. 133. 


Independent Event Histories." 
By ARTHUR H. COPELAND. 


It has been proved that there exist N independent numbers + associated 
with a given probability p, N being arbitrarily large. The condition that a 
set of numbers be independent is expressed by a certain set of equations which 
must be satisfied by these numbers. Thus in a sense, independence is the 
exception and not the rule. However, another point of view is possible with 
respect to this question. It was proved that there exists a set of admissible 
numbers having the power of the continuum. We are led to inquire whether 
a set of independent numbers can have the power of the continuum, or whether 
such a set is necessarily finite or denumerable. We shall see that it is possible 
for a set of independent numbers to have the power of the continuum, and 
hence from this point of view we cannot say that independence is exceptional.t 

It is important to notice that a set of numbers can be independent when 
these numbers are not admissible. As admissible numbers are the ones which 
are chiefly of interest in the theory of probability, we shall restrict ourselves 
in this paper to the discussion of numbers which are both independent and 
admissible. We shall introduce the following definition: 


DEFINITION: A set of numbers, tı, 2», ta,’ ᾿ * vy, is an admissibly inde- 
pendent set if and only if there exists a corresponding set of numbers, pi, ps, 
Pacco px, Such that every sub-set of numbers, ὧν, £v, 2v, * * Ln, of the set 
Li, We, Φα," " Ly, satisfies the condition that ὧν, ᾿ ὤν,᾽ ὧν, °° * ὤνι belongs to 
to A Cpy, Prva Ph’ -- Prn)- 

Let us observe that it is possible for two numbers, ο and y, to be inde- 
pendent and admissible when the product, r:y is not admissible. That is, 
x and y can be admissible and independent without being admissibly inde- 
pendent. For example, we can take the numbers, 2 and (2/1)z, where c 
belongs to 4(p). Then (2/1)z belongs to A(p).§ We have the equations 


* This paper was presented to the Society September 7, 1928. It is based on a 
paper by the author entitled * Admissible Numbers in the Theory of Probability," 
American Journal of Mathematics, Vol. 50 (1928), pp. 535-552. 

+ The reader is referred, for notation and for the definition of independent and 
admissible numbers, to the memoir just cited, $8 I, IIT. 

t See Theorems 2 and 3 below, also see definition of the independence of infinite 
sets, p. 613. 

8 See the memoir eited, Theorem 13. 
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p [Q/3)(e- (2/1)2}] = p [(1/3) a: (2/2)2] =p” and 
p LG/3)(z- (2/1)2)] = p [(2/83)z- (3/3)z] = p°, but 
»[(1/9){α’ (2/1)2) > (2/3) {a> (2/1)a}] = 
p[G/3)z- (2/3)z- (8/3)a] = p Ap. 


Hence a: (2/1) is not admissible. To establish the independence of x and 
(2°1)a we have to prove that p [z: (2/1)z] — p*. We see that p [(r/n) (x: 
(2/1)z)]] =p [(r/n)z- (r--1/n)s]— p if r—1, 2, 3-55, n- 1. 
Hence the independence of these numbers is a simple consequence of the follow- 
ing theorem. 


ΤΉΕΟΒΕΝ 1.* If wis such that p((r/n)o) = p for every n and every v 
such that 0 < vr S n — q, where q is a fized integer, then p(x)= p. 

By hypothesis, if we have given a positive number, e, then there exists a 
number, uo such that 


(a) p—«3 < pu((r/n)o) < p + e/3 if p Z po and OC r n — q. 


Let v = un + m where 0 Z m < n, then 
n-q l n ny+m 
: py(z)-— D p pal (0/1) ) /ν + Ὁ p pal (n/n))/v TES. 
r= r=n~qt c= Ne 


But 0 S p,((r/n)o) S 1 if n—q<rSn, and 0 y a, = m/v. Hence 
k=np+1 


(p —«/8) (n — q)u/v S ρν(α) E (p + 6/3) (n — ϱ)μ/ν + qu/v + πα». 
Since (1 — g/n)p/(u + 1) S (n — q) n/v S 1, we have the inequalities 


Ρμ/ίμ +1) —e/3—q/n € po (a) S p + 6/3 + (qu + m)/ (np + m). 


These inequalities can be replaced by the stronger inequalities 


p —(e/3 + q/n + 1/43) S p (2) S p + (e/3 + 9/7 + 1/9). 


Let us first choose » so that q/n < e/3, and next choose po so that condition 
(a) is satisfied and so that 1/µο < e/3. Then | p» (z)— p | < e if v È nm. 
Therefore p(z)— p. 

We shall now consider infinite sets of admissible independent numbers, 
such sets being defined as follows: 


DEFINITION. An infinite set, E, is an admissibly independent set if and 
only if every finite sub-set of E is admissibly independent. 
* Special cases of this theorem were used in proving Theorems 11 and I3 ín the 
memoir cited, 
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THEOREM 2. There exists an admissibly independent set, E, having the 
power of the continuum. 


In order to prove this theorem we shall make use of the following lemma: 


Lemma. For every number, a, such that 0<a< 1, there exists a 
sequence of integers, qs (a) (s = 1, 2, 8,* * +) such that φε(α) < s and such 
that if à, £ az, then the equation, φε(αι) = qs(a;), has only a finite number 
of solutions.* 

Let gs(a) be such that (qs (a)-- 1)/s > a = qs(a)/s. Then | gs(a)/s — 
αἱ < 1/s, and therefore lim q;(a)/s =a. Let a, and az be two numbers such 

8-300 


that O «αι, @ < 1 and let us assume that a, < a» Let e be such that 
@2—e >a. Then we can choose sọ such that a5—- qs(a2)/3 < € if s Ξ5 so 
Then qg.(82)/s > as — e > αι > φε(αι)/6 if s Zso and hence the equation 
qs (01) = s(a2), has at most s, solutions. This completes the proof of the 
lemma. 

Corresponding to any number, a, such that 0 « a « 1, we can define a 
number, σ(α) such that the digits vs + 1 to νει of s(a) are the same as the 
digits 1 to Ns of (g.(a)/s)y, where v, =N, -- Ns -- Na -1-Νει and 
where y belongs to A (p). We wish to show that the integers, Vi, Na, Ns,- 2t 
Ns,’ > *, can be so selected that the set of numbers, z(a) is admissibly inde- 
pendent. We have to prove that if αι, à», da," + : Qa is any set of distinct 
numbers such that 0 «σι, de, σα," * * da < 1, then z(a):z(as) ' ' a (aa) 
belongs to 4 (23). Let 


Ys = (n/n)(Gs)y* (p2/8)Y * * * (pp/s)y}* (rs/m) Ci/s)y ` © + (ρβ/9)ψ} 
oor (n/n)(/5)y * * * (ρβ/9}9} 

where n Z s and τι, Το, Τον’ 7 * Tp is any set of distinct positive integers such 

that ri π, and where pi, pe, pa * ᾿ pg is any set of positive integers such 


that p; zs. Then if pi p2 * * " pg are distinct, p(Y,4) =p". 
Let εἰ >e >'t eD be such that lim e — 0. We can define 
800 


two sets of integers, Ma, Mo, Μα," ^ Macc, and Mi, No, Ncc Νε, 
* + +, such that 


(a) | pu (Ene) — p | < 6/3 if N = Mn 
(b) | ox (Ys) — 8 | + (νο + Με) / Νε < «/3it NZ Νι/η 


where n 5 and where pi, ρα’ * ‘pg are distinct and p; Xs. The numbers, 





* It is interesting to notice that if the condition q,(a) <s were replaced by the 
condition g,(a) < N, N being fixed, then the lemma would no longer be true. 
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JV, and Ms, can be chosen so that conditions (a) and (b) hold for all possible 
numbers, Yn, and at the same time, the numbers, Λε, can be chosen so that 
vs/" is an integer if n& s. Then N,/n is an integer. Let 


n = (n/n)(z(a) ` © (a2)  * *z(a4))  (r/n) ((a) * > a (a4)) 
Dc (n/n)ia(a) - + -2(a2))- 

Then digits v,/n + 1 to v,,/n of X, are the same as digits 1 to N,/n of 
Ya if pj =qs(a;) and β--α. In order that conditions (a) and (b) can 
be made to hold for this choice of the number, Y4,, the integers, qs(a1), 
qs(d2), qs(as);* * * qs (a4), must be distinct. However, it follows from the 
lemma that a number, so, can be chosen so that these integers are distinct 
if s È So . 

In the work which follows it will be assumed that s sj and s Èn. 

‘Then 


(e) | 25 (Xa) T m Par, sy (πι) | = (nN — Νε) /nN « (v; + M3)/N, «cu 


n. 
if vsu/nzNz (νεα + DM) /n. 
Combining (b) and (c) we get 
Φ) [pr(5) — Se pa] < (-- N/nN)o/3 «2/9. 
Combining (d) with the inequality 
(e) | p - N,/nN — g^ | «1— N,/nN < e/3 
we get 
(0 | pw(Xn) — p | < e if v /n SNS (νειν + M;)/n. 
If (νεα + Mi)/n SSN  νε/ n, then 
(8) [ρυ(ᾶν) — De. parre (Yau) 
nN 
N -- νο/ην 


Κε; N Dara m (Ύπ,ειι) | S (νει — NS) /nN < ει/β. 


Combining (a), (b), and (g) we get 








() [ρν(ᾶι) — ae τ 7 p^|«(4 s 7 YS) 65/3 < 26/3. 


Combining (h) with the inequality 


(i) | pis — Ste phe < 4/3 
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we get 
(1) | x (Xs) — p^ | < e if (sa + 25) /n SN S (νεμ)/η. 

From (f) and (j) it follows that P(X,) = p'* and since this equation 
holds for all possible numbers of the form, Xa, it follows that σα (αι) - x(a) ° 
Φ(αϱ) '"ο(αα) belongs to A(p*). Hence the numbers, z(a) (where 0<a<1) 
constitute an admissibly independent set having the power of the continuum. 


THEOREM 3. There exists an admissibly independent set, I, such that 
every set, I: A(p), where 0 < p< 1, has the power of the continuum. 


The set, Z, will consist of the numbers v(a, p), where 0 «a « 1 and 
0« p«1,and where z(a, p) belongs to the set A(p). We have to show 
that if di, @2, da, * * -, ἄγ, Piy Pay’ `, Py is any set of numbers such that 
00,05 * °°, ἄγ, Qi; ^ 7 0, Py < 1 and such that the equations, a; =a; 
and p, — p; are not both satisfied for any two distinct indices $ and 7, then 
@(d1, pi) "σος, po) ` "α(αγ, py) belongs to A(pi* pa^ ` ` py). 

We shall make use of an auxiliary set of numbers, y*&5, where y%q,g 
belongs to 4(8/25) and where « == 1, 2, 8, -- -, s and 8 —1, 2, 8, -:, 
(2* — 1). We shall define these numbers by means of the following equa- 
tions: E 


v.s = $ CHL GG—12-4 (81) + ny. 


II [1—(s(2 — 1) + (8 — 1) + ru/255?) y]), 


j=ri+l 

where y belongs to A (4), 0 r4 Ss, rij ge riy. if J7, and where the 
terms of the summation represent mutually exclusive event histories. It will 
be observed that s(« — 1)+ s*(8 — 1) 4- ri; < 2%s* and hence y%q,g belongs 
to A(B/2*).* Next let us consider the product, 4?.,8," Yanga” Yeanbs | 
YSam Bm Where m ΞΞ 5 and where the equations a; == «; and B; — f are not 
both satisfied for any two distinct indices, $ and 7. This product can he 
expanded by means of the laws of ordinary algebra and we obtain an expres- 
sion of the form 


Bi. Ba... Ba Ri » sm , 
E CIL (η) - YI [1 —(72,/259)y1), 
i=1 151 25131 ? 
where 0 < Ej; < ZS, Rij Æ Rij if 7547’ and where the terms of the 
summation represent mutually exclusive event histories. Hence Y'a,” Y anba 
Ἐν y'a,p, belongs to A(Bi- Bs* * *Bm/2™), Let Yus = (11/0) {yaa * °° 


YamBm} (12/0) {Yanm cod cc (sm) susc c0); where re Ary 1 ij 
and where 0< r: S nz s. Then ϱ(Υ1ε) -- (βι’ βα’ © © Bu/29")". 


* See theorem 16 of the memoir cited. 
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Let ὧι, be, bss °° `, bm be a set of numbers such that 0 < bi < 1, and 
let 8; be the integer such that (8; + 1)/2° > δι Z B,/2*. (In particular 
we could set m = y, and b; = pi.) Then 


(b, 7 by d dete bn)" (βι . Bs isis Bm/28")* 
SOT 1) r1) (Ba 1) 7e)* 
LER (Bi š Bs eov iR By / 9871} 5, 
Ti 0«8;z2*-—1, O<k Ss, and 0< mss, then the ‘maximum of 


((βι -- 1) s: wr (Bu + 1/gsn)k — (8i z β. © tate Bn/28")* occurs when βι = 











Ba: Bm = 9*3 —1 and k= m =s (s being fixed). Therefore 
(bs: -© Dm) — Ba Bo + Bu) < 1—(1— 93993, 
Let es = 6[1— (1— 279) *] then lim és = 0. 
We can define two sets of integers, Mi, 77ο, - ++, Ms, c +, and Ny, Ns. 
<, Ns 7t, such that 
(a) |gx(Ynsa) — (Bi: Ba: + : Bu/268*0)* | < e,/6 if VSM, 


(b) | Αν (Σε) — (B; ý Be a Bm/28™)* | + να + MN, « «4/6 if V = Ne 


where ve = Na + V,+:::+ Ns... The numbers Ms and V, are such that 
conditions (a) and (b) hold simultaneously for all numbers, Y,,,, for which 
0«fz8:—1,0« ai mz sand O-«kznzs At the same time the 
numbers, V., are chosen so that νε/ is an integer if n S s. 

We can now define the numbers, x(a, p), as follows: The digits v, + 1 
to v, + 1 of x(a, p) are the same as digits 1 to Ns of y'ap, where αἳ = q(t) 
and B* — qs (p). 

Let us consider the number, 14,,, where m = y, αιξ = qs(a;), and Bit = 
qe (pi), and let 5ο be such that the equations, a;* — ajs and Bi? = β are 
not hoth satisfied if s = so and 1547. Combining (a) and (b) with the 
inequality 

| (8111 Bo? c BuS/2Y*)* — (PPPs © 7 py)" | < es/6 
we get 
(ο) | Px(Ynsa) — (ppp ^c Py)” | < e/2 if N zn 
(4) | py(Pus) — (pipes cc py) | + (vs + Ms)/Ns «ει it ΝΞ Nin 
whenever s = so. 


Let Y, be defined by the equation 


Xn = (11/0) {2 (01, pi) ` z(42, ρε) ’'' t (0, py) Y: (s/n) (a, pr) 7) 
Ue (r/n) {a(t m) 


z 
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Then it is easily seen that | py (Xa) — (pipeps* ^ 7 py)" | < es, if s Z so and 
if veu/n SSN S vs/n. Therefore p(Xn) = (pipe: + ^ py)". It follows that 
(d, Pr) * t (02, Ρο)’ * (αγ, Py) belongs to A(pipspa: - ^ py) and hence the 
numbers, z(a, p), constitute an admissibly independent set. 

We have now established the existence of non-denumerably infinite sets 
of admissibly independent numbers. One might ask whether the added con- 
dition of admissibility enables us to lighten the independence restriction. 
That is, can we say that n numbers are admissibly independent provided each 
is admissibly independent of each of the other n — 1? We have to answer 
this question in the negative as the following example shows. Let a belong 
to A(15) and let z, — (1/2)z, σετ (2/2)s and s= (1/2)z- (2/2)z 
+ [1 — (1/2)z] - [1 — (2/2)z]. Then a1: £= 22:25 = 23° 2, = (1/2) 2° 
(2/2)e@ and σι σε θα (1/2)z- (2/2)x. Hence each of the numbers, 
Φιν €», Za, is admissibly independent of each of the other two, but the set, 
αι, Ὅν, Tay is not admissibly independent. 


THE RICE INSTITUTE, 
HousTOoN, TEXAS. 


The Primitive Groups of Class Fourteen. 
By W. A. MANNING, 


1. No primitive group of class 14 contains a substitution of degree 14 
` and order 7.7 Then the primitive groups of class 14 can be studied to the 
best advantage under two heads: (a) those in which the positive subgroup is 
of class > 15, to be determined in $$ 3-36 of this paper, (b) all others, 
deferred to $8 37-48. It will be shown that there are but four groups of the 
first sort, and one of the second : 


(1) The simply transitive primitive group according to which the sym- 
metric group of degree 9 permutes its 86 transpositions. 

(2) The simply transitive primate group of degree 49 and order 
2(7/)? isomorphic to (ab, bedefg, aß, βγδεζη, αα: bB- cy: dB - ee: [ζ gn}. 

(3) The triply transitive group of degree 22 and order 29: 21-20-96 
which occurs in Mathieu's quintuply transitive group of degree 24 as a transi- 
lige constituent of the largest subgroup in which the subgroup that leaves two 
letters fixed is invariant. 

(4) The doubly transitive subgroup of (8) of degree 21 and order 
21: 20° 96. 

(5) The doubly transitive group of degree 21 and order 21-20° 288 
which occurs in the quintuply transitive group of degree 24 as a transitive 
constituent of the largest subgroup in which the subgroup that leaves three 
letters fixed is invariant. 


The positive subgroup of (5) is a doubly transitive group of class 15, 
which was omitted from the author's published list of the primitive groups of 
class 16.1 The error in that paper is corrected in 88 39-48. A direct proof of 
the existence of the quintuply transitive group of degree 24 is given in § 46. 


2. In this investigation the following theorem is of constant use. It is, 
however, only a special case of a more general theory. 


Let certain substitutions of prime order generate an invariant subgroup 
of a primitive group G. If H is an intransitive subgroup generated by some 


* Transactions of the American Mathematical Society, Vol. 4 (1903), p. 351. 
t American Journal of Mathematics, Vol. 39 (1917), p. 281. 
4 Transactions of the American Mathematical Society, Vol. 12 (1911), p. 378. 
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of these substitutions, there is in G a substitution similar to one of the given 
generators which replaces a letter of an arbitrarily chosen transitive constit- 
uent of H by a letter of another constituent of H. 


Occasional use will be made of one of Jordan’s theorems, which may be 


stated as follows: * 


Let G be a transitive group generated by certain substitutions of prime 
order p, some of which generate an intransitive subgroup H. Let there be in 
G a substitution similar to one of the given generators of G which replaces a 
letter of an arbitrarily chosen transitive constituent A of H by a letter of 
some other constituent of H. Of such substitutions let t, &,- * * be those 
that displace a minimum number of letters new to H. Then if every power of 
some one of them, say t, replaces a letter of A by a letter of A, there is at most 
one letter new to H in any cycle of t. 


The last condition of this theorem is certainly satisfied if the generating 
substitutions are of order 2 and if the degree of A exceeds the number of 
cycles in t. 

The primitive groups of degree less than 21 are known and among them 
there are no primitive groups of class 14. n 


3. If the positive subgroup of the primitive group G is of class > 15, a 
substitution 5» of order 2 and degree 14 will with 


S1 == ds ` biba * 0405 * dido + θ1θο ° fife "9192 
generate an Abelian group or one of the following non-Abelian diedral groups: 


Dy = {s1, S2 = 0305 * 0105 * Cotto’ digi: d2Be* 6ιγι ^ €2y2) 
D'i (81, 8. = dibs" eid: eifi * 91%" J2% * βιβα᾽ γιγε), 
D, = (5, $5 = σι» ^ b,c, * dye," fie, 3 fota "gB: 01βο}, 
Da = (81, S2 = 401° οιᾶι * 6105 * 63927 fi βι’ ΠΗ͂. γι} 
Dz = δι, 82 = ditta: bibs + CyCg* dids ` θιθε * fifa © 9193}; 
D, = (s; S2 = 405 * bibs * δι dida ` e163 * fifa t θιϑε), 
Ds == (81, S2 = 0501 * Q201 * Όροι" dida e1e3 * fifa’ 919s}; 
D: = {δι, S2 = 101° 0261 ` bed, * θες eifi * gi191" θοᾶρ], 
Dz = δι, S2 = αιδι + 850, 7 bodi : efi C291 ^ fot, | Jato}, 


The accuracy of this list can be checked by the construction of the positive 
substitutions of degree > 15 and < 22 f which ean occur in G. 7’ is the 
same group as Do, with s, and sz transposed. 


* C. Jordan, Crelle's Journal, Vol. 79 (1874), p. 249. 
1 See references, American Journal of Mathematics, Vol. 35 (1913), p. 229. 
1 Transactions of the American Mathematical Society, Vol. 18 (1917), p. 473. 
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Since no invariant subgroup of G can be Abelian unless it is regular, 
some two substitutions of a complete set of conjugate substitutions of degree 
14 must generate one of these 8 diedral groups. Our immediate object is to 
show that G can not contain D,, Ds, De, or D;. They will be studied in the 
order Οι, Ds, De, Di, Ds, Do, Ds, Ds. A complete list of the possible Abelian 
groups generated by two substitutions of degree 14 might be given at this 
pont, hut there is nothing to be gained thereby. All such groups will be 
found in 88 29-33. 


4. The last group of this list, D+, is of order 16 and has only two transi- 
tive constituents. It will be shown that it is not a subgroup of any primi- 
tive group of the sort we are studying. The following substitutions of D; will 
be needed : 


S1 = Ayla * bibo * C107 dida 6827 fife 0163, 
S2 = αι δι © A261* badi eif + C291 * [ναι © Goda. 
tı = dnd, * bey * Coda egi * esf; E facts οι. 
2 == (abs * Gobi * Cad * Codi © fige d fogs * αφᾶ.. 


There is a substitution s; of degree 14 that replaces a, by a letter of the 
smd constituent and has at most one letter new to D; in any cycle. Under 
transformation by & and ¢1¢e-figi-fog2:@i%2, the four transpositions (αιει), 
(ees), (afi), and (αιφι) are conjugate. So also are (αι]ο), (4:93), (αιαι), 
and (αιᾶς). For s; we have to try only (αιθι). - - and (afe) τ -. 

Since we are not interested in primitive groups of degree < 21,* it is well 
to know if a transitive group of degree 16 or 18 of which D; is a subgroup can 
be multiply imprimitive.t It is easy to verify the following statements: 

The only possible system of imprimitivity of two letters including a, of 
any imprimitive group of degree 16 or 18 of which D; is a subgroup is abi. 

The only possible system of imprimitivity of four letters including αι of 
any imprimitive group of degree 16 of which D; is a subgroup is a,b,¢2d2. 

No systems of three or nine letters are possible in an imprimitive group 
of degree 18 of which D; is a subgroup. 

Then D; is a subgroup of a primitive group of degree < 21 unless sa dis- 
places at least four letters new to Dz. 

Neither {δι, ss}, (52, Sa}, (51, δα], or (£2, s) is Abelian or of the form D, 
or J);.. Nor ean the first two be D; or Dy. 


* See references, American Journal of Mathematics, Vol. 35 (1913), p. 229. 
1 C. Jordan, Liouvilles Journal, Ser. 2, Vol. 16 (1871), p. 383; Marggraff, Dis- 
sertation, Ueber primitive Gruppen mit transitiven Untergruppen geringeren Grades, 


* Giessen, 1889; Manning, Primitive Groups, 1921, p. 92. 
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5. Consider first the substitution 


Ss =(the:) (Bı —) (Le —) (Bs —) (Ba —) - 


Let both {6ι, S2} and (55,55) be octic. Now δε---(αιθι) (ας) (δι) - - - so 
that {tz δε} is octie and ss —(a:61) (5381) (δι): - +, which is impossible when 
{81, δε) is octic. 

Let {δι,δε} be octie and {s2,s3} such a group as Ds. Now s= 
(αιει) (bit) (fry) (Bx —)- + - (a2) (e2), where (zy) is (bedi), (f2%1), or (φεα»). 
If {1,83} is Di, 83 = (61) (οιβι) (6382) (a2) (02) - - - , which is impossible 
with sz} Therefore {δι, δε} is Do or De, and ss = (ai) (bida) (fibo) - + or 
(2361) (fio) (bif2) - - - , both of which are impossible; or else zy = sx, in 
which case e» and g, are fixed, impossible with sz- 

If (5,5) is Ds and {sasa} is octic, transformation by 
040, 5f. bieo: D2gi Cifa C905: diga: daas shifts this case back to the preceding. 

Let (5,55) and {ss S} be Ds. It is not possible to have δε 
(αιθι) (aoe) Ces) - - : = (dies) (dau) (fiv)- -+ 


6. Consider second ss —(a;f2) - - 

Let {δι, δε} and {52, δα) be octic. Since now δε fixes dz and ὧι, {{α, 8ο} is 
D, or D. Therefore sj = (a:f2) (αυ) (δι) (be) (f1) (g1) (αι)- - +, and s 
(2581) (αι): - ^. Thus s, has no cycle new to δι, and in consequence (5, Sa} 
is Dy. Then s; fixes ge, so that {ὁ., ss} is impossible. 

Let (s, δε) be octic and (sz, ss} of order 6. Now δες 
(aif) (bax) (αι!) (a2) (fi) - - +, where the cycle (zy) of s» is (bad), (e291), 
or (1.2). Moreover, t= gi, 6ι, or é2, and y Æ dy, de, Οι, or ου, for otherwise 
(b.c) («9) - - - can be transformed into (a1e,)---. We cannot have s; = 
(aif) (bid) (a1b2)- - - , and neither (aife) (0192) (9392) - - - nor (αι) (biaa) 
(αι): - - is possible. 

Let {δι, ss) be Ds and (s», ss} octic. As before, sg == (αι[ο) (asc) (fiy) 
(5:) (αι) + * * , where (zy) is (C162), (didz), (€182), or (9192), and = ex, 65, 
or gs YF bi, οι, or d, The three forms of $3, (dif) (ααοι) (Γιος) - -, 
(sfz) (dedi) (fidz)- - - and (afa) (asg1) (figa) - - - are all impossible. 

Finally, (54, δε} and {s2, 5ο} cannot both be such groups as Ds. 


Therefore D, can be struck from our list. 


7. Consider a group G in which D, isa subgroup. If G exists there is in 
it a substitution δι —(a5.)- - -. Now sy is not (a:b;)(@2b2)--+. Nor is 
Sa — (0404) (a201) (0502) + - or (arbi) (8202) - - -. Then (5,55) and (5551) 
must be octie groups. If s, fixes az, it fixes also bz and ba, so that (525155, Sa} 
is an impossibility. If s, displaces az, (s, δε} and {8.,δε} are both De, Se = i 
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(αιῦι) (azc) (bad) (ead) (bs —) ve Shy and {διδοδι, Sa} 18 Do, Dy Dı, or D. 
Hence sa (αιδι) (a261) (bedi) (code) (63 —) (οι)... But if {S2 δε} is De, 
Ss should displace cs. This consideration removes D, from our list. 


8. We can also rid our list of De. Its substitutions of degree 14 are 


Sı = 040» ` bibs: 6102 7 dido * 665 ` fife ` dig»; 
Se = (301 * da€, " beds * Code - efi "θιᾶι * Jo%s, 
ty = αιᾶι * ada * b16 ' ὅροι: eife d esf s * ᾳιᾶς, 
ty = Q12 ' debe bido * Cid " eof2 * (ιο * Jo%, 


All the substitutions of the group {σ--οι[ι’6)[ι, σι == 91f2'%%, 02 — 
D102: οι. 610 fifa Ao, 05 = 0201: 020,- Codi 6191: 0295: fig fz02} transform D, 
into itself. There is then but one substitution s, to be investigated: 
(a1¢:)- ++. Upon this substitution may be imposed the condition that it 
introduces a minimum number of new letters to De, and therefore at most one 
new letter to any cycle. l 

If (Ds, $2} (== Hz) is an imprimitive group of degree 16 or 18, the only 
system, including αι, of two letters is a,%29:g2, and there can be no system of 
three letters. Hence if M, is a transitive group of degree < 20, D, is a sub- , 
group of a primitive group of degree < 21. That is, if H; is of degree < 20, 
it is intransitive. 


9. The group {δι, δε} can be Abelian, or of one of the types D, D’o, Da, 
Ds, or De. 

Let {5ι,5ο} be Abelian. If s, and ἔι are also commutative, δὲ = 
(αιθι) (4260) (dafa) (dafs) τν. By S2, Sa = (t11) (fida) (6102) (4160) (οι): : : 
Then (4,55) is octic. If (1,54) is De, there are just two letters in δε new to 
i,, and they replace the letters of one cycle of 6. These new letters are not 
σι ΟΥ gs. Therefore δα = (4361) (8262) (4:81) (4282): - - . The only other letter 
new to 52 in δα is now f», so that (55, δε} can only be D, or Ds, and neither case 
is possible. If {tı sa} is D'o Di, or D2, δε has four or six letters new to t. 
Now (ss, δε} is octic because δε fixes f; and therefore s; = (αισι) (@2¢2) (οι —) 
(ὧι) (b2) (di) (de) (f1) (fe) - + , and this is impossible. 

Let {5ι, Ss} be Do. The substitution ss == (a161) (as) (ες): - - has six Iet- 
ters new to s, in six cycles, of which at least four are fi, B», Bs, Bi. If δε 
displaces αι and a», (45,53) is Do, Di, De, or Ds. If it is Ds, (55,54) is impos- 
sible; and if it is Do, Di, or De, δε fixes a», e2, di, de, fi, fe, and therefore 
Sa — (04,61) (0181) (0282) (οιβε) (C284) (03g) (429) - - - , absurd with sa If ss 
displaces αι and fixes a, (4, δε} is Dz and ss = (11) (9:81) (φοβο) (em) +, 
where x is new to sz and to t; and 15 a letter of sı, an impossibility. If s; fixes 

9 
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αι and o», it displaces six letters β in six cycles, so that (4, ss} and {s, Sa} 
are also D,. This is impossible. 

Let (5,55) be D'o Now s, has six letters new to s, and four of these 
new letters are in two cycles. Therefore δα = (a161) (αιβι) (282) (Bor) (Bay) 

‘+, where (zy) is a cycle of sı. We note that (44, ss} is octic and is not Dy. 
Therefore δε fixes ds, 6», di, f», and (ry) is (bibs), (σισι), or (6109). Because 
of Se, (zy) is not (0109). If (xy) is (οιο.), t requires that b, and bz be dis- 
placed, and this s, does not permit. If (zy) is (gigs), (5s, ss} is octie and 
therefore ss fixes f, and f», whereas s, requires that fı or f» be displaced. 

Let (5, δε) be Dı. Here s, has a cycle in common with s, and has four 
letters new to δι. If s, displaces αι it is of the form (ae) (αι) (229) - -. 
For if H; is of degree < 20, it is intransitive. This form of δα is inconsistent 
with s2 or tz. Let δε replace gi by 6». Thus s; = (αιει) (9:92) (81 — ) (Be —) 
(Bs —)(Bs—)---. With s», 4; and fe, Sa generates octic groups and there- 
fore fixes f, and fs, but should displace a letter from every cycle of s, Let 
S3 (diei) (gii) (g2B2):--. This is commutative with f, and replaces di 
by fe. Hence if sj has one cycle in common with δι, it has two. 

Let (s, δε} be Ds. Now δε has six letters new to sı, in five cycles. If 
Ss = (4101) (αιβι) (¢2—) (B2—) (Bs —) (Bs—)-- +, the groups {is 8ο) 
{δα δε} and (f. δα} are octic, so that s3==(a1e1) (481) (gos) (gB2) - - - , im- 
possible with s; and te. If ss —(a;e:) (αιβι) (a —) (Bs —) (Bs —) (Bs —) 

“Ὁ {tn 8ο} is Ds; but (αιοι) (681) (di — ) (fa —) -- + is absurd if the 
blanks are to be filled from ¢,. It would require eight cycles in ss Then 
Ss = (αιέι) (4142) (B1 —) (Bz —) (Bs —) (Bx —) ->> and ss (g9) 
Therefore s, is not commutative with s» or tz. Both [ss ss} and (5, δε} are 
octic. Hence s; fixes fı, f», gi and gs. 


10. Let {δι, ss} be Ds. Now ss — (a;61) (Gov) (ezy) (B1 —) (82 —): : -, 
where (zy) is a cycle of δι. In sj there are four letters new to sı. If one of 
them is αι, H, is intransitive and therefore δα--(αισ)(ας)(φ): : :-- 
(αιει) (diz) (foyi): -+ [(αινψι) is a cycle of ἐν], which is impossible. Hence 
85 = (αι) (a2) (a16:) (as) (es) (Bx —) (B2 —) (Bs —) (84 —). Since (t, 5ο} 
is Dy or De, δι fixes d; and f», and then, because of δι, must replace d; and fi 
by letters 8. But s = (ea) (fifi): +- is impossible with s2. 

Let (s, 5ο} be De H is intransitive. Then ss —(a:6:) (9:81) (g2Be) 

-~ or (ια) (gaz) + + +, where z is new to s But (gia) (gs8) (α)  : is 
impossible, as is (Φια)(φεα)’ :. Now ss (αιθι) (9181) (θοβο) (αι) (αυ) 
(dif2)* ++. Since (s. sa} and {ἰο, s.) are of order 6, δὲ = 0,¢,-Qef1-b1¢1- 
df»: dse2* gii: gaz 
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The group H, = (Ds, ss} is unique. It is transformed into itself by 
(102: ἄιας'βιβο and by ἰα--οιε»-Ο16ι-ζι[ο-Ὀο]ι’ ἀιά»-αιβα-α5βι, so that for δι 
two substitutions, (@g:)---and (4,0): --, are to be studied. Now 
(1): ++ can only be the transform of ss above by the substitution e; = 
a:b: Use, Codi 01gi 0S0: figa fa*s of the group whose substitutions transform 
D, into itself: σαδεσε = 0491-0202: 0192: 020: d205 01x fiy, where v and y are 
letters new to De This is impossible with s; The other substitution, 
(αιαι): ++, is the transform of δα by σοσα: 03505830205 = (40:010: Cidi Coge’ 
d.g..eyz-fiy. This too is inconsistent with δα. 


This leaves in our list of diedral groups Do, D'o, Di, D», Ds and Ds. 


11. It is also possible to reject the group Dı. The four negative substi- 
tutions of order 2 in D, are 


Sı = Milta * bibo * 6169 ^ dida * θιθο 7 fifa 9192, 


85 = de © bie, * di@s * ha ᾽ fame ‘981° Joho. 
li = ide ` Ds€s * dees ° fot è fido * Qs gis, 
ty = Ayla * D162 © Doty * dieo ` doli 0402 7. Bibe 


All the substitutions of the group 


(0105-102 dido: 61641 fifa: 0109, b.e dei fio foes gifs: gos, 
D ds -bolz 6161: C262, bif. boo ifa 0208: digi: doli 6101 :0.β., 
Όϊνοι b202, d46: ds», fifa: 0105, 91g»: BiB2, figi: fege oii: 022) 


transform D, into itself. Then for δα only the substitution (αιζι): - : need be 
studied. 

If s, is commutative with sı, {δο, 54) is not one of our groups Do, D'o, 
D,, Do, Ds, or Ds. Τὲ {δι, δε} is octic, δε fixes a», be, οι and c» and then {{ι, Sa} 
is not a possible subgroup of G. Hence (5, ss} is Ds: Ss =(1b1) (a2 —) 
(6; —)- - -, and (hs;)* = (5455)? = 1. Indeed, {t1, δε} is Dı. Therefore 


S3 = 0104 ` de 7 Dobe * dey1 * 62y2 fie : gif: 
or S's = (10, * 261 * ος» © days '6zya^ ffi ` fice 


The only other substitutions of degree 14 which replace a, by b, are the trans- 
forms of δε and Ss by fife-01%2, gigs: Bis and fifa: gigs: ἀιαο"βιβ.. The sets 
of transitivity of H, are @:@2b:b2CiC2, didseiezyrys, fife%i%e, 91928182, and of 
A’; are αιαεῦιδασιόο, ἀνεδιθογιγο, Γι]οθιθ-αια:βιβ». Both H; and H’, are 
invariant under the substitutions of the group {άιθι-οθ»-γιγ», 0102: b261 dido: 
6169: fif: 9192, figs: fsga: 03: o, 4,05 +b1Cy- yey f30 foe gii: goa). Hence 
"for s, we have to discuss only the three substitutions (αιᾶι) ---, (&y1) =+“ 
and (αι[ι):--. 
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It will be convenient to use w to represent δι and s's indifferently, 


12, Let s,=(aif:)---. Take the eight substitutions (a,b,)-- - which 
are possible with {sı s2} and transform them by bifi- bati- Cifz' 0202: di gi- 
dsfl-61g2:02[85. Transform again by diei-dses-yiys and by 0105-056; dida 6,6; 
Rhfsgigs There remain for further consideration two substitutions having 
the first cycles aifi-a2fa- 0405: ivi. Bete and the last two cycles b,b..d,ds or 
b,d,.b,d,. Of the letters σι and xz we know as yet merely that they are new to 
D, Now 6, ---([ιαι) (a1%2)- - - is not possible with δε. The group (s^, δε) is 
Ds, so that 5. = @:f1-Gefe-bide-bed1-01%2-Biy:-Boy2. In the primitive group G 
there is no other substitution (efi): - - similar to δι. This means that πο G 
containing this H, is doubly transitive, for if so there would be four substitu- 
tions with (mfi) in common, conjugate to δι, s», tı and te, respectively. Since 
(H^, s4} is transitive of degree 20, and since there is no simply transitive 
primitive group of degree 20, this s, —(a;f1) - - - can be dropped. 

Let s,-(mdi):--.. Now there are six substitutions s, with 
0,0,:056,:d565:D22,: Coz in common and with the last two cycles fiar: gibi 
fios: Qaf]o, fatto: Joho, fii g103, fia: go03, Or foBe-go%e. This s, is commutative 
with 818/361 = 0405: 05D τοι: dayr’ vy foi: 9201. Thus we have uniquely δι 
030,056, dea: boye" Covi fif: goi. The group (Hs, s,) is impossible. Of 
H, = (H's, s4} it can at least be said that it has two sets of transitivity. Trans- 
formation by substitutions of D, and by ειδε = bic beta figs figi af 
αρβι:γιγ» shows that there is but one substitution to try for ss: (efi): ++, 
and it has already been rejected. 

Let s4 ---(α;γι)’ - - , with the strong condition that in no substitution of 
G, similar to δι, is αι (or a;) replaced by di, de, οι, or ez. Let δι fix as. If 
408,5 SW, δι---(αιγι)(διάα)' - - , and the transform of twt, ---(α:δι)- : - 
by s, is (adz) - - -. I£ ζω, s4} is octie, s4 = (ayı) (a2) (δι) (b2 —) (6ι —) 
(c2)-++, and is inconsistent with t» If {w, δι) is of order 6, s= 
(σιγι) (bı —) (da —) (ex —) (az) (b2) (ἀι) (οι): : - , clearly impossible with ἐι, 

Now the only letter by which s, can replace a, 18 ys: δι. 
(αιγι) (Gyo): . If Ws = sw, δι--(αιγι) (α1γα) (b1d2) (02) - ++. Then 
84810084184 == (D2y5)- - - and the transform of this by syws, is (05061): - -. If 
{ω, s4} is octic, δ. = (αιγι) (a2yz) (δι): - - , and wsywssw==(aide)- ++. 


Then the only non-Abelian diedral groups left are Do, D'o, Ds, D, and Ds. 
18, Consider D;, in which 
δι = did, * 302 * C102 7 dida * 6ιθ " fife * dido; 


S2 == (401 - 0201 7 baa * dada ^ 6,087 hfs * 91935 
tı == Ggbe * 0402 * 0101 * dada * C23 * fafa * J292- 


iy uL SS 


pa 
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The group Ds is invariant under {σι = b:6; b261: dida erea fifo gigs, o2 == 
Axb1-b2C,-deds-€2€3-fofs-goga} so that we have to study only the one type of 
substitution, ss—=(a,d,)---. If (s, s.) is an octic group, σιδαδιδασι = 
(adı) (d2d2) - - - , and if (ss, δε} is octic, σισαδεδεδεσοσι = (tdı) (d2d2) +++. 
TE (5,55)? — 1, 025302 — (αιζι) (@2d2)---. It is not possible to have all the 
groups (s, δα), (52, δε}, (4i, 83} of order 6, as is seen by considering one of 
the transitive constituents of degree 3. If (s183)? —(5554)? = (tiss) = 1, 
Ss (αιώι) (c20) (b2) (a0) (e3)- - -, and the transform of the cycles 
(@2b2) (€263) Of tı by δεδισ»σι(ιει) (dse2) (ἄχει) is (adi)(aod;). Then in 
all cases S3==(a,d1) (Aed2)---. IE (525) *— 1, δε (ad) (azd2) (δι) (ds) - - , 
and δᾳσοσ; transforms $;——-(4,0,) (did3) (@2¢1)- - - into (deas) (αιζι) (da —) 
- +, which with sz generates such a group as Ds. Then 


δε = G01 -A2d2-b1€;-b2€2-dses- fifa: gaga 
or απ adi- God» bier: boez: dees fofa 98ga 


14. We take up the first of these two substitutions and study the group 
Ii, The substitutions of degree 14 in H; are 
δι = 0405 * bibe * 0102 ^ dida ` θιθο fife gio, 
S == 040, * QC * boo $ dida * 183 * fi 3° fido, 
ty = debe * 102 ' Dies © dada ` 6208 ` fafs * 929s; 
Ss = (4d, ` αιἀε * brea * 0262 * deeg * fife * Qs; 
ta == bida * C1d2 * ἄιθε 7 0202 7 yey ` fofa * 91945 
ta = beds * Cody * Gols * C161 * dola * fafs * G29 4» 
The sets of transitivity are a,2b,b2¢,CodyGod sells, fifofs, and 01010160... Hs 
is invariant under e = 4505 -D50;- ds65- dres: ds63 fifa 9194. There are then four 
types of substitutions that need be used for s4: (αι[ι):-:, (αι) τν 
(4i): +--+, and (492) - ^. If 5,5, is of order 4, s,5,54 is (αι) (ai) -» 
(efi) (α»[5)- + -, (ego) (asg1) - - - , or (agi) (a292): - ^ , and may be used 
fors, The products s,s, and 525, are not both of order 2. Hence the substitu- 
tion s, may be determined subject to the following conditions: 


(a) (55)? = (s284)? = 1, 
(b) (s184)* = (S284)? = 1, 
(e) (5154)? = (S28,)* = 1, 
(d) (s184)? = (S284)* = 1, s, —(af2)- ^ ^, or (093): ^, 
(e) (5:54)? = ($984) * — 1, s, = (Mfo), or (0g): - 


To justify the limitation in (d) and (e), consider s, ---(αι[ι) (δι) (fe) - -. 
The transform t = taS4S2S4ts == (dif) (bifs) - - - , and we may assume that és, 
is not of order 4. For if it were of order 4, ἰδιέ = (a:f2) (asfi) - - - could be 
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used for s,, under (a), or under (d) as stated. If s, —(ag1) (b1) (gs); 
we use $= σδιδεδισ --(αιζι) (bigs)- - - and again choose another substitution 
(a191) (@eg2)- - - for s, if ts, is of order 4. It will be seen that not all the 
substitutions s, determined subject to the above conditions have to be used 
for δι, but these five cases certainly include all the necessary forms of s,. The 
following 19 substitutions result immediately from this classification : 


B4 i9 ifr: aafo * Digi c boga + dida faga ' θεα , 
Da 2 = ifs 5 σοι © C101 7 Co@2* dida * ests στα, 
δε 2-5: a292 * bif. ἃ bofa * 61627 [594 ` κα, 
E ιο Gi ^ Ord, * Codo ^ eres * daga : faa 2 
S, ο-- ifs ' ded, * bifs πα, dif. * gifs © σα, 
8, e= agı ` hob" biga ' 0. 7 daga * 6ο C fifs, 
8, τ-- 191" 02061" bigs * 403 * dogs * €or ° fo , 
B. 8 = αι]: * Gad, * Does | C193 ° dof, : dagi " 4405, 
S, ο == 191° 0202 * bif, * €305 "πας * 61s * figs 
S419 = tafe i Gof 1 . bige . begs * dido: αι * PELET 
Sau = 0192 ` ἄοθι ' bif. E bof: ~ Cia * 0304 1», 
Sa. üigo ° A22 * ἔται * Ciga ° dif "fit fess 
Sa13 = A192 * Arb; * bids * Codz * dogs efi’ fox . 


Cases (c) and (e) permit also 
Sau = (192 ° Ace," ὅσαι E Cifs t dis s e291 * esfis i 


transformed by σ into aigs:D»fi C1% θες” dif dogs: 6592, which with s, gen- 
erates an octie group; and 


Bais = ots S419 lo = aif, ' ads * Digs * eum difi: δια © J2%e; 
B, 16 = ots 41 ασ = taf. ` (odo © bigs "ος c dif» | Qa © Ταθι; 
Ka 11 =0 Sa 20 = ifs * ael ` beds ` Cofs * df, * 4208 ^ fau, 
Sais =o, Se ασ = dis* Arlo * bolg * Cofa * dads * €191° Για 3 
Daio = 818g Sa 5 SeS Gif, * dedi * bia ' 0068" dof * Cofs © Jogas 


The following relations reduce the number of the substitutions we shall have 


to test for s4: 


διδεέδει ἔρδαι ἔιδωδι = oS, o, 

138, 8 tS, 8 ts EE δ. 1; 

laSa s toga ta = S54, 

83818284 ο ἔφϑε ο SDa ο ia Sao 828188 = Ss 6 
bai S84 ὃν = Sai, 

SaDa 10 taa io 83 — OS 4 20, 

Saa S384 4 — B. ο, 

S419 fS, 10 898410 lo. 10 = Sas, 


Thus if S44 were fully discussed, S44, Sis, S411, δει, Sao, and δες would 
require no further attention, as whatever primitive groups they might lead to 
would be revealed in following up completely the implications of δ... The 
substitutions then which we shall use for s, are Sa τ, Ss, Οι ο, Sas, and Sais 
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15. No primitive group of the sort under discussion contains M, == 
(Hf, Sez}. For since H, is invariant under the substitutions of [fj to, 
where t4 = £8, 4 ty Dues boe C192 cogi daga esa afa, it is sufficient to put 
S: =(mfı) ++ or (mfz) +>. Now when in s; a; is replaced by f; or fa, 5 
can be so taken as to come under one of the cases (a), (b), - - - of $14. But 
none of the nine substitutions available are consistent with S.; 


7. 


16. Let S., be our δι. To the six substitutions of order 2 and degre 
11 in ZH, we add 


Sac {141 * dey * bigs * C468 ° daga : 6.09 g file 
la = biez * bees - Cio © Cofi^ daga * Oaffa ` fifes 
{ο = hea * (oa * begs * Co€3 digs ^ θιι | fefa, 
te = d4ds ^ ded, * C191 "^ Cof2* dass * 63a * fifa, 
ἐς = Φος * bids : bege tds: digi ` fa^ [η], 
fg == (dis * big * badi * Cod * daga * Gos | fifa. 
This group M, is transformed into itself by σ (of 814) and by r= 
t, bi boti- ἆνφι' dogs: daga 6203 faf. 
The group 77; has the invariant subgroup 
. 1, 8,83 = aidz * Qadi * Dies * Όσοι * C1C2* data ° figo" 6960. 


Sots = 405 ἄρθι * boda ` C105 ` Coda * dola * 919s ^ offa; 
tito = yee * 0502 * bid * Cidg ` Coes ^ daea © 19a ^ J2Gs- 


This axial group is transformed into itself by 
S182 == 050,03: 050105 di dod; 66265: fafofs 919293; 


aud s, transforms the tetraedral group {διδε, Sets, $5.) into itself and thereby 
generates the group {διδε, Sets, διδο,δι} = (δι, Se, 55] = Ha, of order 24. The 
16 letters of the larger constituent of H, fall into four systems of imprimi- 
tively of four letters each in just three ways: 4»6sgs, didsdaga, διοιοιφι, 
b ολη. 05 01daes, Azbedye1, C1Codses, 6105604404. OY ἀιδονθι, beCrdeJa, bibsdags, 
¢:?2¢xg«. There are no other systems of imprimitivity in this constituent, not 
even systems of two letters each. Now 


$254 == (10s ‘lols: 0191022: C11: dids’ laga: daga, 
δες = lo Όνθι b22 C191 Coa: dido daga’ C393, 


aud the transitive elementary group of order 16 
{8183 Satz, S54, 5,0.) 


is invariant in Hy. By the adjunction of s,s2, a group of order 48 is generated. 
The group {διδα, Sets, $254, Sits, 818», δι} — Hs and is of order 96. There can 
not be more than 3-16/4 substitutions of degree 12 and order 2 in the transi- 
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tive constituent of order 96. The 12 substitutions δι, S2, - - >, ts are conjugate 
in H,. To extend this H, we have only to consider the single type of sub- 
stitution (afi): --, on account of ¢, and ἐν which fix αι. Nor need we go 
outside the cases (a), (b), + - of 814. Since r8, οτ--- δει it is sufficient to 
use S,, for ss- It will be convenient however to put 


Ss = teba te = 0405: 050, b2C2-dafy- dofo- defa’ faga 


The group (JH, ss} has a symmetric-5 constituent in the letters gigogsgafs. 
In the other constituent of degree 15 there is an octic subgroup (s, Sets} 
which fixes f; This includes s;/,5,5;f5 — δα, and {δι, Sets, Ss} includes 
(SsS2t3) 5 = S2? (Sota)? — S2, so that {δι, Se, δὲ, Ss} coincides with {δι, Sets, Ss}. 
If now the symmetric group of order 120 is represented as the group accord- 
ing to which its 15 octic subgroups are permuted, we have the above constit- 
uent of degree 15. Let the 15 octie groups in (12345) all be characterized by 
an operator of order 4: 

à; — 1254, ας — 1245, D, — 2345, ba — 1345, οι — 2354, 

Ca — 1854, d, — 1253, d. = 1235, ds — 1325, οι — 2435, 

€; — 1435, es — 1425, fı = 1948, fa — 1432, f, — 1324; 


then 12, 13-24, and 45 give rise to . 


(0o * bibo * C162 7 dado > 162° hf» 

αιῦι * ἄρθι * body * C168 ^ Coda * daea, 
and 8105 * 0361 © Όροι: dif 1 dafs ‘ dafs, 
respectively. Hence {δι, S2, Ss, Ss} is exactly of order 120 and is a simple 
isomorphism between its two constituents. We next note that H; has an 
invariant subgroup of order 16 that leaves every system of imprimitivity of 
four letters fixed. It is generated by 


διίᾳ = Aye * b1€1 * belo * οιφι" CoJ2* dido * θαθα * daa; 
$584 = (19s * Qo€a ° Dii * boca * σιθι * Aids * daga ^ €292; 
ϑοϑιΐᾳϑε == 0,02 * Όιθι ` Doa ^ C161 * Co€2 * Esa ° fife > fafs 
S582S485 == 0483 ᾿ dogs ` Di€i * bacs ' C191 ' 292° fafs Jj fofa 
The 15 substitutions of order 2 are similar and with the identity constitute 
an Abelian group. This group has no substitution other than the identity in 
common with {δι, Sets, 5ο) and therefore the two groups together generate a 
group of order 1920. This clearly includes 5», Sa, and δὲ. Hi, of order 96, is 
its subgroup that leaves one letter fixed. The only systems of imprimitivity 
permitted by Hs are ai056gs, didedsgs, b1¢1€:91, b2C26292, and fifsfsfs, so that 
if H, is a subgroup of a primitive group of higher degree, it is in a multiply 
transitive group of degree 21. It is known that there is no primitive group of 
degree 20 and class 14. 
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17. There should now be sought a substitution se = (af4)- -- which 
with I7; will generate a doubly transitive group of degree 21. Any one of the 
substitutions δι, S2,---, ts generates with ss an Abelian or an octic group. 
Since sẹ certainly displaces one of the 16 letters αι, a», - - gs, it may be 
assumed that g4 is in se Because ἴδε, ss = (afa) (ga —)- . -} is octic, the 
letter that follows g4 in Sg is er, €», €, gı 92, OT ga, and after transformation, 
if necessary, by substitutions of H, we may make it e; or gs. But H, is trans- 
formed into itself by αιαρ.Όιοι:.Όεσρ:θιθι:θ109:.θ449, and therefore δοτ-- 
(afa) (gaés): : : if we like. Suppose then that s4Se is of order 4; sg is com- 
mutative with s, and te, and in consequence fixes the 8 letters c,¢2d1d.01029192. 
Then διϑα is of order 2 and 


8α = 0493: 022: Cila Cody 01627 0394: fat. 


It will presently be shown that He exists; that is, that Hs is the subgroup of 
HH, that leaves one letter fixed. We proceed on the assumption that He exists 
and is of order 21-20-96. 

Each subgroup of Hg that leaves two letters fixed, as H4, has one and 
only one regular subgroup of degree and order 16. Then there are just 21 of 
these subgroups of order 16 in He and each is invariant in a subgroup of 
order 1920, one constituent of which is the symmetric group of degree 5. 
Sinee we have laid down the condition that G contains no substitution of 
degree 15 and no substitution of degree 14 and order 7, the largest subgroup 
of G in which the regular subgroup of degree 16, Abelian of type (1, 1, 1, 1), 
is invariant has no substitutions other than the 16 of the regular group on 
the 16 letters only of the latter group. Since the constituent in the other 
five letters is already a symmetrie group, and since the subgroup of G that 
leaves two letters fixed can have but one regular elementary subgroup of order 
16, G and Hg are identical. 


18. Now we seek to find a triply transitive group of degree 22 of which 
H; is a subgroup. Obviously s, is not (Ba) (fag4)- - >, because of ss. Hence 
H, is not a subgroup of a quadruply transitive group with the present limita- 
tions. Since H, has a transitive constituent of degree 16, we can, after 
proper transformation, put s;—(«)(f.—)(ga—)- --. Since {se, sz} is 
octie, the letter by which s; replaces f4 is fixed by s, and since we may use for 
s, any one of its transforms by substitutions of H,, it is enough to consider 
(82) (fafs) - - - only. We find 


Sı = βα [1ο Jada 039a: fifa: dido’ 0,05. 
There exists a quintuply transitive group of degree 24 and of class 16, 
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discovered by Mathieu * and our groups H, and H, are concealed in it as 
transitive constituents of certain intransitive subgroups. In fact H; is the 
triply transitive constituent of that largest subgroup of Mathiew’s group in 
which the subgroup that leaves two letters fixed is invariant. The generating 
substitutions of the quintuply transitive group are 
Z, — (4, 19) (15, 12) (16, 7) (10, 8) (18, 9) (6, 13) (11, 20) (21, 22), 
Za — (4, 16) (19, 7) (15, 10) (12, 8) (18, 11) (9, 20) (6, 21) (13, 22), 
— (4, 18) (19, 9) (15, 6) (12, 13) (16, 11) (7, 20) (10, 21) (8, 22), 
— (4, 12) (19, 15) (16, 8) (7, 10) (18, 13) (9, 6) (11, 22) (20, 21), 
Y —(3, 14, 17) (7, 19, 21) (13, 15, 12) (4, 10, 11) (9, 8, 16) 
(20, 18, 22), 
U =(2, 16, 9, 6, 8) (4, 3, 12, 18, 18) (10, 11, 22, 7, 11) 
(20, 15, 14, 19, 21), 
B —(1, 2, 4, 8, 16, 9, 18, 18, 8, 6, 12) (5, 10, 20, 17, 11, 22, 21, 19, 
15, 1, 14), 
A —(0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 
20, 21, 22), 
X —(0, e) (L 22) (2, 11) (3, 15) (4, 17) (5, 9) (6, 19) (7, 13) 
(8, 20) (10, 16) (12, 21) (14, 18). 
If now the substitutions A?Z,A?, Y34-7Z,A4?Y, U-cY3A7Z,A'YU, 
U3Z,.UY-A7Z,A*Y U2Z,U, A3Z,A*, Ζι2.Α55ΒΖιΒΓΑΊ97,2ι. (B2XAZZS- 
A?X B'Z,) tU ZL ph A ZZ ASZi1Z ZU (BPXA*Z,A?\ B*Z,), are trans- 
formed by 29,-3d;- 4e, 52-69; 795: 8a, 96s 10f,- 1105 12f1 190. 14d; 15a. 16f;- 
17d,+18e,-19f,-20c,-21g2-22b,: co B, they go into δι, 8», S5, S4, S5, Sg, Sty respec- 
tively, multiplied by the transposition (0, 1). 
19. With H; as before, let S, » be our s4: 
s = αι]: Gof 1+ 0101: Cole: dida €sfg- 9395; 
838483 = by == 05050404565: difit ὧν] ο dafs: gags; 
S404 = bico- bo01' ἆι[ο' dafi’ dafs 0102: 1927 949s- 


For ss we have to try only (ag:)--- and (ags)---. If s= 
(αιφε) (b1) (91) >> +> ϑοθοϑο--(αιφι)-:. TE ss = (mg) (42) (09) 
διζαϑαϑιϑοϑιῦα == (αιφι) (a292) ees. If s= (2391) (01) (gs) t0, 858285 == 
(αιθε) (bigs) - + - . Then ss is Ses, Sas, (αιφο)(διθι)- >>, or 
(aga) (b1 —) (ga —) ^ - -. But Sas and δικο depend (814) on Sig. 1 
Ss = (193) (5191) ` - - , we find at once the unique substitution 


S5 = M9s b191 bada Cody: dago- eaga fifa == 818394 ο $351. 
Unless g, in Ss —(21g3) (bi —) (g1 —): - + is followed by c; Or Ει, s; can be 


- * Mathieu, Liouville's Journal, Ser. 2, Vol. 18 (1873), p. 25. 
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transformed by substitutions of H, into (ugi)---. Both letters are im- 
possible. 


90. Let κε be δι; 


& = if, -Difs-G2d1-C1ds- defo: Cofs- 919s: 
840,8, = by = bids bod, δι] ο. eof dafe’ esfe 9102, 
toSate = ἐς = ds: Dido tify: Co 4' dafs lafi’ gaga- 


Only (ag:i)--- need be used for ss If ss—(emgi(b)(g)- --, 
ἐνδιϑαζιϑαϑοϑοΐαϑιϑοία --- (αιφι) (bigs): :-. If $5 = (a191) (a2) (ga) tin. Big 
ἐιδοϑιϑοί. — (0191) (45g2)- - -. "Thus we are restricted to the five cases of ἃ 11 


but none of those substitutions give us anything new. 
91. Let Sais be our δι. 


S = 192° alr 0194: Coda’ doga’ 0991 -fofs, 
$358483 — by = loga’ bide bogi: C265: 192: 419a fifa 
Therefore we have only to try two types (αι fi) -> - and (af2)--- for ss 
All the substitutions ss come under cases (a), (b), - - - of 8 14, and they have 
all been discussed, 


22. Referring to § 13, we take up the study of the other group H;, of 
which the substitutions of order 2 and degree 14 are s, 5», ti, 
83 = lda ` aodo + ὗιθι * bala * data * fafa '* gsQ oo 
to = (0s * bida * Cida * Cols © die * fifa’ gigs 
ts = Gees * beds ` σἱ6ι 7 Cadi 7 dalz ` fofa ' gega 
This group H, is invariant under e = asCs'b201' dreg’ do€5: daer Fifa: gigs. and 
Figi fege: fega’ faga Then 5. is either (agi) --- or (Qigz)---. If we use 
the transformation by σ as in § 14, we have the same five cases as there and 
by the same brief process find 


S4 = digi toge: bif. -δ»[-- dafa- esga’ faga- 


It is true that two other substitutions seem possible with the present J/;; 
they are 

sf = 0191 * 261 7 Dage * C1€3 7 dega ^ C292 * fils, 

s," = Ugi * A201 * bigs t C13 ` daga * ealo * fofa. 


But abı beci dagi degs-dege-Cees-fef, transforms {s2, δι, s4} into (s, Sz 
Qidi’ 0505-001: 0565: dees’ fifa: 939a}, the Hs of § 14, while the latter group is 
transformed into (fs, £5, $47) by a1¢:d,¢29143-G2€1949ab1d2- 20292 fif fs. 

Now H, is a transitive group of degree 20. If it is a subgroup of a primi- 
tive group, that group is multiply transitive, and in it there is a substitution 
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(4192): - - of order 2 and degree 14. We have just seen that there is not 
such a substitution under our five cases. Then if s = (αιφι) - - - exists, (s, δι} 
is octic and ss,s== s,. But ss,s and s; have no cycle in common, so that (s, δι} 
can not be octie. The substitution 5---(αιφο)- - - therefore does not exist. 


This completes the discussion of Ds, the diedral group of order 6 with one 
regular constituent. 


28. In the group D, there are four substitutions of degree 14: 


Sı = G02 * babo * CCa + dido * 61027 fife * 91925 

S2 = Mibi © C104 7 Coa * digi: dafs exyi ^ C2y2, 

ty = Mbe + debi * Qio Bis: γιγα᾽ fife * 9192) 

ty = Gabe ` C105 * C20; 7 di Be ` ἄ.βι * ery2° όργι. 
All the substitutions of (fife, gigs. frgi-foges Οἱ01"αιαν, dida: Bis, θιθ»-γιγ:, 
Cida Coda: B1 G2 B82, 0161: 0562-011: Oy») transform D, into itself. Then s; is 
either (ai¢1)- - - or (afi) ::. 

Let s,—(001): --. lf διδα---δωϑι, (85, 83} is octic, δε — (2,01) (2202) 
(bı) (b2)- ++, and (t83)*==1. Therefore ss—(aici)(f.—)(fo)--- is 
impossible. If $555 = S382, Sa = (2301) (Όιαι) (a2) (ου) (ας): ++ and (fs, δε} is 
of order 6. Then s, —(5;8,): - - and replaces dz or f, by a letter new to-tz 
and ins, This is impossible. 

Now (5, 5ο) and {δ., δε} are both octie; (is, δε} is octic because δα fixes 
€; and αι. Hence δε should replace α» by a letter fixed by tz and displaced by 
8», and this is impossible because δε fixes b. 

Let ss==(aif1)---. Neither δι nor tı can be commutative with δε. The 
groups (5,, 54) and (4, S3} are octic. Let (ses;)® — 1. Now δε can be trans- 
formed into (αι[ι) (cx) (day) (εις) (a2) (b1) (52) (f2) (αι) (81) (γι)- * +, where 
9, y, 2 are new to sz, so that we may put z = σι or δι. But (afi) (οιφι) (Φα): - - 
is inconsistent with ὁι. So too is (αι]ι) (¢:8:) (ὧιδο) (6189)... Let 
($955)* — 1. Immediately, ss == (αι[ι) (b191) (as) (02) (f2) (ge) - -. H 
(31, δε} is De, δε fixes both letters of one of the three cycles (σιοο)» (didz), 
(é:¢2), and by proper transformation it can be made (eez). Thus s= 


(αι[ι) (b191) (οισι) (6251) (diys) (days). (2:22) (a2) (62) (ει) (e2) (f2) (69): : -» 


where 71, 2,;,- - - are new to sı If v, = Qo, Bi, or Be, δι fixes Cz, di, or d». 
If zı = γι, ys is replaced by di, d», or c2; that 15, by d, or cz If by cs, 83 == 
(dii) (daz) : - - or (diBs) (d281) +++. And ss = (αι[ι) (5191) (οιγι) (άιγα) 


(αι) (0ο) (e) (ez) (f2) (92) (αι) (a2) (B1) (B2) - - - is impossible. Then finally 
85 — (afi) (Bigs) (6181) (6282) (ἀιδο) (228s) ---. But (ss, sg} is octic. If 
{δι, 83} is Do’, 83 == (αι[ι) (0101) (a2) (be) (fe) (ge) - - - unites two of the three . 
cycles (¢i¢2), (didi), (6ιθι). The two fixed letters can be made cz and dz. 


4 


^ 
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Therefore s3—=(d:f1) (5:91) (οιάι) (exei) (e282) (a2) (δα) (f2) (92) (αι) (83): : - 
and is commutative with tz, replacing a by Bz. The letters αι and vs must 
be new to δι and in t» so that ss —(eiyi) (ezys)- - - or (evys) (eey); 
which, however, would make it commutative with so. 


The proof is complete that G does not include D, or D,/ 
24. The group Dz has the four substitutions: 


S1 = Qila ` biba "6109" dida * erea ^ fife? gio, 

S2 == 40, © οτι + 6483 7 eoa 7 fifi ` fsBo © γιγο, 

ty = libe * debi ` Cido * Cody © 0492 * βιβ» ° fis 

ta = lebo * Codo ` 6102 * 0205.7 fabe ` feBs ‘172+ 
It is transformed into itself by {si(gige), ϑείγιγο), αιὖι-αεὖ», cdi: Cada, 
E1l2' M1 Mo, faf’ Bibo (361 702€ 04d, beds, leifi- Cafe: 03 B2 5 s, 04610505 0165: Vola 
ιν Cof ια: dolo giyi:goys). There are therefore but the three following 
types to try for δα; 


(gt) ^^, ο * -» (gu). 


Let s3 = (φιαι) -: :. It is commutative with neither s, nor ¢,. Then it 
fixes bə. If b, is also fixed, δε --(αιφι) (γι) (γε): - -, where v is new to s», 
aud is a letter of tẹ After transformation by cidi-cad», Sa = (83191) (γιος) : - 
Because of s, and 6», Sa = (0191) (γιος) (di) - - - , which is impossible with t. 
Then ss — (2,91) (biz) (a2) (ge) (02) - - - , where α is new to s» and in δι, and 
therefore can be made cz. Because of &, d; is fixed, and then because of s,, 
d, is also fixed. Thus {t2, δε} is neither of our two possible types of non- 
Abelian diedral groups. The primitive group G contains no substitution of 
degree 14 that replaces αι, a», bi, be, σι, C2, di, de by gi OF gs; nor &, es, fr, f». 
&:, Ga, Br, Bo by γι OT ys. 


25. Let s = (gyi) ---. IÉ δε fixes go or ys, we can transform it into 
(σιγι) (ge) -- - -. Now (s5,5,)5 — 1, and after another transformation δὲ == 
(ϑιγι) (αι —) (ge) (a2) (b2) - - - and this means that (£5, δε} is octic; therefore 
S; = (9171) (yon) (ga) (αι —) (αι) (02) - - +. Here 2 is new to sz and tz, and 
is a letter of δι, an absurdity. If ss = (giyi) (get) (yoy) : -: 2 is new to 
s, and &, and y is new to s, and ¢; that is, s = δι and y= δε. Then δε is 
either (6ιγι) (gzy2) ^ - - or (giyi) (928:) (γοδο) -> +, and the four diedral 
groups generated by δε and Sı, s», ἰι, and tz are octic. One of the four letters 
αι, d», bi, and be is certainly displaced by ss, and by appropriate transforma- 
tion it can be made σι. If s,—(a,9,)- - - it displaces a2,b,, and bz. Not all 
these letters can be followed by letters new to Ὁ». Then we can say that z in 
δα — (m2) : - - is a letter of Dz. Moreover it is not bi, bz, or az; but after 
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transformation can be cı, €, or @:. Now s3==(giy1) (αισι). >- fixes ae, 65, 
bı; di, ba and dz and is impossible with se. Let ss ==(d1¢2) (a2) (οι) (b2) (di) 

It must replace b, by a letter new to 5: and in δι; that is, by ὦ». It 
must omit both e; and e; or else both f; and f». If e; and e; are fixed by δὲ, 
we may transform it by θιῇι-ϑα[ΐα-αιβι-α)β;,. Now Sa = (0:02) (bido) (a2) (οι) 
(ba) (d) (f1) (fe) (εις) (ezy) - - +, where x and y are new to s, and are in 5». 
Neither e is followed by an a We can transform by [ι]ο-βιβο if necessary, 
and write δε-(αιοι) (bada) (ειβι) (282) (as) (οι) (ba) (ds) (19) (fe) (αι) (%2) 


. Therefore two substitutions δα are determined: 


831 9i¥1* J2Y2 ` G1C2° bids: θιβι * eaß2 * 0485, 
S3 2 = gQiyi^ goð: i y282 * (362 7 bido’ θιβι . afl. 


Now let sa —(giyi) (01631) (a2) (65) (b1) (αι) (box) (a2) - ++. Here æ is new 
to ἰι and is in f», while y is new to ts and is in ¢;. Hence y is c, or d, and 
we can make it c. It follows that δα replaces c» by a letter new to s, and fixes 
də. Then v is f; or fz. Since transformation by fif;:fifj» is possible, «= [ι. 
Now ss must replace c; by a letter new to s, and in tz, but not by B». There- 
fore 

$3 o = giyi^ Joye u0i^ bafa - 4105 * CoB, * 8,82, , 
or ^ Sg. Qiyi* θ1δι " γ1δα' A161 ° bafa ' 4185 * Cops. 


26. Let ss—(giei)- - -. First let 5,54 be of order 4. Then s= 
(e191) (e2) (g2) (βιδι) (αφ): - +, and z is in s, and new to ἐι, that is, z is fi 
or fe. But not both (s ss} and {tə δι) are octie. Now we have s= 
(9181) (01ου). - - and since (5i, ss} is octic it displaces an « or a 8. In case 
δι = ( 9161) (goe2) (os) (axy): - - , ο and y are new to s» and to t} There 
must be a cycle in δα new to Se. If s ==(g1e:) (0109) (0,91) (284) (8394) + - » 
it displaces no other letter new to se, or to tə and therefore is impossible. 
Then the new cycle in s, displaces two of the four letters a», bs, c», and de. 
Of these six cycles, debe and ced, are in tz and the other four are conjugate. 
Then 


Sa = (9161) (9:62) (0:81) (582) (ases) (αιοι) (ba) (09) (d1) (d2) (B1) (82) - -> 


or finally, 
$55 — 9161‘ GJ 202° 0101: 05€2* fife t 958, . 505. 


Now let ss —(g:e1) (6:92) (B1 —) (B2 —) (y —) (αι) (%2) (v3) +>. The let- 
ters following fi, β., and γι are new to s» and f», and both the letters of the 
cycle (fif2) are fixed. Because of s», s, must displace a, or b; and also οι or ἆι. 
Since δα can be transformed by a:b1-a2b2 and by οιᾶι: ομᾶ», 
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$3 0 = θ16ι "0169 βιδι ` Bobs ^ yids c ἄιᾶς ^ 0105, 
or Sa 7 = 9101 ` Jato ` βιδι * Bode * yi83 * die * a3€4. 


27. It is now necessary to consider the groups generated by s; ; and Dz, 
i= 1, 2, --, 7% We recall that G contains no substitution of degree 14 that 
replaces i Or ga by αι, a2, bi, be, οι, Co, di, or do; nor γι or ys by 6i, e», fr, fe, 
αι, χο, Bi, or Bo. 

Consider s,,. A substitution s, —(9giz)- - -, where z is 6ι, 62,’ + -, Bo, 18 
transformed by δει into (yiy)- - -, where y is one of the same letters. Then 


uniquely s,=(g:8:)---. Because of δει and ts = a201: bodi’ 6s lobi Giy 
92718182, neither (9181) (γιδο): - - nor (Φιδι) (y252)- - - is possible. Then s, 
fixes γι. y; and ὃν. If s4 = (18:1) (gov) : - +, v is new to s, and to ἐν, but is 
in s,, impossible. Now s,— (9:81) (gs) (γι) (ys) - - and (siss)?=1. We 


seek a substitution s; —(gie)- - -, where e, new to Πε, replaces in s a letter 
of x. Now t= 834 S483 1 = (γιδο) (σε) (g1) (ge) «> + and (st = (gir) , 
where z is a letter of De, not ge, γι, or ys. This disposes of δει, and a fortiori 
οἳ ας c 

For $55 and ss, the eight substitutions s, which may replace g, by 


€, Ca + + +, Ba reduce on transformation by substitutions of Ds to (gies) :: : 
auld (411) ---. Sinee $3 384835 (and Sg 484834 likewise) is (yies) -- - or 
(yif?) +++, 834 goes out at once and s, in the case of sss can only be 


(Mê): ++. Just as in the preceding paragraph this, too, is impossible. 

We next take up δες. There are four transitive constituents in Hs. But 
s. can replace g, only by the letters of the constituent ῇ1]:β:β.. Since s, and 
fifs-BiB2 transform (Ds, Sss} into itself, there is but one substitution s, = 
(05): >- to be considered. Now $,5,-l-5,5,, because of Sas. Since it was 
proved that (φιει)’ - - must be commutative with si, (σι[ι)- - - must also be 
commutative with sı, contradicting the last remark. 


28. Only 500 and s; remain. The arguments leading to the rejection 
of s; will be seen to be equally valid for s; τ. 

$3 6 == 181 ^ go€2* βιδι: B282 y183 ° dis Οιθο, 

ἴα = 191° Zaz fadi ; fede t ysós ` bide * dis, 

t = 6165 ^ Coi * β.δι ; βιδ. t γιδε NIU doth, 
ts = Ge 92° [δι B fà ' γοδς ` Arde * Cido. : 
The substitution ff.-8,8.-9,8» transforms Πε into itself. There are then but 
the three substitutions, (9183): - -, (gifs) - τν (g:8:)---, to try for s, Let 
$,9(gi803)- - + : Ss e S483 6 (γιοι): - +, which has been shown to be impossi- 
ble. Let ss=(g:f:)- + -. It is commutative with s, Then s,—(gif1) (Jefe) 
| (2181) (&282)- - - if it is commutative with ἐς also. Since δα ο δι is of order 3, 
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s, displaces γι or δε, not both. Like δε ο itself two cycles of s, are on four of 
the eight letters αι, d»,- - -, d». Therefore one cycle of s, is (γιε), and s; 
can be nothing but (gie)---. But s4555,— (fiyi)- - -. Suppose that 6. 
is not commutative with ts If s.—(gifs) (gsfz) (ess) (62) - - -, v and y 
are in s, and not in δες or t, an impossibility. If s,—(gif:) (gof2) (αι) (%2) 
(e1) (e) - - -, it fixes the letters of two cycles of s, and is not commutative 
with s. Let 5,—(9gi0:1)- --. It may be that δια and s, are commutative. 
If so, s4 = (gà) (n8 ) -+ -. If s, displaces go, it does not replace it by ez 
(because of δι) nor by a new letter e But (9:91) (9282) (e181) (€282) (αι) 
(a) - - - is impossible with s». If s, fixes go, it fixes also e», Bz, and ô», and 
5,8, is of order 3. Now 5.--(φιδι) (αι]ι) (6ιβι) (a —) (b —) (e —) (d —) 
(g2) (e2) (f2) (#2) (82) (82) - - - if $55, = Sats, and 


Sa = (θιδι) (ειβι) (αο[ο) (e2) (g2) (fa) (αι) (82) (δε) - + > I£ tasa = Sats 


All the letters of the two sets Ζιῤοθιθιαια» and fıf:Bıß28182 of Hs are accounted 
for, so that H, is certainly intransitive and ss can replace g, only by a letter 
€ of s, —(2e)* - -, æ being one of the eight letters aya2bibe¢iC2did2. A sub- 
stitution of D, (s' say) transforms (δισ): into (8,27). - -, where z' is 
fixed by 5.. Then s,5/2,955,2/5, = (gi2)- - -, known to be impossible. Thus 
$4 is not commutative with δὲ e, nor with its transforms by 5» or ἐς : ta and ts. 
Hence finally s, — (9:81) (€282) (ει) (f1) (fz) +++ or (g181) (e) (e2) (fa) (fe) + 
and these too are impossible. 

Hence no G contains D, without also containing D;. In what follows 
the only non-Abelian diedral group is Da. 


29. There are 10 Abelian groups generated by two substitutions of 
degree 14. 
Consider the group generated by 


Sy and $83 == 040; κ laba z σιᾶι E Cod; * efi * θοῇς "Zia. 


We may transform tnis group by ai@2-bib2 and by αιζι-α:δ-:. Then only 
(gai) -- and (φιαι)- : need be considered for δι. Let s3==(gidi)- + .. 
We have immediately Sa — (9:21) (g2@2) (b1) (b2)- - -» and since we may trans- 
form by cd,:c;d. and by é:fr-eef2 if necessary, δα — (giai) (9202) (caT) (Coy) 
(e12) (2ου) (αι ---) (b1) (b2) (%2) (d1) (de) (11) (f2), where z, y, z and w should 
be letters of δι. Let 5ο --(φιαι)’ -:. Uniquely s3 = φιᾶι-αιδι-ὄρδα-οιδα-ἆαδ.. 
6ιδι-]οδα. Next 5. ---(φιδι)’ - - and 38483 —=(o,0)- : -, where z is a letter of 
δι, not σι or gz. But this, as shown above, is not possible. 


Consider s, and δὲ == αιδι ἄρδο: οιι- Coda: 6162: ἄιαο.βιβο. Now sa is* 


A 
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(G4) +++ or (6f) +--+. If we try the first, δε --- (θιαι) (ενας) - - - by δι and 
(641) (6351) ο. by $5. If S3 =(¢:f1) (42ο) ΠῚ (55, $3) 18 octic. 
Consider s, and 8 = d0,-a555- 0,02: 01%" Bis yia: 8182, 


$4 and $5 = 0305: ἀιᾶο: βιβο'γιγο: διδο: eee ζιζ». 
For s; both (σιαι): - - and (eidi)- - - are impossible. 


30. Consider 5. and δε-- a,0,:85b.. 0,02 dido 640 BBa yiys. Both 
(οιαι)- - + and (ce) - - are impossible as before. Let s; ---(οιζι) (Cd) -. 
No s, replaces c; by one of the other 16 letters of our group D. Then s, has 
at least one new cycle (διδο). In fact s, is uniquely determined as 
Sa = 0,0, + di, 6, Uses θιαι [ι1βι: Φιγι. Since transformation by abe-azb1- ειες 
is possible, s; is (cie): - - or (66): +- (66) being another cycle of ss 
If s,—(6&&6): © +, $1858: = (C261) (06): + +, and διδιδεδιδι = (Cot) ^. We 
now have ss --(οιξι) (ἀιζο) (es) (da) - - -. Because the transitive constituent 
€, : : is increased only by the addition of the two letters of a cycle of s; at 
this and each succeeding step, the substitutions δι, sz, - - - cannot in this case 
generate a transitive group. 

Consider δι and Sz = αιΏ»-διζ»-αιᾶ»-βιβο'γιγα'διδο-ειε-. The reasoning of 
the preceding paragraph is again applicable. 


31. Consider s, and s» = αιᾶ»' 0103-0109: 0405: BiBo-yry2'8:82. This is the 
last of the Abelian D groups in which s, and s; have a cycle in common. 
Therefore δοΞ(αιδι) (@2b2) (οι) (ου) (ees) - - -. To follow this we have 
Sa = (A101) (a202) - - OF δ, = (Qie: ) (bieo) (ex) - - -. If sq (m0) (8502) - -, 
8s = (161) (b162) (Cres) (αὐ) (02) (G2) ++ or (arez) (bies) (C2A) (es) (a2) (Όνοι) 

In either case the letters of the last four cycles of s; are letters of κι 
and s. Like Ss, 8ο will replace a, by a letter of a transitive constituent of 
{δι, 84} of degree 3, and so on. But these steps will not lead us to a transitive 
group. If δ. ---(αιει) (Diez) (οικ)’ - -, it ean be completed as follows: 





8, = 016, D eo Οικ: αι .6ιβι eyi’ fabi If $5 = (ai) See $481 858384 == (0901) LT 


already discussed. If δε --(αιζι)(διζο): - -, the last four cycles are again 
built up from the last four cycles of s, and se. The third cycle is (ειλ) or 
(eux). It 15 evident that we are not going to build up a transitive group hy 
continuing with Se, δι» - -. 


32. Consider δι and s2 == 4401-0505. ιτ: Code: 035: Bis yiys. For δι we 
have (6231) - +, (6ι[ι)- . ., or (€:@:)---. It is to be remembered that no 
two substitutions of degree 14 have a common cycle. In the first case, imme- 
diately and uniquely, S = 610,:6202: Cifi Cof 0108: Bia yiys. This case can 

10 : 
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be continued by either (gi4): - - or (giyi): -+ Since H; is transformed 
into itself by αι». Ὀιῦο- 6162. and eic»: dido: fifa, we get 


$417 101: 025: dafe: df; -0594- Bi Bs Uuye 

84 2 = θ1ᾶι Qao: dif o dof, 4184 Boys: yof, 

$4 8 = fiyi: 0102: 10 fi Ba dis 504 CoD. 
Let us take up the three corresponding groups Z,;, Has and H,; in turn. 
Because ¢:C2:did2-fife transforms H,, into itself, only (gi¢i)- + -, (gai) +5 
(g194)- - - need be tried for ss. A short calculation shows that all three are im- 
possible. With H4 » there are four possibilities for s; : (gici)+ © -, (90) - 5, 
(g194)- ++ and (gii): - -. The substitution s; can be completed only in the 
last case, Ss = gifi:038:Diys:€iys ima: αφ]. The transitive sets of Hs 
are Οι0,ζιἆρ[ι]οαιανακαι and one other, ŝa, - - .. Only two forms of δε are to 
be tried, (8¢,)--- and (8%,)---+; or, if we prefer, their transforms, 
(g:91)* - - and (gio): > -. These two substitutions were inadmissible when 
proposed for ss» Let us consider H,;. To extend this group we have 
(91%1)+ ++, (gi04)- - +, and (gia): >+. Calculation shows that there are 
but two substitutions ss, one of which is 6ς == 9195 ys: -Dsya: 0291 CBs folo: dafs. 
With this group Hs only one substitution δε need be considered because Hs 
has just two transitive sets, one of which is cyesdidsfifsfifsfs9,. We may put 
Se (8,0,)- -+ and this is at once seen to be impossible. The other 
Sg = fills Jota’ 2037 302771027] 201: [9194 goes out with sa ο. 


88. The second possibility for ss, (ειαι)- - -, is to be studied. Uniquely, 
Sg = 6ιαι fabi iyi 03917059» 0,6, does. The group H; is on the five sets of 
letters: @14201028;82, CıCodidoerea, 01620505, fif2B, s, gigsyirys. For s, we can 
have only (&fi): >- or (¢:f2)--+-. Now (e:fe)-- + is impossible because it 
would have to replace δι or y; by one of the letters σι, @2,---,d2. Then 
$47 θι]ι’'θο[α-αιβι-αοβα-αιὂ»-α-ζι-διδα OY Ss == eifi: Coffe 181: Go Ba E Ea qne: 0105. 
The sets of H, are 6ιθε/1ραιαοβιβ., Q1@2bib28182, gigzyvyss c. Then 
Ss==(0191)-+ -, (θιφα)' - - , or, in case s. (ζιζο)- - ^, (€:6:)---. We need 
not have written down (6109): - - for since (é:f2)- - : cannot be ss, it cannot 
be ss. Now ss-—(eigi)(esgs) {αιγι) (@2y2) (fı): - -. Considering only the 
first form of s4, it is seen that s; must displace a, or ὦ», and by means of s,s, 
this letter can be made αι. But s; —(6:gi) (6292) (αιγι) (α:γε) (αιοι)- + or 
(6:91) (€292) (αιγι) (ay) (a.d2)- + : requires eight, cycles. There remains 
only $47 Cafi Cafe 83 βι o Ba CCo hne: 0:0. Try ss = C191: C292 ἄιγι Goya bi Ga 
nins'6:03. For se we have only (64)--.- and (ειζο): :. If s= 
(e£) (fiba) (9:3) (az) Un. it fixes ἄν, α», Bi, o, Yi and Yz while x should 
be in s and not in s, an impossibility. If se = (ειξο) (fifi): - +, it fixes 


ν πω. 
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Ois 91, %, B; and f»; therefore it must replace y, by a letter of one of the 
first four cycles of s», which takes us back to the case of δε--(θιαι): -. 
Finally try s τ-(6ιζι) (fife): - ^. "This is impossible with s, and s». 

The third and last possibility for s; is to be studied: s; —(eifi) (esf2)- © -- 
The substitutions Ss, $4, - - - can replace e, only by gi, gs, or a letter ὃ new to 
Jl. and any one of these substitutions is commutative with sə Hence no 
one of them adds a new letter to αια», βιβ., Or γιγ», and therefore the group 
(51, δα, δε,’ - -) is not transitive. 

This disposes of the group 


{81 82 == αιδι "400. 611+ C33 0505: Bia Yiya}. 


Only two Abelian D groups, one of degree 24 and one of degree 28, and 
only one non-Abelian D group, of order 3 and degree 21, are left. 


94. In the group D, there are the following three substitutions: 


8ι = Gy: brba' 6165: dido 6169: fife: 9192; 

Sq = (35: 303: C168 dids 6168: fifa 9193; 

t = Gala bobs 164: doda: 6263 fafs 4.109. 
There is at least one substitution δὲ, similar to δι, non-commutative with at 
least two of the above three substitutions. We assume without loss of gen- 
erality that δα is not commutative with s, and s2 Since this substitution s, 
may or may not connect the transitive sets of Da, two cases arise, as {ἰ, $5} i> 
of degree 24 or 28. 


35. Case I: 


83 = aby: 505-0164: dada C164: fif a gaga 
In Hy are also f, = a,b3-Ggb1- CoCa doda θεές fofa Gogas 
ty = Arbo- αἲδα- 0504: dada’ Cala fofa Q3. 


We may extend Ha by δις σιθι ἄνοο θα" dady €ses fafat gags or by 
(303: 0504: 0204: doda: 0505: ffs: gags. These two substitutions are conjugate under 
5b5* 6164: 02C4* dade’ dada 0165 6264: fifa fafa: 91927 g294, Which transforms δι, S2, S3 
into te, S2, Sa, respectively. Then we use the first only. In HM, there are also 
the substitutions 

t; = 040470302: bots dids’ 6ιθε" Τι] 9195; 

ta = D301: 0304: 0168: dads - Cals: [ο] ο" 929s; 

t; = boC1' b1C2'QgCa* dads 6365: fafs gags- 
If ss replaces αι by ds, Ss = Qda -Qadi bola: Cot €Y -fo gw, where ὦ is new to 
H., y, z and w are new to Ha but displaced by se Then $s;— 
ads'aadı' boda C20" Cofs-f2es-J2—, an impossibility. Then 
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$5 = Od, Gedy dads: Cad 6465 fifa: 0.09. 


This s; is unique because (a,d,)- -- and (ads). - - can be transformed into 
(adı): - + or (asda); - - by a substitution of H, that fixes αι. Next, 


Sg == αι6ι"θοθρ’σρθα- C465: dale faf c Qa; 
δι = (fi aos: afa Caf: dafe εἶτ. 0108, 
$g = 0501: 0202: as Cao: Aago 4401] a8- 


The groups He, Hr, Hs are unique. Hg is simply isomorphic to the symmetric 
group of degree 9. In fact it is the group according to which that symmetric 
group permutes its 36 transpositions. Because of the impossibility of a sub- 
stitution (ads)- - - of degree 14, Hs is not a subgroup of a double transitive 
group of the same or higher degree. Hs contains all the permissible substitu- 
tions similar to δι on the letters of Hs only, except perhaps (ambi). +, 
(αιοι): - + and (a¢3)---. Now f, and ts reduce (a,¢2)--- and (a0): : - 
to (abı): --. This last substitution (abı) (a@2b2) (abs) -: fixes all the 
other letters of Hs, and therefore displaces ds, es, fs and gs, because of s,. 
In the same way ss demands ee, fo, Jo, So calls for fz, gr, and s; for gs. Hence 
H, is invariant in any larger primitive group G, if one exists. But Hs is a 
complete group. ° 


86. Case II. 
S = Qta biba 0,04: dida 6164 fifa gaga 


The ease in which s; (ὺ-- ὃ, 4, - -) is non-commutative with the substitu- 
tions of such a group as D, and connects two of its sets of transitivity has 
been fully considered. Then since we know that there is a substitution similar 
to δι which replaces a, by a letter of another constituent of H; (t= 3,4---), 
we write down immediately and uniquely: 


δε = 040, + Gabe + abg ^ Qaba’ ἄεῦο ' abe ^ ατὂτ, 
Ss = 101° 6200 ` 9264 * AgC4 " ÜsCs * Aele * ArCz, 
Se — dd, * Qada ` Asd3° dads * asdsa * cds ` ατᾶτ, 
Sz = Q11 * Q5€2 ` Ages * Aala ` σάς " Qela * ἄτέτ, 
86 = dfi 1 Oof 2 t dsfs : lafa : asfs $ tefe 7 ατ]τ, 
Sg == 191° GoJo" Q393 ` Gaga ^ AsJs * Gea  ἄτθτ, 
$19 = ἄιᾶς * babs * C165 * dids + 605 * ffs * 9195. 
S11 = Og * bibe * C165 * dide - 605 * fife ` figo; 
Sig = Mrl * 0304 + 0404 * ἀιάτ᾽ 6465 hf ` fife 


This imprimitive group Hi. of degree 49 and order (7!)* is a subgroup of 
one and only one primitive group G, and G is of degree 49 and order 2(7!)?. 
A substitution of G that transforms Hx into itself is 
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ody +A361-Asd1 *ds81 ofi ἄτθι Όπου. bada Das bofa- b192 Cada: Cs€g- Cof a: 
6109: dsla: def drga Cofs 09s fifo- 

37. At this point we remove the restriction that the positive subgroup 
of G is of class > 15. But G contains no substitution of degree 15 and order 
5, for the primitive groups of class 15 containing such a substitution are of 
Gegree 16 or 17. "The substitutions of degree 15 of G are all of order 3 and 
generate an invariant, and therefore transitive, subgroup of G of degree 
> 20. For the determination of H we have precisely the conditions of our 
former study of the primitive groups of class 15.* The transitive groups JI 
of class 15 (with no substitution of degree 15 and order 5), generated hy 
substitutions of degree 15 and order 3 were found to be: 

(1) A simply transitive primitive group of degree 21 simply isomorphic 
to the alternating group of degree 7. 

(2) An imprimitive group of degree 25 simply isomorphic to the direct 
product of two alternating groups of degree 5. 


But there was a serious oversight in that study of the groups of class 15 
(as will be shown in 8 39) because of which another such group is to be taken 
into account: 


(3) The positive subgroup of the larger transitive constituent of that 
subgroup of Mathieu's quintuply transitive group of degree 24 in which the 
subgroup that fixes three letters is invariant. 


38. It will now be shown that no G of class 14 contains either (1) 
or (2). 

Suppose the group H of degree 21 is a subgroup of G. Now G contains 
a substitution of degree 14 and order 2 which transforms H into itself and 
therefore with H generates a primitive group of degree 21 and order 7!. It 
is easy to show that this G is of class < 14. Let Οι and H, be the subgroups 
of G and H, respectively, which fix one letter. The subgroup H, is known. 
It is isomorphic to the symmetric group of degree 5, a complete group. Then 
G, is a direct product of H, and a subgroup of G, of order 2. Of the two 
transitive constituents of degree 10 of Hi, one is primitive and the other is 
imprimitive, so that G, is also intransitive, with one constituent, at least, 
primitive. This primitive constituent of G, can have no invariant substitu- 
tion except the identity, and therefore remains of order 120 in Gi, as in Hi. 
The invariant substitution of Gi is therefore of degree 10 on the letters of 
the other transitive constituent. 


* Amcrican Journal of Mathematics, Vol. 39 (1917), p. 281. 


i 
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As to (2), the imprimitive group of degree 25 and order 3600, it has 
been proved * that the only primitive groups of degree 25 in which it is 
invariant are of class 10 or 15. 


39. In order to conclude this investigation of the primitive groups of 
class 14, it is necessary to correct the error made by the author in line 20, 
page 284, of the paper on primitive groups of class 15. The statement “nor 
is H an imprimitive group of degree 16, for then its order is of necessity 48, 
and this case has been examined” is false. The conclusion referred to is in 
the second and third lines from the bottom of page 283, “the primitive 
groups under consideration do not contain a transitive group of degree 16 
and order 48 ”, quite true because the groups in question are generated by two 
substitutions of degree 15 and order 3. But the reasoning is not applicable 
to the groups of the next page, which have three, instead of two, generators 
of degree 16 and order 3. "This paper was written up completely as the 
research progressed. It was laid aside for some weeks at a point between 
these two statements and on resuming the task the last quoted result was 
misinterpreted. 

The lines quoted from page 284 are to be replaced by 88 40-48 below. 


40. The group D is tetraedral, with one transitive constituent of degree 
12 and one of degree 4: 


D =E fs; $5 == 040505- bräda -Cidza3' d cob 3 6,05). 


For the larger constituent, its conjoin might be used, but it is conjugate to 
the given regular group. 

The group H = (D, δε) is transitive. Suppose it to be of degree 16. It 
is imprimitive. It is not in a primitive group of lower degree than 21, and 
then only by virtue of having 5 systems of imprimitivity of four letters each 
with a letter (z, say) in common. Each of the systems to which c belongs 
is left fixed by δι, and these 5 systems can only be Φ6ιθαθε, Laraos, Ὠδιδοῦε, 
4610164, td,dod,. The group (5, δε} is of order 12 and like D has transitive 
constituents of degrees 12 and 4. The letter following x in δι is one of the 
12 letters of the large constituent of D, and by transformation we can make it 
do. Then s&;—(didaz)(di)(e:—) (e —) (es —): - -. The 20 systems of 
imprimitivity of H are completely determined by D. They are 

παιαρᾶς, αὐιδοῦα, LC1C2Ca, LAdetls, 3θιθοθα, 
θιδεώλόι, 61050501, θιάεῦαίι, £1 020b 1, ἄιαιδιοι, 


CsCsbido, θε ἆφαιδο, 618 Do, C3) ασια», dettzb2Co, 
θεζισοῦς, 65C1ds05, eb ao ds, CattybeCa, καθ σα. 


5 American Journal of Mathematics, Vol. 39 (1917), pp. 308, 309. 
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It may be well to note that after the first 17 systems are written down from 
D, the remaining system d;,- - - has no letter except d, in common with any 
of the preceding systems, and therefore is ἄιαιδιοι. Likewise we have the 
systems d»d5b.c» and dattsb3¢3. Now ss replaces the system za,a:d5 by ¢2d,Cabs, 
the latter by eib,d,c,, and similar statements can be made for the systems 
Ub bobs, - © - , δισ"... Then 


$3 = (didax) (245504) (61432) (b150;) (830355), 


completely determined by the 20 systems of imprimitivity of H. 
41. This transitive group H has an elementary subgroup E of order 16 
generated by 
£4 == 8,785 = 0401: 0305: Dida δεν Qada 303 CT: Calg, 
dy == 81°83 = 0405: 0303: Όιθι Dela: C163: C205: d - dd, 
65 = 8251" = OD, aedo boo: 0103-0503: bada eX: 6162, 
dg = 8384? == 0305: 0501-0165: Vala C505: 61035: dido dv. 
As a notation for the 15 substitutions of the regular group E we use the 
letter which follows x in that substitution. Now s, transforms {e,, e) and 
(di, d3} each into itself. Moreover, (E, δι) = {δι, δὲ, s.) =H. Then E is 
invariant in H and H is of order 48. H has 16 conjugate subgroups of 
order 8. 
That subgroup of the group of isomorphisms of the elementary group E, 
in which s, is invariant, is the transitive group 


I— {δι, 840, 055-503: Cida ον Cada, 
(5€; * 122: 0563: D1 d δα" bada, 
361: 0565: Ages: brda badi: dade, 
50; : obs G502* C203 dads 63162); 


of order 360. These generators transform (45, sı} into itself. The group of 
isomorphisns of the elementary group of order 16 is isomorphic to the alter- 
nating-8 group, in which ((abc)) is invariant in a subgroup of order 360, 
and {(abe) (def)} is invariant in a subgroup of order 36, so that the order 
of J, is right. 


42, In the imprimitive group of degree 20 towards which we are 
working there are 5 systems of four letters each permuted according to 
the alternating-5 group. We can take for the substitution which with 1 
generates this imprimitive group (call it H,) a substitution of # and trans~ 
form it into a substitution ¢ which fixes an arbitrary one of the 5 systems: 
and transforms the new system ¥:Y2Ysy. into the system z---. Trans- 
formation of H and ¢ by substitutions of I, permits us to write 


t = (Y4) (ψι6ι) (Y2€2) (Ysea) (a3—) (b3—) (ex—) (d3—) (as) (bs) (σε) (ds). 
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The four blanks in ¢ are to be filled by ae, be, c; and d; in some order as 
yet unknown. Now tst = (yiysys) (9) (οι) (ez) (es) (ys) «> is commuta- 
tive with s,, and therefore one of its cycles is the inverse of one of the 
cycles of δι. The same is true if for s, we put se = (250503) (baad) (dicsbs) 
(Cadets) (03231), (αιονάς) (bises) (csa5b3) (dibsas) (e1222), OF (a.dsbs) (Όισιας) 
(¢,b2d3) (ὧια.σι) (e2223), all of D. Then one cycle of { is ayda, biba, cc», OF 
did;. Transformation by the substitution a,0,: @2b2° asb3° θιᾶι ^ Code‘ Cadas 
ıdı * G5d; * Qads * ὄιοι + Dole’ gla, OY ἄιδι * tole 7 Ags * bida + Dodo bgd, of I, en- 
able us to fix upon b,b» as this cycle. The reason for this choice is that it 
seems to be the most convenient when we come later to connect our groups 
with subgroups of the quintuply transitive group of degree 24. From s. we 
see that ¢ has either (dcs) or (cds) ; from ειδι, either (2,04) or (0:25) ; from 
b,5,, either (da) or (arda). If t= (αιο;)  ' +, the other cycles are deter- 
mined by these considerations. Thus { may be 


biba 0105 ` Cado ' ἆιαρ' 1|16ι᾽ Yolo” Ί[66 yat. 


But if this 1.15 multiplied by the substitution bs of Æ the product is of degree 
12. Then 

t = 0405 * bibo + 0185 * ἄιδο " 6141 θεα θεα LY 4, 7 
-uniquely. 


48. Consider the imprimitive group (E, t}. It has the same 5 systems 
of four letters each as H,, and permuted according to the alternating group. 
There is a subgroup A= (e, es, tet, teat} in (E, t}, an elementary group of 
order 16 with 5 regular axial constituents, obviously invariant in (E, t). 
Another subgroup of (E, t} is P = (a5, a5, t}, of which one transitive con- 
stituent is the simple group ((bses)(dics), (bada) (C262), (dics) (esys)) of 
order 60. The other transitive constituent is of degree 15 and order 60, 
and because of the systems of imprimitivity of (E, t}, T is not a direct 
product. Since A and T are permutable groups and have only the identity in 
common, (A, T) is of order 960. Now (A, T) = (e, θα, tert, test, a», as, t} 
= (E, t). 

Because s,2Es, — E and s,7ts, = οιἰαοίοι, (E, t} is an invariant subgroup 
of H, = (E, s,, 1), and the latter is therefore of order 2880. The head of 
H, is the intransitive subgroup A, = (A, V) of order 48, where V = ἰδιῖδι == 
0,0,0,* 0505€; * AgdaCa * 010205 * J1J2»Js- 

The order of the subgroup F of H, that fixes y, is 144. F has two 
transitive ‘constituents, one on ¥:y2y3 and the other on the remaining 16 
letters. 


NA 
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44, If H, is the subgroup that fixes one letter of the doubly transitive 
group H», there exists a substitution T = (giz): : - which transforms H 
into H. T can be assumed to be'a transform of one of the substitutions of 
ii, If T displaces v, its transform by one of the substitutions of E will 
fix z. Since THT — H, T replaces no letter ‘of H by a yi, yo, Ys, OF γι. 
Then T = (yiz) (ο): : : transforms s, into δι or δι, and 6 of its 8 cycles 
come from Is; the only cycle unaccounted for must be (yy), with subscripts 
to be determined. The substitutions of order 2 of Is which permute four 
cycles of s, fall into two sets of conjugates under the substitutions of A, 
that fix z (the head of H, was called Δε), with the three that fix the cycle 
(€1€2€3) of s, in one set, and the 12 that displace (6ιθιοι) in the other set. 
For example, one substitution of A; is £635,185 = Va = διοιᾶι * beled * Ὀιοκᾶ, 
(65657 YYY Another 16 V4 αιδιᾶι' dobeds* a503da * 610503 * Yoysys, the 
transform of s,tsıt by te,t. Since all the substitutions of A, that fix 7 
are commutative with s,, and transform Æ into E, we need try for T only 
two of these 15 possible substitutions of Is. Similarly, of the 10 substitutions 
of I; which permute only two cycles of δι, the 6 which fix (ei:e:e5) are con- 
jugate under the substitutions of As which fix x, and the four which displace 
.(&1e265) ‘are conjugate under the same subgroup of the head. There are 
then four possibilities for T :— 

To = 04017 Mele * σῃθα᾽ bids ` badi * Dade - yy yz, 

T; = ab, + asb; * abs * οιᾶι * Code ` Cad * YY * YZ, 

Ta — Ag * A222 * ἄφθι ' babs’ C109 * dido YY * Yz, 

L's = αιδι * Qaba * Agbe* CoCa * doda * 6697 YY YZ. 
If ἰειί = a,b, Cd, * debe * Cod2* Asbs* Cada * ia oa Of A is multiplied by 
T, the product is of degree X: 5 and is not the identity. If test is multi- 
plied by Ts, the product is (οιζι) ' - (2° * +) * + , with a square not the 
identity and yet of degree =5. Multiply Το by the substitution Vi of Δι; 
the product is f 


(are1bad2) (αιεεῦιᾶι) (4s¢2b2ds) (esca) (zy) (yy) (Y2Y4Ys). 


The product of (zy) (yy) by (y2ysys), where the undetermined subscripts are 
1, 2, ὃ, or 4, is a substitution of the alternating-5 group and therefore not 
a cycle of four letters. It is of order 2, 3, or 5, and the degree of the 
second or fourth power of the partial product is = 12, and is not the identity. 

In Το the subscripts of the y’s are to be determined. Consider V,T', = 
(αιᾶκει) (αιᾶιει) (asses) (b1bebs) (yoy«ys) (yy) (yz). The partial product of 
(yoysys) by (yy) (yz) must be of order 3 and therefore Το fixes γι. ῬοΤο-- 
(4,61056,0505) (b101b505b505) (didaoda) - - +. The product of (1114) by (yy) 
(yz) (y1) must be of order 2 and degree 4, hence is (y:ys) (2-), so that 


648 MANNING: The Primitive Groups of Class Fourteen. 


Το = alfa" Jo ' 0461 * As: * Ages * bida * bada” Dads. 
After transformation by test, we have finally the unique substitution 
T = Ja? ' YY bie, * bala * bals * (363 ἄοθι ' 302. 


45. It must next be proved that H, is indeed the subgroup of H, = 
CH,, T) that fixes z. Now 


H, =P, + FA, + FutestFs, 


where Fs is the subgroup of H, that fixes γι. We have to show that 
ΤΡ. = Ες, and that (tT) and (testT’)* are substitutions of Fs. Now Fs = 
(H,V-—sisti) But THT = H, as we know, and TVT —3,V?. Also, 


tT = vu. beu b2€1Y2 * Ds6sta * αιασα’ ἄφσεᾶι 
and le,Ur = YaY 32 * Arloz * διάιοι i badala s 030365 * €103Co, 


so that (T)? — 1 and (fe4T)3— 1. Then Hz exists. Since there is no 
positive doubly transitive group of order 21-20-144 of class < 15, H. is 
certainly of class 15, an essential point not previously proved. 

Since s,7' = Τει, the doubly transitive group (E, t, T) is invariant in 
H.. Now F={H, Y) where E 


Y = ie laste, == lilla * bibo * Cibo’ dids : (30563 * YYY 
is the subgroup of (E, t} that fixes y,, and 
(E, t) = P 4+ FUP + Fiet P; 


while TET = E, and TYT = cY?. We have as above (£T)? == (testT)? — 1, 
so that (E, t, T) is of order 21- 20 - 48. 


46. In this connection it is easy to prove the existence of Mathieu's 
quintuply transitive group of degree 24.* We shall show that the group 
(E, t, T) whose existence has just been proved is the subgroup that leaves 
three letters of Mathieu’s group fixed, and that Πε is a subgroup of the 
transitive constituent of the largest subgroup of Mathieu's G?' in which 
(5, t, T) (or say G”) is invariant. 

The generating substitutions of G?' given by Mathieu are in 8 18 above. 
Since the connection with the immediately preceding work must be made 
clear, we now replace Mathieu’s letters αι, or rather the subscripts ὁ (i= co, 


* Mathieu, Liowville's Journal, Vol. 18 (1813), p. 25. 

Miller, Messenger of Mathematics, Vol. 27 (1897), p. 187; Bulletin de la Société 
Mathématique de France, Vol. 28 (1900), p. 206. 

De Séguier, Groupes de substitutions (1912), pp. 156-163. 
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0, 1, adt. 22), by e, 0, W, Yas Ya, 05, 3, bs, bi, C1, £1; Bo, €»; do, £3; Yo, di C2; 
Yis 0a; be, Cas v, ds, respectively. Then Mathieu's (Zi, Ze, Za, Zs} is precisely 
our group E, for Zi = da, Za = bs, Za = ας, Z,-— ον and his Y is our Y. 
Moreover, 
U = g4€563b3€i * εζοθεαφᾶι * Φιαοθεάεῦι ' yabssesd; 
= (b2¥ bote), 

a substitution of (E, 1). And ż is in (E, Y, U}, for t == b,Y?b,U?e,. Thus 
it is proved that (Z, ¢} == (EZ, Y, U}. 

Mathieu gives no substitution that with G generates ΟΊ, but the 
substitution YBa,B +Y- fixes co, 0 and w, and is our T. From Mathieu's 
set of generators we also get 

T = YB, BY 
== ZW * YiYo' Azda ` Qgba ` bida + Dae 7 Cada ` 0265, 
T" E A7?d4A?b, 
== 4UO * Aia * 0102 * MC, ἄφθα * bibo’ dida ` 6165, 
T” = Ye, TAXT” XAT et Ye, 
== 0 00 * Y1Y2 ` 0161 * MeCg* Agla * bods | dads * 6365. 
Since 
LOU" = 100.99 * (40503 * bbb, * C10508 . didods * C1823; 
TT" == 20 * 4453€» ki 45610; T G505b; ° DodliCs * C132, 
TT = Yaw ° αισφᾶο A 050564 5 αεθοῦςα = θιῶιθι i Ὀρόρθᾳ, 
the existence of G?* will be proved as soon as it 1s shown that 
T'(E, t}T’ = (E, t}, 
T"CE, t, TT" = (E, t, T}, 
T”{E, t, T, TYT” = (E, t, T, T^). 
This is established as follows: 
TET == T" ET" — TVET” = E, 
TT = TT” = a TT” =t, 
TTT" — PUTT” = 
PTT" == ΓΕΝ T". 

In the course of the above proof of the existence of the quintuply 
transitive group G?* we found a substitution T""T"' of order 3 which trans- 
forms (E, t, T) into itself, and which except for the cycle (wo co) is our s. 
The transitive constituent of degree 21 of (31, T"/T" is Ho. 

It should be noted that G?* is of class 16. 


- 47. It remains to be seen if H, is a subgroup of a larger primitive 
group of class 15. Suppose it a subgroup of a group G of the same degree. 
Because of H, G is not triply transitive, and G, (the subgroup that fixes z) 
has the same 5 systems of imprimitivity as H,. The transitive constituents 
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of the head of G, cannot be symmetric groups, for then the class of G would 
be = 10. If the 5 alternating-4 groups of the head are combined to make 
its order > 48, there must be more substitutions of order 2 and of degree 
16 or 20, and this is impossible because such a substitution would have at . 
least four cycles in common with a substitution of A and the resulting 
product would be of degree = 12. The head of G, is A, of order 48. Then 
the group in the systems is the symmetric group of order 120. 

In H, there are 96 subgroups of order 5, and in H,, {U}, for example, 
is invariant in the subgroup {U, Cs, esVie;) of order 30. According to 
Sylow's Theorem, G, has 96 subgroups of order 5 and each is invariant in 
a subgroup Z, of order 60. Suppose that I, has substitutions which trans- 
form U into U? without permutation of cycles. One such substitution (Q) 
fixes y, and therefore as a substitution of the imprimitive group G, permutes 
Ji Yo and y, among themselves, that is, fixes yi, y» and ys Therefore 


Q = C2616103 B (630403 ἃ Anl2b dy ` bawdy es. 


Now b,Q = 0,050,d50,Cs * dgbgdg * 016505" 05d;, and (b2Q)° is of degree 8. Then 
all the substitutions of I, not in the invariant subgroup (U, cs} permute 
cycles of U according to a group of order 6, the symmetric-3 group. A sube 
stitution of I, which permutes two cycles of U cannot be commutative with 
U, for then it or its fifth power would be of degree 10. The known subgroup 
(U, 6116} of I, shows that the cycle (41: * +) of U is fixed by Iu. Then 
a substitution which permutes two cycles of U is W = (yoys) (ys) (yi) ^ ^ ^, 
with the property of transforming U into U* or U?. No one of the 30 sub- 
stitutions of J, which permute two cycles of U is commutative with U. Now 
c, transforms U into its inverse. If W does the same, Wc, is commutative 
with U, and therefore W is in (U, Cs, e3Vie;). Then ΤΣΗ = U?. The 
subgroup (U, W) has one transitive constituent of degree 10 and two of degree 
5 each. The transitive constituent of degree 10 is completely determined 
by U and the given cycle (y.y3) of W, and W is completely determined as to 
the other two constituents because. y; and y, are fixed by it. Thus 


W = 02610103 * 150501ds * YoYa * ἆσσθισα” δαθεάιαᾳ. 
Since W? = σε, W*EW = E, W?s,W = a5, WtW—a,ta, WTW = VTY*, 
(H,, W} is a doubly transitive group of order 21-20: 288. There is no 
doubly transitive group of this order among the groups of class «14. Now 
Vd,WV? — a.c A203 * Gas * biba * C102 7 €1027 UU EP 


so that {H., Wi} is actually of class 14. There is therefore no group of 
class 15 and degree 21 of which our H, is a subgroup. 
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The substitution Vd.WV? above is (wo)f”, so that (Hs, W} is the 
transitive constituent of degree 21 of the largest subgroup (E, t, T, T", T”) 
of G** in which (E, t, T) is invariant. We have shown that (H, W} is 
the only primitive group of class 14 in which H, is invariant. 


48. Can H, be the subgroup that leaves one letter fixed of a triply 
transitive group H, of degree 22? If H, exists, there is a substitution 
T, = (zw) (ys) - -- of order 2 and degree 16 in H, which transforms 
H, = (E, δι, t} into itself. Now H, has only one system of imprimitivity 
of four letters including ys, yiyeyeys, and therefore Τι permutes the three 
letters ji, ye and y; among themselves. T, can be chosen to fix z This T. 
transforms E into F and {sı} into {sı}. Then Τι has 6 cycles from /, aud 
may now be written (zw) (yy) (ys) (ya) (2) :-:. Since T, respects the 
systems of four letters each of H,, only three substitutions of order 2 of I; 
are available for Ta: ab, + Cida - Gabe -Coda - Qaba - Cada, ἄιοι + bida - dela - Dad. 
asta * bada and ad, ` 0,0, Goede boCo* Qada’ Όχι. But these three substitutions 
occur in substitutions of A, which, multiplied by Τι, would lower the clas. 
of H, to 4 or 6. There is no group H; of degree 22 with 1. as a subgroup 
of index 22. 


49. At line 32 of page 288 of the paper on Class 15 all the partition- 
of the degree of the subgroup F have been rejected except two: 12, 9 and 9. 
12. There is a slip in the discussion of these two cases which may be 
corrected by noting that the conditions of the following theorem are ful- 
filled. By the notation G(x) is meant the subgroup of G that leaves fixed 
the letter z, and by G(z)(a) the subgroup of G(x) that fixes a. 


Let G be a transitive group whose G(x) has just two transitive conslitu- 
ents, A on the m +h letters a, d^, . . and B of a lower degree m. Let 
G(x) (a), of degree 22m, have no constituent of degree < h, but at leas’ 
one transitive constituent of degree m Then G is imprimitwe. 


The theorem is true if m < 3.* Then it is assumed that m Z 3. Let 
bi, δον" + +, Om be the letters of B. 

Suppose the theorem false. Then G(z) is a maximal subgroup of G. 
Since A is the only constituent of G(x) of its degree, it is paired with itselt 
and G contains a substitution S= (σα) +» T which transposes G(r) and 
G(a) and transforms G(z)(a) into itself. § cannot permute the m letters 


* Miller, Proceedings of the London Mathematical Society, Vol. 38 (1897), p. 533. 
1 Burnside, Proceedings of the London Mathematical Society, Vol. 33 (1901), p. 
162. 
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of B among themselves for then G(a) and G(x) would generate an intransi- 
tive group, a subgroup of G, contrary to the assumption that G(s) is maximal. 
If S transforms the given transitive constituent of degree m of G(s) (a) into 
itself, its letters are certainly σι, ἄ»,᾽ * *, Qam of the constituent A. ΔΙ] the 
other ἦν — 1 letters α΄," ' - of A are fixed by G(x) (a), for if displaced they 
would occur in transitive constituents of degree < h, contrary to hypothesis. 
Then because the degree of G(x) (a) is = 2m, it displaces all the letters of 
B and permutes them among themselves, which is impossible. 

But G(x) (a) may have two transitive constituents of degree m, trans- 
posed by S. Then one is on bı, b2,: * +, bm and the other is on σι, d2,° * ^, Un. 
Now h = 2, for if h —1, A is doubly transitive, which is impossible when Οἱ 
is primitive.” The other letters of G(z) are as before all fixed by G(x) (a), 
so that G(z) (a) = G(x) (a). In this case both G(a) and G(a’) have transi- 
tive constituents of degree m on th, ἄν) "απ. The group generated by 
G(a) and G(a') is intransitive. But G(a), a conjugate of G(z), is a maxi- 
mal subgroup of G. 

Hence G(x) cannot be a maximal subgroup of G, and G is therefore 
imprimitive. 


STANFORD UNIVERSITY, CALIFORNIA. 


* Transactions of the American Mathematical Society, Vol. 20 (1919), p. 66, Th. 16. 


Summability of Infinite Products. 


By Grorce M. ROBISON. 


1. Introduction. Among the definitions giving a value to a divergent 

series are those which are expressed by means of a linear transformation. Let 
oo 

δι, 82,7 7 7, 83,7 * * be the sequence corresponding to the infinite series > un. 
n=1 


Form a new sequence fn, where tn = © G4xS&. If the limit of ta, as m 
it 
becomes infinite, exists, we say that this limit is the generalized value of 
oo 
the series $, un by the transformation A:(@,). For such a definition to 
n=l 


be useful, it must include convergence; that is, if we apply it to a convergent 
series, the value assigned to the series must be the same as the convergent 
value. Ifa transformation A satisfies this condition, we say that it is regular. 
The conditions, which the terms (anz) of a transformation must satisfy in 
order that it be regular, are stated in the Silverman-Toeplitz Theorem.” 

o The theory of infinite products furnishes us an analogous problem. From 


oo 
the given infinite product 1] (1-- un), form a sequence P'a as follows: 
n=1 


pt = I (1 -+ au: ux), Where anx is the element in the nth row and kth 
k=1 


column of a triangular matrix of numbers defining the transformation A. 
Tf lim P', exists, we define this limit to be the value assigned to the given 


infinite product by the transformation Α:(ά»,μ). Let us consider the fol- 
lowing illustration : 


To the infinite product II [1 4- (— 2) ] let us apply the transformation 
A (as x — n — k + 1/n). The resulting sequence is as follows: 
P^, — 0, n even, 
Ply == (— 1) 090/212. 32- 52. - - (n — 1)?/n n odd, 
where lim P’, — 0. Thus, zero is the value assigned to the above divergent 


n-00 


infinite product by the transformation A:(a«x = n — k + 1/n). 


8. Regularity of transformations. A transformation A:(a,5) is said to 


* I. L. Silvermann, Missouri Dissertation, (1910) ; Toeplitz, Prace Matematyceno- 
fi:yozne, Vol. 22 (1911), p. 118. 
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be regular, if it gives to every convergent infinite product the value to which 
it converges. With regard to the regularity of these transformations, we have 
the following theorems: 
THEOREM I. A necessary condition that a transformation A:(an.x) be 

regular is 

1) lim αι 1 for each k; 

2-00 

3) Πα] « M, 

where M 18 some constant. 


oco 
Proof. Let us eonsider the infinite product I (1 + un), where un = t 
n= 


for n =k; un =0, nk. Thus, P= (1 + ttn) = 1+ up, if n > k, 
Ea 


otherwise Pa = 1. Applying transformation A:(an,x), we have 


P'a = 1 -A sx s, n >k. 
From definition, P = 1 + ux. If lim P^, = P, it is necessary that lim a1. 
41-5200 n->00 


To show that condition (2) is necessary: 

Under the assumption that the transformation A:(an,x) is not bounded 
we shall transform a convergent product into a divergent sequence. We shall 
assume that the elements of the transformation satisfy condition (1) of the 
theorem. Hence, we can find a set of integers 


fo X no L Ti S nh Ce Lha St 


such that 
| Üno,ro | > 4, 
| On rs | > 48, | Qn, ro | « 2, 
| Üns,rg | > 45, | Ong, ry | « 2, | Ano, ro | <2, 


and in general, 
| angri | > 4242, [αι] <2, l= 0, 1, 2,- :, i— 1. 
We shall transform, by the above transformation, the convergent infinite 
product i (1 + un), where 
Un — 0, ME, NÆ no; Uro = (1/4)8ΡΏ ang, ro 
Un=0, NET, LNE m; Un (1/8)sgn ar. 
In general 


Un = 0, no Ti, Ni-1 < n s ni; Ur, em (14+?) sgn Any rye 
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We shall show that a certain sub-sequence of the sequence P'a has no limit. 
Prag = T] (1+ Gane ttr) m 1 + tet = 1+ (1/4) ^ ars | > 2 
P'an = ii (1 + amr’ Ur) = (1 + antro) (1 + Gyn un) 
ο = (1/2)- (1+ 8) >4, 


= Ti (1 + Angr ° ur) (1 + Ünsro ` Uro) (1 + Aner” 1.) . (4 + Ong, rg * Urs)» 
rzl : 
| P4, | = (1/3): (8/4) [1 + (45/27), 


; . | 
and in general 





| 
Ze a (1 + (ντο Uro) (1 + niri ux) (1 + nurs“ Urg) .. (1 + Uniri uri), 


ee ed err d 
: : 2 4 8 gi ΚΠ 2 4 8 at arts 
> 137 Cul 92i« οι1 1, li d. 92:1.9i-1 55 931 
2 4 8 at 2 2 2 2 , | 
| P^,] zz 295, | 
ον lim | P'a, |= co, thus showing the necessity of condition (2). 
io 


ΤΉΞΟΒΕΜ II. A sufficient condition that lim Px’ shall exist and be equal 


n> m 


to lim Pa, where P, = I (1+ ux), and where x | ux | converges is that 


nN 


1) lim ans — 1, for cach k; 9) | ax | « M, M some constant. 


RON 


Proof. Let us write 
n n 
= ΤΙ (1 uuu) ΤΠ (1+ ut δι), Snu = ane — 1, 
hri 1 
P = Pa -+ Pa = > 82% ^ [ux/ (1 + Ux) | 


ERE 3 Bus 8,1 [us / (1 + ux) (1 + w:)] 


k=1,1= 
kx P 






4o eJ ll δις" Uke 
i=l 


us call 


= 8n,% $ ux/ (1 + Un) = Qui eto., and 


V,— $ | Sne u/ (14 u) | = X us] 1/1 1+ ae | 
k=l k=l 


ni| S Va, | Qne | = Wn?/2,° 5, | Qao | S Var, phe. 
1 
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Substituting in the above, we have 


| Pn’ — Pa | S| Pa | {Vn + (Va?/2) +: ο -+ (Vut/n!)} 
| Pn’ — Pa | | P, | [0—1]. 
A sufficient condition that lim P,'— lim P,, provided the latter limit 
RIO 


η »00 


exists, is that lim V, — 0. If lim P, exists 24 0, lim un = 0. 
$i-00 42-900 4-05 


Hence, at most, only a finite number of un can be found such that 
R(un) S — 1. 


(a) We shall consider only infinite products, where R (un) > — 1 
| 1+ us| > 1- L, where R(u)) > L> —1 


Va = E AET PERAE EE S| Bea we | 
kel kel 


n 
If lim Ὁ | δις’ | = 0, lim Y, = 0. 
"00 k=l fi-00 


"n ^ 
It':can be shown that lim Ὁ | 8:,°us| is zero, provided | δημ | « M and 
n>% Κ-ὶ 


lim n, = 0 for each k. $ 
n->00 


This proof can be modified to hold in the case of a finite number of 
the R(un) being < — 1. 
Hence, the suffieiency of the above condition. 


8. Summability of Double Infinite Products. The definitions of the 
first section can be extended to double infinite products as follows: 


Let Pm zt d + ux) represent the sequence corresponding to the 
k=l, l=1 


oo 
infinite product Ha + unr). A new sequence P',,, is defined by the relation 
k=1,l=1 


mn 
P' nn muet Il (1 + Qm,n,k,l ` Ur,1) 5 
k=1,l=1 


where A:(dm,n,x,1) is a given set of constants. If lim P',,, exists we define 
m,n0o00 


this limit to be the value assigned to the infinite product by the transfor, 
tion ΑΙ (πι). 

A transformation is said to be regular if, when applied to a con", 
infinite product, the value assigned is the same as its convergent val 
shall now prove certain theorems with regard to the regularity 
transformations. 
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ΤΉΚΟΒΕΜ IIl. A necessary condition that a transformation A (mni) 
be regular is that 


1) lim amn = 1 for each k and l; 


Hm.n^o 


ϱ) απ] « M where M is some fixed constant. 


Proof. Let us consider the infinite product 


COO 
Π (1 - umn) where upr = upr 7 0, 
m=1,n=1 


pr being two fixed integers, all other Um,n = 0. 
Applying the transformation, we have 
Pong = 1+ πριν upr 
From definition, P = lim Py4—1 -- ur. 
m,n-»oo 


Therefore, if lim P'4, = P, it is necessary that 
$,n-»00 


Jim Amn, p, d 1. 
?iyn-oo 


To show that condition (2) is necessary: Under the assumption that the 
terms of transformation A: (dm,n,z,1) are not bounded, we shall transform a 
convergent product into a divergent sequence. We shall assume that the 
transformation satisfies condition (1) of the theorem. 

Since the condition 
| amn, | < M 


is not satisfied, we can find a set of integers 
(Mo, Πιο, Pos To), (Ma, M1, Pis Τι)" c (Mr, nr, pr, Tr) where 


Po « Mo « Pr « My L Pe L Matti 


To < no wn «n0, « To < Ne" * 
such that 


| Ümo,no, po,ro | > 4, 
| Üm,ns Py ts | > 43, | mns, po,ro | < 2, 
| Gm. nepos | > 4, | Amona pu Ts | « 2, | Qing, n2,20,70 | <2, 


and in general, 
| Imi neopets | > Pr, | Um, ni pori | «2, j—0,12, ::,i—1. 


We shall define the sequence of Um,» as follows: 
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Umn =, MAD, nÆ To m ΞΞ mo, n Ἔ πο, 
nn = Ὁ, m = po, n = To, mM ΞΞ Mo, 
Unn=0, M= Po NAM, NSN, 
Umn == V4 SED Gmo,no, po,ro» M= Po N= Το 
Yinn==0, MEP, "n, M LME ται, Mm L n Z Ms 
Umn = 0, MAP, Ίν--γι, Mo < M ΞΞ My 
Um, n == 0, m = Pi, nÆ Tis My «n = τν 
Uma = Ye * SED Ging nouns πι---ρι, n—n. 
In general 
Unn=0, MEP, NT, Mir SME My nia LNE NG’ 
Uma == 0. m == Di, nÆ fi, Ni- L n E ni 
Um, n = U, m 5€ pi, n = fi, Mi- L ME Mi, 


Um, n = Yo + 2° SEN Ami nepure 


From the above, we have 


am Pma = lim it (1 + upr) exists, tor X | Up,r | converges. 


m n00 mn p-l.rz-zl 







We shall show that a certain sub-sequence of the sequence P’m,n has no limit 
as m and n become infinite. 


Mano 
P” mono = II a + ἄποπο,ριτ" Upr) == 1 + aono po, ro ^ Uparo > 9; 
Pris t= 
Pun; ndi (1 + Gmn,,p0, ro * Apo, ro) (1 T Omym pfi Upri)» 
| Pun | YA (1+8) = 4, 
P’ meng = (1 -+ ἂπρπορφοιτο” Upo,ro) (1 F (mosso rs Upuri) (1 F Omanapare' Upare)» 
| Pass, | = (1/2) + (8/4) [1 + (45/2*)]. 








In general 
13 7 otf 484N. 1 3 7 i4 
Pm l= agg ΠΏ Ge) Baga 3 ^ 
13 7 Qt iced 1 | 
IN es m EAO L 93941.9i4-1-. ODI 
^38 9 2'2 3 QUAS Duet e ο 
jim | P'am | = c. 


This shows the necessity of condition (4). 
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ΤΗΕΟΠΕΝ IV. A sufficient condition that lim P'm,n shall exist and equal 


M,N 


lim Pan, where Pan = - if (1 + ux) and where Y | ux, | shall converge, 
πο ον eilel k=1,1=1 


dE | ur: | > —1 is that 
1) lim Gnn,k,t== 1 for each k anl 0; 


mın 


2) lim Σ | απ | == 0 for each l; 


h.n. kzl 
3) lm > | amni | 9 0 for each k; 

συ 151 
3) άνω] < E where K is some constant. 
Proof. We have 


Ry Mint 


‘mn = YI (2+ πει U1) = (1 + Uk, F m,n, nsi). 
k=l: 1-1 k=l, l=1 
Qm,n,k,l = 1 + Om, n, 1. 
Men 8 mul E Mn mn 
P'mn = Pun + Pu > ee Prin > 
keiadei l -F Unt τα πο 
(kali) zz (Kale) 
Bm, n Xa, l 7 Om, n Rs toU, ly” Uko l tn 
1 ynjla, Uy M Ka, laka, ly Ὡν ἶα πα, ΤΙ ὃ bl Wet 
( ) (1 + Ur) (1 T Wrote) H "ema E 
Let us put 
"m.m 


Bp nk lo Unt 


= Qm,n, ete. 
πο. 1 + Ux, Qn 7,15 





| define 
mn Ux, 
m,n = [δις 
Van 1 kit eae | 
Chus 
Fona) (Vos) gad 
Loss uxt νο ον 21 s Dt | Qnam |S 


substituting in (1), we have 


ma Vus)? 
| Prag Paal E | Pun | (Vus + Poe? Us + (an) Tex 
9) 
| P'y a — Pus | <= | Pus | . {emn — 1). 


"rom (2), we can see that a sufficient condition for lim P'5,, — lim Ps, 


mM n> mn% 


»ovided the latter limit exists, is that lim Fm „n ==0. Let us assume lim Pmn 
M n> My n-00 


xists, and is different from zero; then lim Um „== 0. Further, assume that 
ΚΣ κο) 
(uma) = L>-—1. Then 


Ux, 1 
Tr nn --- A | δια, li^ 
k=1s1 


(Vnn)™" 


(mn)! 





fag am Σ [δικα aie | 1/0 +L) i ono 
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If we assume * | πρι | converges, then a sufficient condition that lim Vm»=0 
=1,1=1 9,100 
is that 


1) lim NE ι---0 for every k and 0; 


mne 


2) lim Σ | 9,5, ι|--0 for each l; 


1191-2002 kzl 
3) lim Σ | 8x,n,x,t |==0 for each 5; 
manco 151 
4) | 8n,n,x,1 | < Jf where Jf is some constant. 
ona & | | δει, 1" Uk, | E > M Ux, t | 
ma 
TX donna αι | + Σ lS, Un,t |. 
LX k=p+1,l=q+1 
From condition (4), | δν, p « K. Let us choose p and q such that 
X [uu | < (41). 
k=pt1, πῃ 
Choose M, and N: so that whenever m > M,, and n > Ni, 


uq k= 1,2, °°, p 
| mnri | < /£pqA, tara 


where | ux,ı | < A. Choose M» and Ne so that whenever m > Mz, and n > N i 


= | Òm,n,k,1 | < e/4qA, (= 1, 8, μα. ᾳ). 
πο 


Choose Af; and Νε so that whenever m > Με, and n > Νε, 


PER Òm, nkl | < e/4pÀ, (k=1, 9 ss Ὁ p) : 
Qe ; 


Let M be the largest of Mi, M2, and M, and let N be the largest of Νι 
Χο, and N;. For any m > Μ, n>N, 


omn = (efA.p.q.À) * p.q.A 
Ἴ- (/494) -pA + (Jig Aga + (o/h) Eme 


Therefore lim on nn == 0. 
MN POO 


Expressing these conditions in terms of @m,n,x,2, we have the conditions state 
in the theorem. 
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CORRECTION, VOLUME 51. 





“ALTER H. GAGE, Representations in the Form ry + yz + zx. 


Pate s 347-8, equations (11) and (12), change “(a -+ 1/2)” to *15 (a 2- 1^." 
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